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About the Conference
The XXXII international conference “Problems of Decision Making under Uncertainties” was
held in Prague at the University of Economics August 27–31, 2018. The main organizers of the
conference were the Faculty of Computer Science and Cybernetics, Taras Shevchenko National
University in Kyiv, and the Faculty of Military Leadership, University of Defence, in cooperation
with the International Institute for Applied Systems Analysis (Austria), Lublin University of
Technology (Poland), Glushkov Institute of Cybernetics of NAS of Ukraine, Higher School
Academy of Sciences of Ukraine, Ivan Franko National University of Lviv (Ukraine), Noosphere
Ventures Corporation (Ukraine), Brno Local Chapter of Union of Czech Mathematicians and
Physicists, and the European Education Center (Georgia).
Scientists from 8 countries (Czech Republic, Ukraine, Georgia, Lithuania, Malta, United
Kingdom, Australia, USA) presented their papers at the conference.
The best reports were recommended for printing in conference proceedings.

Topics
1. Theory of statistical decisions, inference and its applications.
2. Computer intensive techniques for decision making in different fields.
3. Decision making in fuzzy environment.
4. Dynamical systems and decision making under uncertainties.
5. Risk theory and its applications in military and civilian.
6. Decision making and prediction in medicine, economics, business.
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I. Khanin, E. Lebedev, S. Lyashko, S. Mashchenko, V. Marcenyuk, K. Nanobashvili, J. Odehnal,
N. Semenova, S. Shakhno, O. Tymashov, A. Vlasyuk, Ya. Yeleyko.

Local Organizing Committee
P. Zinko – Chairman, O. Kapustian, T. Korobko, M. Loseva, O. Lukovych, A. Nikitin, T. Zinko,
U. Khimka, J. Moučka, M. Šmerek, K. Hasilová, M. Tejkal, V. Lacinová

Website
http://pdmu.univ.kiev.ua/PDMU_2018W/home.php

6

XXXII International Conference PDMU, Czech Republic, Prague, August 27–31, 2018

List of Participants and Their Conference Papers
• Akhvlediani N.
The necessity of assessment criteria in selecting foreign language textbooks
• Akhvlediani Z.
Modern lexicography and technologies
• Aliyev R.
Asymptotic behavior of ergodic distribution of the renewal reward process with a stronger
subexponentional distributed component
• Bakhrushin V.
Decision-making on assessment of higher education institutions under uncertainty
• Bakuridze M., Bakuridze A.
On Fourier trigonometric series
• Bagrationi I.
Modern educational technologies for decision-making in law and social activities
• Bayramov V., Aliyev R.
On the renewal-reward process with regularly varying component
• Bekesiene S., Hoskova-Mayerova S.
Creative expression in military organizations: a case of lithuanianarmed forces
• Beridze Z., Geladze N.
Algorithms of wireless network security
• Beridze Z., Shavadze J., Geladze M.
Main tasks of wireless network security
• Bharth H., Kiedrowski J., Sant J., Thomas J.
Understanding bleb formation – a machine learning approach
• Bilynskyi A., Chornyy R., Kinash O.
About bankruptcy of insurance company in case of large payments
• Bondarchuk Y. V.
About general systemic principles in DSS
• Bratiichuk M.
Sequential test for exponential model
• Chabanyuk Ya., Khimka U., Kinash A.
Generator of stochastic volatility with semi-Markov switching
• Chabanyuk Ya.M., Khimka U. T., Rosa W.
Stochastic approximation procedure for diffusion process with semi-Markov switching
• Chachanidze G., Nanobashvili K.
The scoring or ranking model for assessing the quality of education
• Chechelnitski A.
The properties of the stationary behavior of the parallel network
• Chomaxashvili N.
Predicting and decision-making in medicine
XXXII International Conference PDMU, Czech Republic, Prague, August 27–31, 2018

7

• Correll R., Kumar A., Maul A.
Exposure risk posed by inorganic contaminants in drinking water
• Didmanidze I.
On some problems of information overload for decision making process
• Didmanidze I., Didmaidze M., Imnaishvili G.
Student load credit system
• Didmanidze I., Kakhidze R., Didmanidze D.
On some problems of information overload for decision making process
• Didmanidze I., Kakhiani G., Didmanidze D., Dumbadze Z.
Task of modeling the single-line neural networks
• Didmanidze I. Sh., Motskobili I., Zakaradze Z.
Forecasting tasks for the specialists’ demand
• Didmanidze I. Sh., Tsitskishvili G. D., Kuchava M. Sh.
Importance and problems of marine transportation
• Diasamidze Y., Givradze O.
Generating sets of the complete semigroups of binari relations defined by semilattices of
the pentagon
• Dolenko G. O., Manovytska D. O., Ilienko V. V.
System optimization problems with objectives based on the sixth Kondratiev cycle predictions
• Dolenko G., Manovytska D., Viniarska K.
Dynamic features of ukrainian hryvnia exchange rate variation
• Drin S. S.
Marketing object model with cululative effect
• Dzhanelidze O.
Mathematical model of pumping of deep centers by the energy of longitudinal acoustic
oscillations and its computer software
• Florenko A., Shchestyuk N.
Minimax problems for random fields from observations in areas with peculiarities
• Geladze D.
Problematic-situational experience
• Gorjeladze I.
Occasionalisms in english, georgian and russian languages and its computer software
• Grdzelishvili N., Laluashvili G.
Concept of formation of stimulating information base for the decision making in the
tourism sector in regions of Georgia and local self-governments
• Gritsenko V., Tymashova L.
Models and algorithms of smart enterprise
• Gubarev V., Romanenko V., Miliavskyi Y.
Identification of cognitive maps under uncertainties
• Guliyev A. A., Aliyev N. A., Ibrahimov N. S.
On a fundamental solutions of some fractional differential equarons
8

XXXII International Conference PDMU, Czech Republic, Prague, August 27–31, 2018

• Hmyria A. U.
Distribution of expenses in logistic cooperative games with restricted cooperation
• Iliash K. A., Veres M. M.
Creating an automated system for trading on the stock exchange using technical analysis
• Ivokhin E., Adzhubey L., Mickhailov I.
About mathematical model of advertising diffusion process
• Ivokhin E., Apanasenko D., Naumenko Yu.
About hybrid mathematical model of information diffusion process
• Jafarova H., Safarova U., Aliyev R.
Analysis of the relationship between USDX and Gold Prices in R
• Jikia D.
The indicator mechanism of city’s social-economic potential management contributing to
the decision-making
• Jikia S.
The types of the decision-making in the electronic office
• Kakashvili G.
Object-oriented, decision-making matrix supporting web-page classification
• Kapustian O. A., Nakonechnyi O. G., Podlipenko Yu. K.
Minimax estimates of solutions of the first order linear hyperbolic systems under uncertainties
• Karkashadze I.
Systemic approach to making decisions in the service strategy of airport passengers
• Kekenadze A., Korchilava T.
Benefits and risks, development prospects of cloud computation
• Kharitonashvili M.
Interdisciplinary modelling of teaching, as the basis of the perfect decision-making
• Kokovska Ya., Kyrylych V., Venherskyi P.
Method of characteristic for the equations of formation of water flows in rivers with uneven
bottom
• Krak Iu., Kasianiuk V., Volchyna I.
Inflection gramar dictionary development for system of automated translation into sighn
language
• Krak Iu., Kudin G.
Optimal synthesis of the features vectors for data classification
• Kudin G. I., Zinko T. P.
Hyperplanes clusters in spaces of signs vectors
• Lebedev E. A., Kharchenko I. I.
Analysis of stationary regime for the queueing networks
• Lebedev E. A., Rozmarytsia A. A., Pavliuk M. V.
On normalized distance between samples and its application in medicine
• Loseva M., Prishlyak A.
Optimality of simple Morse-Smale flows with singularities on the boundary of surface
XXXII International Conference PDMU, Czech Republic, Prague, August 27–31, 2018

9

• Luita A. V., Semenov V .V.
A novel method for the bilevel optimization problem
• Lukovych O. V., Rozora I. V., Lukovych T. V.
Analysis and modeling of households deposit dollarization in Ukraine
• Lysenko V., Koval V., Samkov O., Komarchuk D.
Computer-integrated systems for information support and automatization of the complicated objects
• Mammadzada A. M., Aliyev N. A., Ibrahimov N. S.
Solution of Cauchy problem for third discrete derivative additive-multiplicativo-poverativo
derivative equation
• Martsenyuk V. P., Vakulenko D. V., Vakulenko L. O., Kutakova O. V., Lesiv V. V.
Primary diagnostic information system of cardiovascular diseases by arterial oscylography
methods
• Martsenyuk V., Sverstiuk A., Andrushchak I.
Immunosensor model based on lattice difference equations
• Mashchenko S. O., Kapustian D. O.
A problem with a type-2 fuzzy goal set
• Meskhidze Z.
Multilevel access to information systems using QR codes
• Mikautadze M.
Management decision-making in the city’s budget formation process
• Nakonechnyi O., Ivohin E., Pashko A., Zinko P., Pampukha I., Savkov P.
Decision support system for the analysis of information influence in social networks
• Nakonechnyi O. G., Zinko P. M., Shevchuk I. M.
Estimation of influence for models of information spreading process under uncertainty
• Neubauer J., Odehnal J.
Notes on dynamic panel data analysis in terms of modeling determinants of military
spending
• Nikitchenko M. S., Shkilniak O. S., Shkilniak S. S.
Properties of logics of general non-deterministic quasiary predicates
• Nikitin A. V.
Analysis of the mathematical model of information with external impulse influence
• Pankratova N. D., Pankratov V. A.
Modelling of complex hierarchical systems on the basis of fuzzy cognitive maps
• Pashko A.
The statistical simulation of the self-similar traffic
• Pryshchepa O. V.
On optimization of queue with the limited number of retrials and constant retrial rate
• Rozorinov H.
A threshold methods for signal compression
• Sant L.
Modelling customer behaviour in online gambling
10

XXXII International Conference PDMU, Czech Republic, Prague, August 27–31, 2018

• Sant L.
Viable posteriors for Lévy priors
• Sedlačík M.
The multidimensional statistical analysis of insurable value assessment process
• Semeniuta M., Sherman Z.
Decision making using mathematical models based on labeled graphs
• Semenov V. V., Koliechkin V. O.
Multicriteria combinatorial optimization problems with inexact data of objectives
• Semenova N. V., Lomaha M. M.
Properties of sets solutions of quasi convex problems of lexigraphically lexicographic optimization
• Senio P. S.
Two-sided approximation finding of a function based on mathematics of functional intervals
• Shabelnik T. V.
Approaches to optimize investment risks
• Shakhno S. M., Shunkin Yu. V., Babjak A.-V. I.
Gauss-Newton-Potra method for nonlinear least squares problems with operator decomposition
• Shakhno S. M., Yarmola H. P.
Some methods for solving nonlinear least squares problems
• Shatyrko A., Puzha B., Novotna V.
Uncertainty conditions and time delay in Lanchester’s combat models
• Shcherbatyy M., Shcherbata I.
Proper orthogonal decomposition for ordinary differential equations and partial differential equations
• Sherozia N.
Planning of a lesson with application of information technology
• Slabospitsky A. S.
Recurrent time-varying parameter estimation by least squares method with least deviations from ‘attraction’ points for bilinear dynamic systems under uncertainties
• Šmerek M.
Special type of distribution problems
• Stolyarenko N.
Construction of the jobs batches for optimal mode in flexible manufacturing
• Tejkal M., Michálek J.
Markov model for description of the intensity of the terrorist threat
• Timofeeva N. K.
Problems of artificial intelligence, combinatorial optimization and argument of the objective function
• Turmanidze T.
Mathematical model of dependence between pressure and deformation of concrete and its
computer software
XXXII International Conference PDMU, Czech Republic, Prague, August 27–31, 2018

11

• Tymashov O., Jakovlev Ju.
Embedded security for Internet of things
• Usar I., Makushenko I., Protopop Yu.
Rate of convergence of stationary distribution for retrial systems with queue
• Vergunova I. M.
Main properties of operators in the problem of surface pollution distribution in agrolandshaft
• Veselík P.
Application of quantitative methods for risk assessment in a selected medical facility
• Vlasyuk A. P., Ilkiv I. V.
Mathematical modelling of salt transfer to system of horizontal drains in zones of complete
and incomplete saturation under nonisothermal conditions
• Voloshchuk S.
Price option modeling on the base of Black-Sholes equation
• Yarova O. A., Yeleyko Ya. I., Dziekanski P.
The evolution of financial synthetic indicators
• Yatsenko V., Garashchenko F., Petrovich V., Trebina N.
Modeling and optimization of cryogenic-optical gravimeters
• Zaychenko Y., Zaichenko H.
Multicriteria decision-making problems under fuzzy conditions
• Zub S. S.
Mathematical model of a rigid-body dynamics in an axially symmetric magnetic field

12

XXXII International Conference PDMU, Czech Republic, Prague, August 27–31, 2018

List of Reviewers
A. Chikrii, Dr., Prof., Glushkov Institute of Cybernetics of the NAS of Ukraine
V. Grygoruk, Doc.Sci. (Phys.-Math.), Prof., Taras Shevchenko National University of Kyiv,
Ukraine
D. Hampel, Assoc. prof., Ph.D. Mendel University in Brno, Czech Republic
S. Mashchenko, Doc.Sci. (Phys.-Math.), Prof., Taras Shevchenko National University of Kyiv,
Ukraine
J. Moučka, Assoc. prof., Ph.D., University of Defence, Brno, Czech Republic
O. Nakonechnyi, Doc.Sci. (Phys.-Math.), Prof., Taras Shevchenko National University of Kyiv,
Ukraine
S. Shakhno, Doc.Sci. (Phys.-Math.), Prof., Ivan Franko National University, Ukraine

XXXII International Conference PDMU, Czech Republic, Prague, August 27–31, 2018

13

Selected papers

Generator for the Model of Financial Market
with Semi-Markov Switching
Yaroslav Chabanyuk, Uliana Khimka, Igor Budz, Oksana Ukhanska
Abstract: We consider model of a dynamical system of financial market with
semi-Markov switching, taking into account the random effects of the environment. The model of financial market consist of two equations. The solution
of the evolution equation is weakly converges to the solution of corresponding
averaged equation over the second component. We received conditions of weak
convergence to the diffusion process and asymptotic normality of the procedure, set by evolutionary differential equation. We describe the representative
generator for the diffusion process. The proposed financial market analysis
model describes the real behavior of currency and securities. Environment effects is taken into account as for unsustainable dividend payment option and
for setting the historical volatility parameter. Our research methods for study
the asymptotic behavior of the system allows us to determine the optimal value
of of the assets based on forecasting volatility.
Keywords: Stochastic volatility, Semi-Markov process.

1 Introduction
In the existing models, the parameter σ, which depends on the diffusion process, is considered in order
to predict the value of the assets, but a separate equation is not given for it. Or, for the σ parameter,
there exists an exponential representation of solution, which allows us to use the maximum probability
method for forecast. In both cases, the study of the parameter separately as a diffusion process is
absent (Mishura, 2017).

2 The Model of Financial Market
In the paper we consider dynamical system for the model of financial market taking into account
stochastic volatility
ds
= −µ(t, x)dt + σ(t, x)dwt ,
(1)
s
dσ = a(σ, x)dt + b(σ, x)dwt ,
(2)
where s–function of the value change of securities or currency assets, µ–share price, taking into account
dividend payments, σ–the volatility function (in conditions of the not normally distributed time),
which depends on two components: t–time, x–Semi-Markov process, wt –standart Wiener process.
Market analysis over a period of 10 years shows that the volatility parameter changes its value in
the form of a jump. Therefore, to predict the value of assets the trigger is volatility. The optimal
values for equation (1) determine the float interval and the period of the cycle of change in the trend
line (Cohen and Elliott, 1998).
Therefore, model analysis shows us that volatility is a variance of value changes. Equations (1) and
(2) make it possible to consider volatility as a separate process of σ, which changes and to construct
the calculation procedure of the value s inside the model for each of obtained predictions. The second
equation describes a change of volatility. Function a is a real change in the value of assets over the
past time interval and it depends on σ (historical volatility), x is the semi-Markov process (Korolyuk
and Limnious, 2005), and b is the price fluctuations regarding to the historical value of σ. The first
equation describes the forecast relatively to the expected volatility derived from the second equation,
the financial fluctuation of prices, and gives use an opportunity to choose the most successful option.
An important issue in the study of such a system, taking into account the random effects of the
environment, is the establishment of convergence conditions (Chabanyuk and Rosa, 2018). To solve
XXXII International Conference PDMU, Czech Republic, Prague, August 27–31, 2018
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this problem we used the method of a small parameter, the properties of Lyapunov type functions and
the martingale characterization of random processes. We obtained the form of the limited generator
from the solution of the singular perturbation problem and Korolyuk limit theorem. Establishing
the asymptotic behavior of the procedure for the corresponding stochastic equation (1) under the
conditions of the convergence of the system allows us to obtain the asymptotic normality.

3 Convergence and Asymptotic Normality
In the averaging scheme, the system (1) (2) of stochastic differential equations in the ergodic SemiMarkov environment is determined:
dsε (t) = −µ(t/ε, x(t/))sε (t)dt + σ(t/, x(t/ε))sε (t)dwt ,

(3)

dσ (t) = a(σ (t), x(t/ε))dt + b(σ (t), x(t/ε))dwt ,

(4)

ε

ε

ε

where ε - small parameter ε > 0.
Semi-Markov process x(t), t ≥ 0 is given in standard phase space (X, X). Semi-Markov kernel has
a representation
Q(t, x, B) = P (x, B)Fx (t), B ∈ X.
The stochastic kernel is defined by
P (x, B) := P {xn+1 ∈ B|xn = x}, B ∈ X,
here embedded Markov chain xn = x(τn ) in the moments of renewal (Khimka and Chabanyuk, 2010)
τn =

n
X

k=1

θk , n ≥ 1, τ0 = 0,

and τn+1 = τn + θn+1 , n ≥ 0.
The interval length θn is determined by the distribution functions
Fx (t) = P {θn+1 ≤ t|xn = x} := P {θx ≤ t}.
The counting process has a representation
ν(t) := max {n ≥ 1 : τn ≤ t}, t ≥ 0
and semi-Markov process x(t) = xν(t) , t ≥ 0, is uniformly ergodic and regular with stationary distribution
Z
π(dx) = ρ(dx)g(x)/m, m = g(x)π(dx),
X

g(x) =

Z∞
0

F x (t)dt, F x (t) = 1 − Fx (t),

where ρ(B), B ∈ X is stationary distribution of embedded Markov chain.
Consider s -asset rate as a diffusion process sε (t) ∈ Rd that defined by the system (3)(4).
Semigroup Ctt+s (x), t ≥, s ≥, x ∈ X to attendant system
dsx (t) = sx (t)(−µ(t, x)dt + σ(t, x)dwt ),

(5)

dσx (t) = a(σx (t), x)dt + b(σx (t), x)dwt ,

(6)

is given in the form
Ctt+s (x)φ(s, σ) = φ(sx (t + s), σx (t + s))
16
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where
sx (t) = s, σx (t) = σ.
Semigroup generator C(x) for function φ(s, σ) ∈ C 2 (Rd ) has a representation
C(x)φ(s, σ) = Ls (x)φ(s, σ) + Lσ (x)φ(s, σ),
where

1
Ls (x)φ(s, σ) = −µ(t, x)s(t)φ0s (s, σ) + σ 2 (t, x)s2 (t)φ00ss (s, σ),
(7)
2
1
Lσ (x)φ(s, σ) = a(σ, x)φ0σ (s, σ) + b2 (σ, x)φ00σσ (s, σ).
(8)
2
We can say that ŝ, σ̂ are the solutions of corresponding averaged system over the second component:
dŝ(t) = −µ̂(t)ŝ(t)dt + ŝ(t)σ̂(t)dwt ,
dσ̂(t) = â(σ̂(t))dt + b̂(σ̂(t))dwt ,

where
µ̂(t) =

Z

µ(t, x)π(dx), σ̂(t) =

Z

a(σ, x)π(dx), b̂(σ) =

X

â(σ) =

Z

σ(t, x)π(dx),

Z

b(σ, x)π(dx).

X

X

X

In the real financial market model to solve the equation of existence (5) the parameter µ̂ can be
determined in real.
Theorem 1. Let there be a function φ(u), φ(u) ∈ C 2 (Rd ) of averaged system (3)(4) and the process
σ satisfy the following conditions:
C1: a(σ, ·) ∈ C 2 (Rd ),
C2: b(σ, ·) ∈ C 2 (Rd ),
C3: Cramer’s condition for the distribution function Fx (t) is uniformly by x ∈ X
supx∈X

Zn
0

eht F x (t)dt ≤ H < +∞, h > 0.

Then solutions sε (t), σ ε (t), t ≥ 0, ε → 0 of the systems (3)(4) weakly convergence to corresponding
limit processes ŝ(t), σ̂(t), set by generators
1
Ls φ(s, σ) = −µ̂(t)sφ0s (s, σ) + σ 2 (t)s2 (t)φ00ss (s, σ),
2
1
Lσ φ(s, σ) = â(σ)φ0σ (s, σ) + b̂2 (σ)φ00σσ (s, σ).
2
Remark 1. Using small parameter scheme series and solving singular perturbation problem, it has
been proved that weakly convergence solutions of the systems (3)(4) are sε (t) and σ ε (t). Then the
dynamical system of financial market property (1)(2) has solutions at some interval of time.
Remark 2. Consider the representation of the generator (7). It has been established the asymptotic
normality (3) with the process s described by the Ornshtein-Ulenbeck process. Thus, it has been
investigated the asymptotic behavior of the system at the limiting time intervals.
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3.1

Proof the theorem

The proof is carried out on the asymptotic properties of the compensating operator for the Markov
renewal process (MRP) (Korolyuk and Chabanyuk, 2002; Korolyuk and Korolyuk, 1999)
sεn = sε (τnε ), σnε = σ ε (τnε ), xεn = xε (τnε ), τnε = ετn ,

(9)

and the properties of the semi-Markov process (Anisimov, 2008).
The fulfilment of the Cramer’s condition ensures application of the formula of integration by
parts and obtaining an operator C(x). The singular perturbation problem solution allows you to get
boundary generators Ls and Lσ by the process ŝ(t), σ̂(t) (Korolyuk, 1998).

4 Conclusion
The obtained results can be used in the modelling of the volatility processes in the Poisson approximation conditions (Samoilenko, 2017).
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Identification of Cognitive Maps under Uncertainties
Vyacheslav Gubarev, Victor Romanenko, Yurii Miliavskyi
Abstract: The work is devoted to the problem of identification of weighting
coefficients of a cognitive map’s edges under uncertainties. In our previous
research, the authors investigated the case with complete information (when
all nodes of a cognitive map were measured). Here we consider the case with
incomplete information when some nodes are not measurable. This is very common case in practice. We apply here state-space subspace method to solve this
problem. When we measure identification accuracy, we consider the difference
between eigenvalues of actual and estimated systems. We identify a real-life
cognitive map of the IT Company. We show that accuracy strongly depends
on the number of measurements, the number of measured coordinates, the dimension of the system, the structure of the eigenvalues of the system, the level
of measurement noise, etc. The suggested method of identification was proven
to provide us with good results unless the problem becomes ill posed.
Keywords: cognitive map, identification, 4SID.

1 Introduction
In our work, we developed a novel approach to identification problem of a cognitive map (CM). CM
is a weighted directed graph with nodes representing concepts of a complex system and weighted
edges representing relations between these concepts (Roberts, 1976). Usually experts define weights
of CM edges based on their knowledge and opinion. There are different methods of aggregating expert
estimates. However, adequacy of these weighting coefficients is questioned anyway. Therefore, it is
desirable to get mathematically precise methods of estimating them based on measurements of CM
nodes coordinates. Now very few researches study this issue.
When the complex system evolves CM coordinates vary in time affected by different disturbances.
Let each CM node li has a value yi (k) at discrete time moment k = 0, 1, 2, .... Value yi (k + 1) at the
next sampling moment is determined by the value yi (k) and information about other coordinates lj
adjacent to li increasing or decreasing their values at time k. Increment Pj (k) of the coordinate lj at
time k given as difference Pj (k) = yj (k) − yj (k − 1) is called “impulse” according to (Roberts, 1976).
Impulse Pj (k) that entered node lj is propagated to other nodes of the CM, being either increased or
decreased. Disturbances propagation rule in CM chains is defined by the difference equation
yi (k + 1) = yi (k) +

n
X

aij Pj (k), i = 1, 2, ..., n,

j=1

where aij is weight of the digraph’s edge connecting the j-th node with the i-th one. If there is no
edge from lj to li , respective coefficient aij = 0.
In a vectorized form, the propagation rule is written as
∆Ȳ (k + 1) = A∆Ȳ (k),
where A is a transposed incidence matrix of the CM, ∆Ȳ (k) is a vector of increments of nodes yi ,
i = 1, 2, ..., n.
If there is a possibility to influence some of the nodes directly (i.e. feed test or control impulses to
them), the equation of forced motion in CM impulse process can be formulated as follows:
∆Ȳ (k + 1) = A∆Ȳ (k) + B∆ū(k),
where elements of control matrix B corresponding to control (testing) signal in vector ūare equal to 1.

20
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In (Gubarev et al., 2018) authors suggested a set of methods for identifying CM when all its
nodes are measurable. Uncertainty here deals with noisy measurements. To analyse this case, it was
suggested to rewrite forced motion equation in such a way
A∆Ȳ (k) = ∆Q̄(k),
where ∆Q̄(k) = ∆Ȳ (k + 1) − B∆ū(k).
In deterministic case the problem is solved in a straightforward way:
āi = ∆Y −1 · ∆q̄i .
where






∆Y = 

∆y1 (0)
∆y2 (0)
...
∆yn (0)
∆y1 (1)
∆y2 (1)
...
∆yn (1)
...
...
...
∆y1 (n − 1) ∆y2 (n − 1) ... ∆yn (n − 1)

∆q̄i = (∆qi (0), ∆qi (1), ..., ∆qi (n − 1)) ,





,


āT
i = (ai1 ai2 ... ain ) is the vector containing elements of the i-th row of matrix A.
Several methods have been proposed in the case of noise. Under some assumptions, we can apply
the combinatorial method, which gives us a guaranteed interval for all parameters. In general case,
the least squares method should be applied:
ˆi = (∆Ỹ T · ∆Ỹ )−1 · ∆Ỹ T · ∆˜q̄ i ,
ā
where






∆Ỹ = 

∆ỹ1 (0)
∆ỹ2 (0)
...
∆ỹn (0)
∆ỹ1 (1)
∆ỹ2 (1)
...
∆ỹn (1)
...
...
...
∆ỹ1 (K − 1) ∆ỹ2 (K − 1) ... ∆ỹn (K − 1)





,


∆q̃i = (∆q̃i (0) ∆q̃i (1) ..., ∆q̃i (K − 1))T are composed of approximate measurements, K is some integer, K > n.
When information matrix ∆Ỹ is ill-conditioned (for example for big n), the identification problem
can become severely ill-posed. In such cases, it is reasonable to use additional information about
solution and include a regularization procedure, based on this information, in the algorithm. Tikhonov
regularization method can be applied here.
But in practice that is not usually the case because some of the concepts can be unmeasurable in
their nature or it is very difficult to observe them. Here we offer an approach to estimate the weighting
coefficients of CM edges in the case when CM nodes are observable only partially.

2 Identification of a cognitive map with incomplete measurements of
node coordinates
Identification method to be considered is based on the subspace method (4SID) (Verhagen and Dewilde,
1992) widely used for identification of multivariable systems in state space. The 4SID methods have
their origin in state-space realization theory developed in the 1960s; classic contribution belongs to
(Ho and Kalman, 1966). In the work, we adapted the main idea of subspace method to CM conditions
and its peculiarities.
Consider state-space representation of the CM impulse process:
∆x̄(k + 1) = A∆x̄(k) + B∆ū(k),
∆Ȳ (k) = C∆x̄(k),
XXXII International Conference PDMU, Czech Republic, Prague, August 27–31, 2018
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where A is a transposed incidence matrix of a CM; ∆x̄ is a vector of all CM nodes increments; ∆Ȳ is
a vector of increments of measured CM nodes; ∆ū is a vector of testing (exciting) signals or controls
which can be sent to some of the CM nodes. Dimensions of all vectors and matrices
h are known.
i
Naturally for this problem we can arrange nodes coordinates in such a way that C = I O and
"

#

I
B =
but dimensions of identity matrices I can be different (not all measured nodes can be
O
excited or controlled). The problem is to identify matrix A given known vectors ∆ū(k), ∆Ȳ (k), k =
1, 2, ....
4SID methods require large number of observations. Select N1 , N2 such that N1 M − 1 ≥ n where
n is a size of vector x̄, M is a size of vector Ȳ . It is also required that N2 ≥ N1 (R + M ), where R is
a size of vector ū. Consider the following matrices:




U1,N1 = 






Y1,N1 = 



∆ū(0)
∆ū(1)
..
.

∆ū(1)
∆ū(2)
..
.

∆ū(N2 − 1)
∆ū(N2 )
..
.

...
...
..
.

∆ū(N1 − 1) ∆ū(N1 ) . . . ∆ū(N2 + N1 − 2)
∆Ȳ (0)
∆Ȳ (1)
..
.

∆Ȳ (1)
∆Ȳ (2)
..
.

∆Ȳ (N2 − 1)
∆Ȳ (N2 )
..
.

...
...
..
.

∆Ȳ (N1 − 1) ∆Ȳ (N1 ) . . . ∆Ȳ (N2 + N1 − 2)





,






,



where ∆ū(k), ∆Ȳ (k) are column vectors. Testing signals are selected in such a way that U1,N1 is
well-conditioned.
"
#
U1,N1
Create a block matrix
and perform RQ-decomposition for it
Y1,N1
"

U1,N1
Y1,N1

#

=

"

R11 0
R21 R22

#"

"

# 

Q1
Q2

#

.

Then perform SVD-decomposition of R22 block
R22 =

h

Un Un⊥

i

·

Σn 0
0 Σ2



VnT

·   ⊥ T  ,
Vn

where Σn is square n-dimensional matrix.
For calculation of some realization of matrix A (denote it as A0 ) according to 4SID (Verhagen and
Dewilde, 1992) consider the following equation:
Un(1) A0 = Un(2) ,
(1)

(2)

where Un is observability matrix Un without the last M rows, and Un is matrix Un without the first
M rows. Matrix C 0 which corresponds to A0 can be found as the first M rows of Un , B 0 is calculated
in a bit more complicated way (Verhagen and Dewilde, 1992).
Matrix A0 found from the equation above provides us with some realization of the system and
should have all invariants (eigenvalues etc.) similar to those of matrix A although the matrices with
probability almost one can be different.
" For# analysis and control we need to obtain another realization
h
i
I
. To obtain it consider these equations from realization
such that C = I O and B =
O
theory
A0 = T AT −1 ,
(2)
B 0 = T B, C 0 = CT −1 .
22
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It is sufficient to find any nonsingular transformation matrix T satisfying (3) in case when this is
possible, i.e. when (3) is underdetermined. Then required realization of CM incidence matrix is
defined from (2) as A = T −1 A0 T . It can still differ from the initial one that generated the data but
output measured nodes coordinates behave in the same way as in the actual CM impulse process
(under the same input signals).

3 Exploration
Let us consider the following CM of IT Company (Fig. 1) (Romanenko et al., 2015):

Figure 1: Cognitive map

Here we have the following measured nodes:
1. Project duration.
2. Innovation expenses.
3. Salaries, bonuses.
4. Project’s budget.
5. Profit.
6. Manager group expenses.
7. Marketing expenses.
8. Revenue of projects’ sells.
9. Staff re-assessment expenses.
10. Staff training expenses.
The unmeasured nodes are:
11. Technical control.
12. Intelligent assets.
13. Quality of a final product.
14. Competitive ability.
XXXII International Conference PDMU, Czech Republic, Prague, August 27–31, 2018
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15. Job satisfaction.
16. Experience exchange.
Testing (control) signals can be fed to the nodes 2, 3, 4, 6, 7, 9 and 10. For exploration purposes
we will also consider other variants of split between measured and unmeasured, controllable and
uncontrollable nodes.
First, we make sure that measured nodes coordinates of the actual CM impulse process and the
result of modeling based on the identification procedure are virtually the same (Fig. 2). Solid and
dashed lines are very close:

Figure 2: Output coordinates

We consider eigenvalues of CM incidence matrix A as major invariants, which should be permanent
for all realizations, for more thorough research. We will compare the eigenvalues of the initial matrix
A and the identified matrix A0 . Eigenvalues of the initial (actual) CM are following (Table 1):
0.729817358793173
0.288473607378827 + 0.545877212297539i
0.288473607378827 - 0.545877212297539i
0.504529567265151
-0.595168489665732
0.0534731799408301 + 0.389920339850528i
0.0534731799408301 - 0.389920339850528i
-0.275361797240735 + 0.212821392357389i
-0.275361797240735 - 0.212821392357389i
-0.209793520825393
0.0374451042749558
-1.95541830461056e-16 + 9.03643387627237e-10i
-1.95541830461056e-16 - 9.03643387627237e-10i
1.71271169154324e-16
-2.82703848340360e-16
7.56176002022082e-17
Table 1: Eigenvalues of CM
24
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The last five eigenvalues can be considered as multiple zeros. This peculiarity makes identification
more difficult to perform but this is natural for CM where lots of elements in the incidence matrix are
usually zeros.
To compare this invariants vector to the vector of eigenvalues of the identified matrix A0 , we sort
both vectors by absolute values, subtract them and find maximal modulus per coordinate. Naturally,
this makes sense only if the structure of eigenvalues remains the same, i.e. real eigenvalues do not
transform to complex ones etc.
Accuracy of identification can depend on lots of factors, including intrinsic properties of the dynamic system under consideration (like structure of eigenvalues). But here we consider several most
obvious factors: number of observations (Fig. 3), number (share) of measured nodes coordinates (Fig.
4) and level of measurement noise (Fig. 5).

Figure 3: Error vs. number of measurements

Figure 4: Error vs. number of measured coordinates
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Figure 5: Error vs. noise

Table 2 demonstrates how eigenvalues change depending on the range of output noise affecting
measured CM nodes.
0
0.72999
0.28852
+
0.54601i
0.28852 - 0.54601i
0.50436
-0.59516
0.05340
+
0.38976i
0.05340 - 0.38976i
-0.27509
+
0.21312i
-0.27509 - 0.21312i
-0.21114
0.03741
0.00085
-0.00076
-3.46e-13
-8.38e-15
-9.65e-17

1.00E-14
0.72999
0.50436
0.28852
+
0.54601i
0.28852 - 0.54601i
-0.59516
0.05340
+
0.38976i
0.05340 - 0.38976i
-0.27509
+
0.21312i
-0.27509 - 0.21312i
-0.21114
0.03741
0.00085
-0.00076
-1.14e-15
5.45e-14 + 3.19e14i
5.45e-14 - 3.19e14i

1.00E-10
0.72979
0.28842
+
0.54584i
0.28842 - 0.54584i

1.00E-05
0.72999
0.28852
+
0.54601i
0.28852 - 0.54601i

0.50472
-0.59521
0.05318
+
0.38982i
0.05318 - 0.38982i
-0.27548
+
0.21223i
-0.27548 - 0.21223i
-0.20894
0.03746
-0.00808
0.00770
3.62e-10
-2.45e-11

0.50436
-0.59516
0.05341
+
0.38976i
0.05341 - 0.38976i
-0.27507
+
0.21311i
-0.27507 - 0.21311i
-0.21115
0.03740
-0.00137
0.00100
0.00024
1.07e-06

-1.43e-11

6.04e-06

Table 2: Estimated eigenvalues of the CM

4 Conclusions
We developed a novel approach to the problem of CM identification in the case when not all nodes
were measurable. We applied 4SID method to solve this problem. We deeply investigated the method
effectiveness based on the real CM of the IT Company. We selected eigenvalues as the most important
invariants to compare actual and identified CM incidence matrices. Because of the research, we
can conclude that the method works effectively, but only under certain conditions and limits. Its
effectiveness largely depends on number of measurements, number of measured nodes coordinates and
on the measurement noise especially. In fact, even without measurement noise, identification is not
precise because of computational error, which is significant for large scale systems (like 16-dimensional
CM). When noise exceeds certain threshold (around 1e-5 in this specific case but it depends on the
26
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structure of CM), correct identification becomes impossible. This is not a disadvantage of the proposed
method, but is an unavoidable property of any identification method that becomes incorrect (illposed) after some threshold. Thus, we recommend the proposed method for identifying CM with low
measurement noise. Method for general case will be developed in our future works.
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Automated Text Entry Based on Grammar Dictionary
and Special Virtual Keyboard
Iurii Krak, Olexander Barmak, Veda Kasianiuk
Abstract: In this article, we consider information technology for the realization of human communication, using all sorts of human capabilities associated
with the organization of text input using mobile and assistive devices. We
describe in details the components of the proposed technology: the automated
method for entering text information using a limited number of controls and
the method of predicting words based on the dictionary of words. We describe
the process of entering text information and representation of control signals
for the selection of control elements using an ambiguous virtual keyboard. We
develop new approaches to finding the optimal distribution of the alphabet
character set for a different number of control signals. We generalize and improve the word prediction method, we use the statistical language model in the
work, and the approach to the formation of the training corpus of the spoken
Ukrainian language is proposed in the work.
Keywords: information technology, text entry, text prediction, statistical language model, N-gram.

1 Introduction and Problem Statement
In the modern world the communication is a vital necessity for any person, it is one of the main our
need. There are many people with speech disorders who need additional means of alternative communication for them. The alternative communication is all communication methods and techniques
that complement or replace ordinary speech for people who do not have the ability to communicate
because of congenital or acquired disease (Augmentative..., 2018).
There are various systems for implementation of non-verbal communication in the world. Hearing
impaired people use sign language to communicate, so it is very important to introduce new types
of sign language communication using virtual reality systems, which were proposed by (Kryvonos et
al., 2017). Many alternative means of communication are limited to devices that can only be used in
stationary conditions. Significant limitations of existing systems are the use of text input. And the
low input speed causes the conection to be associated with the use of slow methods.
The main requirement for an alternative communication system is the speed of text input, taking
into account the individual characteristics of a person and his quick adaptation without additional
training.
The problem lies in the small number of available control signals that can be used to generate
messages.
The problem statement is to develop information technology for the implementation of communication for people who have temporarily lost their ability to speak.
In the process of realization of this project, we analyzed alternative information channels which
were suitable for communication, and suggested the way to use them. We developed mechanisms
for quick text input in Ukrainian with a limited number of control signals, developed system of text
prediction based on grammar dictionary (Krak et al., 2014), and developed information technology
for mechanism of alternative communication using standard mobile devices.

2 Method of Entering Text Information
The main difficulty of any means of alternative communication is that a large set of language symbols
must be associated with a very limited set of controls. Selection techniques, which are used for the
alternative communication, have significant limitations and disadvantages (Cook and Polgar, 2015),
28
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so to speed up the selection process it is proposed to group the letters of the alphabet into control
elements.
Figure 1 shows a method for entering a limited number of control signals into text information.

Figure 1: Method of entering of text information

Herein:
1. input information: sequence of control signals to enter the desired word;
2. representation of control signals in the form of a sequence of associated sets containing groups
of letters;
3. list of words-candidates existing in the language (dictionary) is possible with this sequence;
4. output information: choosing the right word.
In addition to non-traditional ways of transferring control signals for a significant number of modern
people, it is already typical to manage the process of entering text information using various types of
keyboards (both physical and virtual).
The virtual keyboard displays the character layout on the device screen. Ambiguous virtual keyboards have several characters per key that make them more productive than normal ones. The
purpose of such a keyboard is to reduce the effort at entering text.
In general, the components of the ambiguous keyboard can be represented with 5 parameters:
KABM = hPsel , kabc , ksec , Aord , Pdis i ,

(1)

where Psel = {direct selection, scanning, encoding} – selection techniques; kabc = {4...8} –
number of keys with grouped letters; ksec = {1...5} – number of auxiliary keys;
Aord = {alphabetic, keyboard, statistical} – order of following the letters in the grouped keys;
Pdis = {multi − press, two − key, scanning, T 9} – techniques disambiguate selection.
In Figure 2 shows a generalized diagram of the components ambiguous keyboard.

Figure 2: Components of the ambiguous keyboard
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With these components you can describe the known types of entering text information
by ambiguous keyboards.
For example, according to the above description, the
ambiguous keyboard used to enter text on mobile devices with numeric buttons can be represented as:
KAM B = hPsel = direct selection, kabc = 8, ksec = 1, Aord = alphabetic, Pdis = T 9i, that is, a direct
selection method is used, 8 keys with grouped letters and 1 auxiliary, alphabetic order of letters and
prediction method T9 with disambiguate.
The improvement of the method for entering text information with a limited number of control
signals (Figure 3) within the framework of the above generalized components of the keyboard (1) is
given in the following steps:
1. representation of the sequence of control signals by any of the indicated selection techniques
Psel ;
2. reducing the number of controls kabc , ksec and optimizing the distribution of the alphabet set
Aord ;
3. solving the problem of ambiguous selection Pdis by the predictive method for increasing the
efficiency of text entry.

Figure 3: Diagram of the improvement of the method of entering text information with

a limited number of control signals
Known techniques for selecting symbols can be assigned to three main categories: direct selection,
scanning and encoding (Dowden et al., 2002). The speed of selection directly affects the speed of
communication and therefore it should be measured to determine the fastest method, which will be
used in the future. In the framework of IT, the representation of a continuous and discrete control
signal for the selection is proposed. The result of processing the input signal is to determine its type
and the fixation of the methods of selecting control elements.
For a continuous control signal, the selection is carried out by a cursor, which can be moved using
special devices that capture the movement of the eyes, heads, hands, etc. To make a selection, hold
the cursor over the desired control. If this is the keys of the virtual keyboard, then for each time
interval holding the cursor over them, the next letter that belongs to the key will be selected. This
mode allows you to implement a direct selection of letters and can be used in the absence of words in
the dictionary.
For a discrete control signal, each of its states is associated with a separate function or control
element. If these states are only two, then the scanning selection mode is applied. In this mode, the
internal timer cyclically ”highlights” the controls and awaits confirmation of the choice from the user.
Of course, the speed of text entry in this mode is quite small, but this mode allows us to use it for
the people when other ways of communication are not possible because of physical constraints.
Determining the minimum number of keys for ambiguous keypads is an optimization problem,
as with a decrease in the number of keys, the number of letters in them increases, which leads to
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an increase interpretations error of user actions. This requires additional refinement of choice and
reduces the efficiency of text entry. So, for a keyboard with 9 keys (T9 standard), the average number
of letters located on each of them is 4. In this case, the standard algorithm T9 successfully solves the
problem of ambiguous selection (Silfverberg et al., 2000). Reducing the number of keys to 4 requires
placing on each key, on average, about 8 letters, which leads to an increase in the list of possible words.
This greatly complicates the selection of the expected words of user, and requires optimization of the
distribution of the letters on the keys and the use of additional prediction algorithms.
Alphabet and keyboard (QWERTY) alphabetic ordering are well-known. For both of these cases,
it is not possible to change the order of their sequence, so a study with a uniform distribution of letters
in groups and the best variants were determined (Krak et al., 2017).
The frequency order of the letters is a list of letters of the Ukrainian alphabet in order of decreasing
the frequency of their use. To find the optimal letter distributions a set of letters divided into classes
according to the frequency of their use. Within these classes, it is possible to change the order of
following letters, keeping to the distribution of letters with similar frequencies in different groups.
Based on these conditions, an optimization problem has been formed:
1. Constraint 1 : letters with similar frequencies should be placed in different groups;
2. Constraint 2 : letters in groups should be evenly distributed;
3. The criterion of the optimization problem: the total number of words with the same code should
be the smallest.
To solve the optimization problem, an algorithm for actions that considers the distribution constraints is proposed:
1. input information: a set of letters in a certain order of follow;
2. set of letters is divided into classes so that in one class there are letters with similar frequencies;
3. for each class, a random letter is selected and placed in a group that does not already have
a letter from this class;
4. output information: formed groups.
For the Ukrainian alphabet, the number of classes is defined in the range from 4 to 8, depending on
the number of groups. Thus, each letter that belongs to a particular class belongs to a unique group
that enforces the constraint 1 Compliance with such an order of distribution of letters ensures the
fulfillment of the constraint 2 - the letters are distributed evenly.
In order to minimize the interaction between the user and the virtual keyboard, it is proposed
to use an algorithm for eliminating ambiguity, similar to T9 (TNKey algorithm), since this method
demonstrates better performance than methods that use a several actions to select a letter (Grover et
al., 1998).
To solve the problem of ambiguous selection we propose the algorithm which allows us to obtain
a set of words that correspond to a sequence of user actions with a virtual ambiguous keyboard. The
algorithm consists of the following steps:
1. encoding of all words in the dictionary (corpus) for a given distribution of letters on the keys;
2. obtaining the code of the current word corresponding to the sequence of actions (keystrokes) of
the user;
3. searching the word dictionary corresponding to the code.
To implement the algorithm, all the words of the corpus must be coded for a given distribution
of letters on the keys of the keyboard. This encoding is not inverses. The code is a set of digits that
correspond to the key number in which each letter of the word is located. Decoding is reduced to
finding a code in a dictionary (received at the input) and returning the corresponding word. The use
of ambiguous virtual keyboards leads to ambiguous selection. When encoding all dictionary words for
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a given letter distribution, words that have the same code can be mistakenly offered to the user as
an expected word. Such situations interrupt the text entry process and require a refinement of the
choice. The quantitative definition of such situations is the frequency of errors, that is, the percentage
of words that are misinterpreted.
Such a quantitative estimate of the error rate is determined based on the frequency of word use in
the texts. Assume that in a set of words with the same code, the word having the highest frequency
of meetings corresponds to the expected one, and other words are not offered correctly. Thus, the
quantitative estimation of the error rate is defined as the total number of mistakenly proposed words,
normalized by the total number of words, take into account their frequency.
In paper (Krak et al., 2017), variants of the distribution of the set of letters of the Ukrainian
alphabet into groups in a certain order of succession were investigated. Using the results obtained
and the proposed approach, a quantitative estimate of the error rate for a different number of groups
and different orders of letters are calculated. Thus, the error rate for 4 groups was 16.43% for the
frequency order of letters, which is the best option compared to the keyboard (22.16%) or alphabetic
(23.85%) orders. Similar relationships have also been confirmed for another number of groups.
The use of recommended letter distributions for the Ukrainian alphabet provides more convenient
way to enter text for people with different experience with digital devices and ensures the efficiency
of the set with decreasing controls.

3 Method of the Words Prediction
Word prediction speeds up the text entry process by reducing additional user actions. For this, it
is necessary to predict as many input words as possible as the words ”by default”, that is, they
correspond to the word that the user expects.
In general, the method of words prediction, which most often occurs after the words entered in the
sentence, can be represented as follows (Figure 4):

Figure 4: Method of words prediction

Herein:
1. input information: list of words-candidate that correspond to the sequence of user actions;
2. the evaluation of the probabilities of words-candidate, considering the previous words of the
sentence is presented in the form of different language models;
3. the ranking of words for probabilities and the definition of the word ”by default”;
4. output information: predicted word.
The improvement of the prediction method is submitted by implementing the following two steps:
1. prediction of the most probable words using statistical language model, which would allow to realize a problem with acceptable computational complexity (for the possibility of implementation
on mobile devices);
2. formation of the corpus of words of the spoken Ukrainian language to improve the quality of
prediction and reduce user interaction with the device.
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Statistical models of the language are used for predictive text. In the field of communication AAC
for word prediction is used N-gram model that calculates the probability of the last word, as the
probability of a sequence of words in a certain corpus (Jurafsky and Martin, 2015).
The maximum likelihood estimation (MLE) method uses to estimate these probabilities. It consists in determining the parameters that maximize the probability of this similarity for given words.
Thus, the MLE estimate for the parameters of an N-gram model by getting as normalized counts
from a corpus that is statistically representative for language model (Jurafsky and Martin, 2015).
For example, we can estimate the probability bigram wordwn , considering the previous wordwn−1 ,
calculating the entry (count) of bigrams C (wn , wn−1 ) and normalize by unigram count for wordwn−1 :
P (wn |wn−1 ) =

C (wn−1 , wn )
.
C (wn−1 )

(2)

One of the most important problems of N-gram models is the problem of data sparse, which grows
rapidly with increasing model order. In fact, the MLE provides zero probability for any sequence
of words that is missing from the corpus. To solve the problem of sparse data and improve the
overall quality of the prediction without increasing the computational complexity, it is suggested to
use a model with a ”backoff” with appropriate optimization of the parameters. In the case of a limited
corpus of words, the statistical model language, what allows satisfying these requirements is the Katz’s
backoff model. The main idea behind Katz’s backoff model is to evaluate the conditional probability
of a word by a ”backoff ” to a N-gram of lesser order in the case where N-grams of higher order are
not found in the training corpus. So, the model with the most complete information is used to provide
the best results.
In particular, for the highest order N, it is proposed to use the trigram model and perform recursively backoff to the bigrams and unigrams (2).
Using smoothing methods allows us to consider sparse data, which is an inherent property of any
real text that occurs when forming a dictionary of words from a limited set of texts.
The choice of the training corpus is an important stage in the development of any system of predicting the text. To obtain reliable estimates of the probability, statistical language models must
be trained in a large set of texts. In addition, the more a training corpus is for this type of communication, the more accurate the probability estimates. To solve this problem, it is suggested to
use dialogues on common topics used in vocabulary for studying foreign languages. Such dialogues
simulate conversations between people who see each other, cover the most possible common situations
and use a limited set of words and phrases.
For the implementation of the communication system of people with disabilities communication was
created a limited corpus of spoken Ukrainian on the basis of common topics that simulate conversations
between people in similar situations and use a limited set of words and phrases. To create the corps of
Ukrainian language dialogues, a set of texts has been collected consisting of more than 400 dialogues
on various subjects, the total volume of which was about 20,000 phrases and 100,000 words. The
resulting dialogues, for the further formation of the model, were divided into basic and test sets and
experimental studies were conducted to determine the enough filling of the corpus for the task of
predicting words and phrases when entering the text. The language model is formed from the text
corpus by its partition into N-grams - unigrams, bigrams and trigrams, where each record in N-gram
retains the count of words and phrases in a text corpus.

4 Efficiency of Information Technology
Estimated overall efficiency IT consists of the following properties of alternative means of communication: the speed of text entry a limited number of controls, quantification of the frequency of
interpretations error in the process of input and quality predictive value.
The speed of text entry depends on the individual characteristics of the person - his remaining
communication capabilities, the experience with digital devices and the time spent on adaptation.
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Therefore, for its estimation is used not the indicators of time expenditures, but the productivity of
text input, that is, the minimization of the interaction of the device with the user.
The method of entering text information with a limited number of controls, which is an integral
part of IT, allows you to implement the possibility of text entry with the help of 4 to 8 keys. The
proposed variants of the distribution of letters for the Ukrainian alphabet on the keyboard keys allow
you to individually consider the features of the user.
Using the 4 control keys is the fastest way to enter text, because the minimum number of control
signals is used, but it requires high IT efficiency to reduce the number of additional actions to refine the
choice. In order to compare the effectiveness of the components of the IT research was also conducted
using the 6-key controls.
Using an ambiguous input method allows a certain percentage of interpretation errors. The lower
the level of interpretation errors, the higher the input performance, since the time spent on correcting
an erroneous selection significantly exceeds directly when entering the letters of a word. The distribution of the set of letters of the Ukrainian alphabet for different order of order greatly influences the
frequency of interpretation errors.
Word quality prediction is a final component of evaluating the effectiveness of IT and accumulates
the impact of all its components. To determine the predictive quality of the any text, a number of
experiments were conducted using various statistical language models.
For the 4 keys of the frequency distribution, the prediction quality (Figure 5) for the backoff model
was 89.2% for the words known as the N-gram model. Using such a model significantly improves the
quality of prediction compared to the use of conventional probability estimates.

Figure 5: The quality of prediction of any text on different models for 4 keys of distribution

For the 6 keys of the keyboard distribution, the prediction quality (Figure 6) exceeded 90% compared
to the distribution for 4 keys. This is due to the decrease in the number of candidate words, from
which the word ”by default”.
The study of the characteristics of the developed IT made it possible to evaluate the overall
effectiveness of the text entry with a limited number of controls and the impact of its components on
the final quality of predictive. In the course of the conducted experiments we obtained the performance
indicators of the applied methods of input and prediction of text information for different numbers of
control elements and the distribution of letters on them.
So, the results of an experimental study of the effectiveness of the developed IT alternative communication using methods of input and prediction of text information show that the proposed IT
allows people to communicate with the use of residual human capabilities by organizing text input
with efficiency exceeding the known approaches of 4-13% depending from the number of operating
controls.
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Figure 6: The quality prediction of any text on different models for the 6-key distribution keys

5 Conclusion
The article presents the results of the solution of the actual problem of the implementation of alternative communication for people in whom the channel of verbal communication is temporarily
absent.
The following basic scientific and applied results are obtained:
1. developed method for entering text information with a limited number of controls;
2. developed a method of prediction the words that most often occur after the words entered in
the sentences based on dictionary ones;
3. IT is developed that implements human communication with the use of residual human capabilities, which is achieved by organizing text input using mobile and auxiliary devices.
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Hyperplanes clusters in spaces of signs vectors
Hryhorii Kudin, Taras Zinko
Abstract: In this paper, we introduce a novel approach to result presentation
of piecewise hyperplane information clustering. We give it after a brief description of the mathematical results, definition of pseudo-inversion, pseudo-inverse
formula calculating, projective R-matrices with resizing of output matrices.
We consider different cases with different distance between elements of vector
spaces.
Keywords: hyperplane, clustering, pseudo-inverse, orthogonal projectors.

1 Introduction
Wide range of possibilities of using the concept of matrices pseudo rotation for the development of
mathematical methods of clustering and classification of information appears when we consider various
cases of digital information processing (Kirichenko and Donchenko, 2007; Kirichenko and Kudin, 2009;
Kirichenko et al., 2007, 2008). Additionally to the results of the pseudo-inverse theory, projective
and R-matrices perturbation, we use the elementary linear structures (hyperplanes) with the simple
relations for distances between vectors and hyperplanes, between sets of vectors and hyperplanes in
the spaces of characteristics (Kirichenko and Donchenko, 2007; Kirichenko and Kudin, 2009).
The variant of hyperplanar clusterization is described in the works of Kirichenko et al. (2007, 2008).
In this case, the description of hyperplanes was done through solutions (pseudo-solutions) of linear
algebraic equation systems. Therefore, the authors considered the problem of finding the optimal
elements of such linear algebraic equations - the main matrix, vector of right-handed parts for which
the algorithms of their calculation presented.
In the work of Kirichenko and Kudin (2009), the parameters of the hyperplanes can be found
recurrently according to the acceptability functional of the existing partition. The acceptability functional is one or another variant of the distance between the cluster element and its hyperplane, or
the distance of the cluster element and the hyperplane of another cluster. Euclidean distances and
the dispersion of cluster elements relative to its hyperplane were used as distances and measure of
compactness of a hyperplane cluster, respectively. The case of the hyperplane cluster can be used as
an effective solution for minimization problem of the cluster elements dispersion. The idea of representation a piecewise hyperplane cluster comes from the approach of solving the problem of the
piecewise linear separation of the set of points in the space of the vectors of characteristics from the
origin, proposed by professors Kirichenko and Donchenko (2007).
In the report, the presentation of the results on the topic of a piecewise hyperplane clustering of
information is presented after a brief description of the mathematical results regarding the definition
of pseudo-inversion, the formulas for calculating pseudo-inverse, projective and R-matrices when the
dimensions of the output matrices change. Different variants of distances between elements of vector
spaces are given.
Recent studies of the information-processing problem confirm the particular relevance of the
information-clustering problem. At the same time, we do not know algorithms of information clustering using hyperplanes as clusters. In general, the essence of the problem is to solve the following
tasks:
1. The problem of division the training sample of vectors in the feature space into two clusters in
such a way that the points of one of the subsets of the sample are located closer to some hyperplane – the cluster, and the points of the other subset are located closer to another hyperplane
– the cluster. A peculiarity of the statement of the problem is the fact that neither subsets, nor
both hyperplanes are given in advance;
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2. TThe problem of finding a hyperplane cluster in such a way that the points of the training
sample are located close (in the sense of the criterion of the distance of a chosen metric) to some
hyperplane that is generated by this sample. The peculiarity of the formulation of the problem
under consideration is typical for clusterization problem ?- hyperplane is unknown in advance.
In our research, two cases of hyperplane clustering were considered, namely: in the first case, we
carry out the description of hyperplanes through hyperplanes, which are solutions (pseudo solutions)
of the systems of linear algebraic equations. In this case, the problem of finding the optimal elements
(the basic matrix, the vectors of the right-hand parts for which algorithms for their calculation are
given) of such systems of linear algebraic equations appears. In the second one, the hyperplane
description is carried out recurrently according to acceptability functional of the existing partitions
as the final one. Practically used algorithms of information clustering take into account the need of
minimization the number of clusters with satisfactory separation, that is, if the training sample is large,
clusters are sufficiently informative. Variants of hyperplane clustering, modified by the construction
of a hyperplane cluster, which can be described not by a single hyperplane, but by several ones, was
proposed as an effective solution of this problem, that is, a piecewise hyperplane cluster is built.

2 Basic mathematical tools of pseudo-inversion, its properties
In the future, in addition to the standard marking of the m × n matrix through its elements A = (aij ),
there will be used its representation through columns or rows, respectively:




aT(1)


A =  · · ·  , aT(i) ∈ Rn , i = 1, m.
aT(m)

. .
A = (a(1).......a(n)), a(j) ∈ Rn , j = 1, n,

Standard bases in Rn , Rm , composed of coordinate orts will be designated respectivly q(i) (a), i =
1, m + 1:
eT (j) = (0, ..., 0, 1, 0, ..., 0), j = 1, m.

eT(i) = (0, ..., 0, 1, 0, ..., 0), i = 1, n,

j

i

Defining and calculating of pseudo-inverse matrix allows several equivalent variants. Penrose’s
variant – the definition of a pseudo-inverse matrix is carried out through a system of linear algebraic
equations (SLAE): Ax = b, x ∈ Rn , b ∈ Rm , b 6= 0. Under such conditions, a pseudo-inverse matrix
with arbitrary nonzero vector b ∈ Rm is determined by the relation
A+ b =

arg min
x∈Arg min ||Ax−b||2

||x||, ∀b ∈ Rm , b 6= 0.

x

2.1

Singular matrix decomposition

Any m × n matrix A with r ≤ min(m, n) rang can be written in a form
A=

r
X

λi ui viT ,

i=1

where: λ21 ≥ ... ≥ λ2r > 0 – a common set of nonzero eigenvalues of matrices AAT , AT A; vi ∈
Rn , i = 1, r – orthonormal set of eigenvectors of a matrix AT A, corresponding to nonzero eigenvalues
λ2i , i = 1, r
AT Avi = λ2i vi , λ2i > 0, i = 1, r, viT vj = δij , i 6= j;
λ2i ,
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ui ∈ Rm , i = 1, r – orthonormal set of eigenvectors of a matrix AAT , corresponding to zero
i = 1, r:
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AAT ui = λ2i , i = 1, r, uTi uj = δij .
The orthogonal sets of eigenvectors are interconnected by the relation
ui =

Avi
,
λi

AT ui
, i = 1, r.
λi

Avi =

In the variant of definition of a pseudo-inverse matrix, as a singular decomposition, SVDdecomposition of m × n matrix A: A+ is used for arbitrary m × n matrix A for its singular representation is determined by the expression
+

A =

r
X

vi uTi λ−1
.
i

i=1

2.2

Subspaces, orthogonal projectors

The subspaces, which are considered in connection with the matrix A are plenty of possible values
LA , LAT of matrices A, AT : respectively, orthogonal projectors on them are P -projectors, which are
designated P (AT ), P (A) respectively, and orthogonal to them – called Z-projectors and are designated
Z(A), Z(AT ), respectively.
In addition to the P - and Z-projectors associated with the basic subspaces of matrix A, operators
R(A), R(AT ) have also important applications.
Connection between P - and Z-projectors is determined by the relationships:
P (AT ) + Z(AT ) = Im ,

P (A) + Z(A) = In ,
P (A) = A+ A,
P (A) =

r
X

P (AT ) = (AT )+ AT = AA+ ,
vi viT , P (AT )

r
X

=

i=1

ui uTi ,

i=1

Z(A) = In − A+ A,

Z(AT ) = Im − AA+ ,

Z(A) = In − A+ A =

n
X

Z(AT ) = Im − AA+ =

m
X

i=1

vi viT −

i=1

r
X

vi viT =

r
X

vi viT ,

i=r+1

i=1

ui uTi −

k
X

ui uTi =

i=1

m
X

ui uTi .

i=r+1

R-operators are defined according to the formulas:
h

R(A) = A+ (A+ )T , R(AT ) = (AT )+ (AT )+

R(AT ) =

r
X

T
λ−2
i ui ui

i=1

R(A) =

r
X

iT

= (A+ )T A+ ,

T
λ−2
i vi vi .

i=1

Eliminate the calculation of a pseudo-inverse matrix for an arbitrary matrix to computation of
the inverse to it some square matrix with dimensionality min(m, n) allow the following relationships
important for practical applications:
A+ = (AT A)+ AT = AT (AAT )+ ,

A+ = R(A)AT = AT R(AT ).
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3 Mathematical tools of a piecewise hyperplane information clustering
3.1

Basic formulas of the mathematical formulation of the problem under consideration

Distance ρ (x(j), L(A, b)) from the point x(j) to hyperplane L(A, b) is defined as follows
ρ2 (x(j), L(A, b)) = A+ (b−Ax(j))

2

, kxk2 = xT x.

The sum of the distances squares of the points set x(j) , j = 1, n to hyperplane L(A, b)
ρ2





x : x(j), j = 1, n , L(A, b) =
= tr R(AT )

n
X

j=1

n
X

j=1

(b − Ax(j))T R(AT ) (b − Ax(j)) =

(b − Ax(j)) (b − Ax(j))T .

Under given values A, x(j), j = 1, n the relation for the optimal value of the right-hand side
vector of of algebraic equations system, which is determined for the hyperplane
bopt = Ax̂ = arg min ρ2
b∈RS





x : x(j), j = 1, n , L(A, b) , x̂ =

n
1X
x(j)
n j=1

takes place. 

Distance ρ x : x(j), j = 1, n , L(A, b) from the set of points x(j) , j = 1, n to hyperplane
L(A, b) with optimal vector selection b has following value
ρ







x : x(j), j = 1, n , L(A, bopt (A)) = tr A+ A · X̃ X̃ T

1
2

,

. .
where X̃ = (x̃(1))......x̃(n)), x̃(j) = x(j) − x̂, j = 1, n.
The optimal matrix A ∈ Rs×m selection is defined as a solution of the problem
Aopt = arg

min

AAT =Is ,A∈Rs×m

P

ρ2





uTm−s+1

 

..
x : x(j), j = 1, n , L(A, bopt (A)) = 
,
.
T
um

T
r
T
2
with tr A+
opt Aopt X̃ X̃ =
j=m−s+1 λj , (u1 , . . . , um ) (u1 , . . . , um ) = Im .
Distances ρ(x(i), L(0) (Ak , bk )), k = 1, 2, from each of the vectors x(i), i = 1, n, to each of two
hyperplanes L(0) (Ak , bk ), k = 1, 2 can be calculated using the ratio

ρ(x(i), L(0) (Ak , bk )) = (x(i) − x̂(k))T Z(X̃ T (k))(x(i) − x̂(k)), k = 1, 2.
If the definition of hyperplanes is carried out using the vectors of the singular decomposition of
Prk,
the matrix X̃ (0) (k) = i=1
ui (k)λi (k)viT (k), k = 1, 2
. .
Us (k) = (u1 (k).......us (k)), k = 1, 2,

where s ≤ min(r1 , r2 ) number of older u – vectors (corresponding to larger singular numbers) of
each of the decompositions, then for this case the distances ρ(x(i), L(0) (Ak , bk )) are determined by
relation
ρ(x(i), L(0) (Ak , bk )) = (x(i) − x̂(k))T Z(UsT (k))(x(i) − x̂(k)) =
40
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= ||x(i) − x̂(k)||2 − (x(i) − x̂(k))T

s
X

j=1

uj (k)uTj (k)(x(i) − x̂(k)), k = 1, 2.

The basic algorithm of hyperplane clustering [2] consists in successive execution of recurrent steps,
each of which corrects the parameters of hyperplanes L(k) (1), L(k) (2) (without loss of generality, the
problem of dividing the training sample into two clusters is considered), constructed in the previous
step under the conditions of initial partition in any way. This correction of the parameters of the
hyperplanes is to extract from the set of vectors, which generate hyperplanes, those with the worst
values of distance of correspondence. Deleted vectors are counted in an alternative cluster. Using
new decomposition of vectors a new pair of hyperplanes L(k+1) (1), L(k+1) (2) is constructed, by which
a new recurring step is carried out.
The algorithm consists of the following steps.
1. In the first step: the original set of n vectors is arbitrarily divided into two parts x(ij (k)),
j = 1, nk , k = 1, 2:
\
{i1 (1), . . . , in1 (1)} {i1 (2), . . . , in2 (2)} = ∅,
{i1 (1), . . . , in1 (1)}

[

{i1 (2), . . . , in2 (2)} = {1, 2, ..., n}.

2. In the second step, under each of the existing parts of the partition, hyperplanes are constructed
L(0) (Ak , bk ), k = 1, 2. x̂(0) k, k = 1, 2 are defined as average under the elements of the corresponding set, matrices X̃ (0) (1), X̃ (0) (2) are entered
. .
X̃ (0) (k) = (x̃(i1 (k))......x̃(ink (k))), k = 1, 2,
Pr

k,
ui (k)λi (k)viT (k), k = 1, 2, where
their SVD–decomposition is constructed: X̃ (0) (k) = i=1
r1 , r2 – the ranks of the corresponding matrices, and the optimal parameters of the hyperplane
of the initial partition are calculated.

3. In the third step, the correction of the parameters of the hyperplane of the original partition is
made. It is carried out under the distances of each of the vectors to the constructed hyperplanes
and the removal of the worst ones – the use of pseudo-inverse tools provides the calculation
of such distances by explicit formulas. As a result of the partitioning correction, some vectors
remain among the vectors of the partition, on which the hyperplanes are constructed, while
others are counted in an alternative cluster.
4. Updated decomposition elements are the basis of the new recursive step: the algorithm repeats
its steps, starting with the second.
5. The algorithm can be stopped after a certain number of steps or after an improvable definite
distance level of each of the corresponding element vectors of the partition to the corresponding
hyperplane is achieved.

3.2

The statement of the first problem of synthesis of a piecewise hyperplane
of clusters, its solving algorithm

Under the problem of synthesis of a piecewise hyperplane of clusters for a training sample x(j) ∈
Rm , j = 1, n of vectors in the feature space is meant the problem of division of this sample into two
clusters is such way that the points of the first cluster are located closer to a certain set of hyperplanes
generated by this subset, while the points of another subset - the second cluster - are closer to another
set of hyperplanes. The peculiarity of the statement of the problem under consideration is the fact
that there are neither subset nor component of both sets of hyperplanes are known in advance. Thus,
at the beginning of the process of piecewise hyperplane clusterization it is assumed, without limiting
generality with respect to the number of subsets, that the vectors x(1), . . . , x(n) from the features space
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Rm may belong to one of two hyperplanes L(0) (Ak , bk ), k = 1, 2 with fixed dimension s(s < m). If in
the process of recurrent improvement of hyperplane clustering it turns out that the obtained clusters
do not meet previously established criteria (for example, unsatisfactory hyperplane concentration of
cluster vectors, etc.), then there is a need to influence the shape of the cluster and to modify it becomes
possible by the construction of piecewise linear clusterizers. For the considered problem of constructing
a piecewise hyperplane cluster, this means to add each of the hyperplanes L(0) (Ak , bk ), k = 1, 2, which
were previously modified in the framework of the basic hyperplane clusterization, with the additional
links – hyperplanes.

3.3

Algorithm for the synthesis of piecewise hyperplane clusters

On the basis of the above-stated idea of synthesis of piecewise hyperplane clusters, the algorithm for
such synthesis can be represented as follows:
1. Formation of a single-valued cluster.
(link number in the cluster – index in parentheses, set number – index below)


(a) Create an initial partition of the initial set Ω = x : x(j), j = 1, n into two subsets
S
T
Ω ≡ Ω0 (1) = Ω01 (1) Ω02 (1), Ω01 (1) Ω02 (1) = ∅ (appropriate by tool k-means).
(b) Construct hyperplanes
A1 (1)x = b1 (1), L(A1 (1), b1 (1)) for Ω01 (1),
A2 (1)x = b2 (1), L(A2 (1), b2 (1)) for Ω02 (1).
Calculate the optimal A1opt (1) , b1opt (1) for Ω01 (1) and A2opt (1) , b2opt (1) for Ω02 (1).
(c) Update Ω01 (1) and Ω02 (1) at a distance (bopt − Aopt x(j))T R(ATopt )(bopt − Aopt x(j)).
Form the new sets Ω11 (1), Ω12 (1) from the points Ω0 (1), for which the conditions are fulfilled,
namely
i. x(j) ∈ Ω01 (1), if
A+
1opt (1)( b1opt (1) − A1opt (1)x(j))

2

≤ A+
2opt (1)( b2opt (1) − A2opt (1)x(j))

2

2

> A+
2opt (1)( b2opt (1) − A2opt (1)x(j))

2

,

ii. x(j) ∈ Ω02 (1), if
A+
1opt (1)( b1opt (1) − A1opt (1)x(j))

,

The linear dependence or independence of vectors that can be deduced from sets allows us
to simplify the form of formulas for the distances of these vectors from the corresponding
hyperplanes, since it is expedient to use the relations obtained in the form of direct, reversed
Grevil formulas, formulas for replacing the rows (columns) of the matrix
(d) Go to step 2 with new subsets Ωi1 (1), Ωi2 (1), i = 1, 2, . . .. The upper index denotes the
number of iterations in stage of the first link.
(e) The algorithm stop at the first link stage of the cluster can be completed after a certain
number of steps or after the distances of each of the vectors of the corresponding element
of the partition to the corresponding hyperplane are not improved.
(f) The criterion of efficiency of the accomplished hyperplane of clusterization (compactness of
the first link of the cluster, etc.) is checked. If the criterion is not met, go to the formation
of the second link of the cluster.
2. Formation of the second link of the cluster (on the example of the criterion of the cluster
compactness).

42

XXXII International Conference PDMU, Czech Republic, Prague, August 27–31, 2018

(a) From the two received sets Ωl11 (1), Ωl212 (1) in the process of constructing the first link of the
distributions of the initial set, where l1 – the number of iterations within the first link, the
vectors that are located from the hyperplane in the distance greater than the desired one
S
T
are removed. Sets Ω0 (2) = Ω01 (2) Ω02 (2), Ω01 (2) Ω02 (2) = ∅ are obtained.
(b) Construct the hyperplanes L(Ak (2), bk (2)) for Ω0k (2), k = 1, 2,
which are defined as the set of solutions (pseudo solutions) of the system of algebraic
equations Ak (2)x = bk (2), k = 1, 2.
(c) Compute the optimal Akopt (2)bkopt (2) for L(Ak (2), bk (2)), k = 1, 2.
(d) Update Ω0k (2), k = 1, 2 at the vestor x(j) ∈ Ω0 (2) distance to each of hyperplanes
L(Ak (2), bk (2)), k = 1, 2
ρ2 (x : x(j) , L(Akopt (2), bkopt (2))) =
= (bkopt (2) − Akopt (2)x(j))T RT (Akopt (2)) (bkopt (2) − Akopt (2)x(j)) .
(Actions are similar to step 3 of the construction of the first link).
(e) Go to step 2 with new subsets Ωj1 (1), Ωj2 (1), j = 1, 2, . . .. The upper index j denotes the
number of iterations in the stage of second link.
(f) The stop of the algorithm at the stage of the second cluster link can be completed after
the distances of each of the vectors of the corresponding element of the partition to the
corresponding hyperplane is not improved.
The criterion for the effectiveness of the hyperplane clusterization (eg, the requirement of the level
of compactness of the first link of the cluster) is checked. When the criterion is fulfilled, the cluster
construction is completed, otherwise, the transition to the formation of the third link of the cluster is
carried out.

3.4

The statement of the second problem of the synthesis of piecewise hyperplane clusters, the algorithm of its solving

Under the second problem of the synthesis of piecewise hyperplane clusters for the training sample
Ω0 = x : x(j) ∈ Rm , j = 1, n vectors in the feature space define the problem of finding a piecewise
hyperplane cluster in such a way that the points of the training sample are located close (in the sense
of the criterion of the distance of a selected metric) to a certain set of hyperplanes generated by
this sample. The peculiarity of the statement of the considered problem is typical of the problem of
clusterization – the components of the sets of hyperplanes are previously unknown. So, at the beginning
of the process of piecewise hyperplane clusterization it is assumed that the vectors x(1), . . . , x(n) from
the feature space Rm may belong to one of several hyperplanes L(A(k), b(k)), k = 1, 2, ... of some fixed
dimension s(s < m). Here we use the idea of representation of a hyperplane, as the set of solutions
(pseudo solutions) of the system of algebraic equations
A(k)x = b(k), A(k) ∈ Rs×m , b(k) ∈ Rs , k = 1, 2, ...,
L(A(k), b(k)) = {x ∈ Rn : x = A+ (k)y + Z(A(k))z, z ∈ Rn },
where A(k) and b(k) are respectively the matrix and vector parameters of the hyperplane under
consideration.
The hyperplane clusterization algorithm consists in the successive execution of recurrent steps,
on each of which the parameters of the hyperplanes L(A(k), b(k)), k = 1, 2, ... are determined, The
hyperplanes are consistently built within the requirements of the effectiveness criterion of the implemented hyperplane clusterization (formally expressed compactness of the cluster in one form or
another). At the beginning of the process of piecewise hyperplane clustering it is assumed that all
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vectors of the training sample x(1), . . . , x(n) from the feature space Rm optimally approximate by the
hyperplane L(Aopt (1), bopt (1)). Then the implementation of the criterion of the effectiveness of the
implemented hyperplane clusterization is checked; its execution means that the result of the hyperplane clusterization is achieved by constructing a cluster with one hyperplane. If conditions of the
criterion of efficiency within the framework of the first hyperplane are not fulfilled, then the transition
to the construction of the second hyperplane of the cluster is carried out. For this purpose, from
the training sample, those vectors that cause non-fulfillment of the efficiency criterion are eliminated,
that is, a subset is formed Ω1 = x : x(j1 ) ∈ Rm , j1 = 1, n1 . Actions for an optimal approximation
of a subset Ω1 by the hyperplane L(Aopt (2), bopt (2)) are repeated. It is obvious that this complete
recurrence process will provide the construction of an optimal piecewise hyperplane cluster.

4 Conclusion
The concept of a piecewise hyperplane clusterization of finite sets of vectors of the Euclidean space
is considered. The algorithms for solving the problem in the classical formulation are proposed – the
distribution of the training sample in non-overlapping clusters and the construction problem for the
training sample of a single cluster. The necessary results of the theory of perturbation of pseudoinverse and projective matrices, expressions for optimal parameters of the considered hyperplanes are
given.
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Computer-integrated Systems for Information Support
and Automatiozation of the Complicated Objects
Vitaliy Lysenko, Valerii Koval, Oleksandr Samkov, Dmytro Kalian, Dmytro Komarchuk
Abstract: In this paper, computer-integrated systems for automatic control
and monitoring of the equipment parameters of complex integrated power supply systems based on SMART technologies are considered. In order to improve
a reliability of the system for generating clock signals, it is proposed to use
primary transducer blocks (PTB) ”TIMETER” as precision multichannel meters of the timing parameters of clock signals transmitted by IP information
networks. A method of theoretical and probabilistic investigation of a stability
of the characteristics and optimal temperature compensation of PTB ”TIMETER” is proposed. The use of the requirements obtained from optimization
results ensures temperature stability of the characteristics of the primary transducer block when external temperature conditions change, which increases the
reliability and accuracy of the decision taken regarding the presence or absence
of the controlled signal in a context of uncertainty.
Keywords: computer-integrated system, control, clock signal, automation, IP
technologies.

1 Introduction
The world and national experience in the development of computer-integrated systems for automatic
control and monitoring of the equipment parameters of electric power networks, power systems, and
devices, lies at the basis of a general approach to the creation of technologies for diagnosing performance of electrical energy consumers and improving energy efficiency of the integrated power supply
systems based on the SMART-technologies as complex systems (Stohnii et al., 2013; Lysenko et al.,
2017; Peer et al., 2011; Chochowski et al., 2014).
There are important tasks for operating modes control, stability, organizing the operation of automation systems, etc. They arise during the operation of power distribution networks with the
distributed sources of electric power (wind, solar and other electric power stations operating on nonconventional power sources). These tasks are directly related to the management and monitoring of
network equipment parameters with real-time connection. That is why, when solving the formulated
issue, it is necessary to investigate the transmission processes of standard time signals, which are used
to continuously monitor a stability of the parameters of operation modes of electric power networks
equipment.
At the same time, there is a number of tasks that occur when talking about information support
and automatization of the management process of a complicated object that is a computer-integrated
system of generating clock signals (SGCS) (Lysenko et al., 2017). These tasks include the solutions
for using modern IP networks for efficient transmission of both synchronous information, and data
of the measurement results and control actions. In addition, it is important to solve the problems
associated with automating the process of quality control of clock signals, optimization of the generated
clock signals of devices by various methods of automatic control, automatic optimization of technical
parameters of SGCS objects and their influence on destabilizing factors during technical operation.

2 Information support for automation of the control process of a computerintegrated system for the formation of synchronizing signals
In order to improve the quality and reliability of SGCS operation, it is necessary to improve the
information support, which requires a significant number of measurements. It makes it necessary to
develop measurement tools that will allow to summarize measurement results automatically without
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human participation and transmit them to the control center using the means of information and
communication systems. Based on the received data, an operational and technological control of
the technological process of providing clock signals to the objects in need, is carried out. Thus, the
formation of clock signals with increased reliability and quality can be achieved by monitoring their
parameters as a part of automated management of the maintenance of synchronization networks.
In the integrated power supply systems of Ukraine, energy efficiency, reliability, and wear resistance,
are provided largely due to continuous monitoring of the stability of parameters with a reference to the
signals of precise frequency from the satellite system GPS (USA). In Ukraine, the analysis of existing
technical means to develop a national time scale and maintain it at the level of the best national
scale of countries around the world, reveals that it is impossible to meet the requirements of users
of time-frequency information not only in the energy sector but also in other sectors of the economy
(Velychko et al., 2017; Koval et al., 2017).
The Smart Grid technology of energy transmission and storage, the bases of which are in the
technical requirements to the network, that manages digital substations in the group of international
standards IEC 61850, determines the requirements for the accuracy of timestamps needed for a number
of functions (for example, for synchronizing intelligent industrial controllers of high accuracy classes in
the different links of power networks, etc.). The same are requirements for the accuracy of time stamps
for the correct operation of synchrophasors, which are defined by the international standards IEEE
C37.118.1-2011, IEEE C37.118.2-2011. Based on the analysis of the standards, it can be argued that,
according to the concept of an intelligent power grid, in order to provide the process of continuous
monitoring of the stability of power system parameters with the time stamps, it is necessary to
develop and implement the means for reproducing accurate time stamps with a real-time connection
and microsecond accuracy (Velychko et al., 2017; Koval et al., 2017; Konovalov et al., 2013).
Currently available approaches to solving the specified tasks for reproducing time stamps in the
electric power industry, telecommunications, and other sectors of the economy, do not correspond to
the modern requirements to the functionality of the computer-integrated SGCS (Report on research,
2008).
These requirements are determined by technical capabilities provided by new information and communication networks based on IP-technologies, as well as modern computer systems, microelectronic
elements for implementing complex methods of management and information processing. The main
requirements are as follows:
• the need for simultaneous multichannel measurements of the controlled clock signals;

• the use of IP-technologies both for the transmission of synchronizing signals, and for the movement of data of the measurement results;
• the algorithmic processing and visual real-time representation of monitoring results in operatorfriendly format.

3 Hardware-software of the computer-integrated subsystem of parameters control of synchronizing signals
In order to expand a functionality of the computer-integrated SGCS in terms of maintenance, a multichannel monitoring method (Koval et al., 2017; Konovalov et al., 2013; Report on research, 2008)
is proposed, a technical implementation of which is a computer-integrated subsystem for monitoring
clock signals with geographically distributed primary transducer blocks (PTB) TIMETER (Fig.1). It
should be noted that the automation of the clock signals monitoring allows to predict the quality and
stability of the SGCS operation, which is an important part of ensuring a reliable operation of electric
power facilities, telecommunications, and other sectors of the economy.
An automated multichannel monitoring of clock signals is based on geographically distributed
by objects devices of precision control (PTB ”TIMETER” hardware) that perform simultaneously
continuous measurements (hours, days, weeks) of several clock signals and transmit them over the
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IP network to the server of a centralized management system (Fig.1). A specialized server performs
statistical processing of the measurement results and their visualization. Based on the received information, in the centralized management system of the SGCS, a decision regarding the formation of the
appropriate control actions is made.

Figure 1: Primary transducer block (PTB) ”TIMETER” of the SGCS

It should be noted that the implementation of the process of clock signals control at the digital
telecommunication facilities assumes an existence of several sources of clock signals, which makes it
impossible to implement it at the digital substations of power networks of the SMART Grid technologies, where only a signal from one satellite navigation system GPS is used as a reference clock
signal. In this case, it is hard to ensure a sufficient reliability of the reference clock signals and, as a
result, information reliability of the continuous monitoring process of the stability of operation modes
parameters of the equipment of electric power networks.
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4 Statistical analysis of temperature instability of blocks of periodicity
control of synchronization signals in real conditions of operation
To ensure the ability to control the reference clock signals at electric power facilities, it is advisable
to use the signals of the national time scale, which are generated by the State primary clock and
frequency standard and transmitted using digital infocommunications, for example, IP networks, and
other, preferably independent, sources of synchronous information. Such approach will provide the
conditions for diversification of frequency and time support and decrease in accidents in intelligent
electric power systems and, as a result, increase of their energy efficiency.
The developed software and hardware complex of the SGCS control subsystem provides, in an
automatic mode, simultaneous multichannel measurements of the deviation of the time interval from
the standard with a subnanosecond accuracy. The measurements results are transferred to a server
of the computer-integrated SGCS where they are processed by means of the P4000winXP software
developed in Microsoft Visual C ++.
Based on the data received from the device, the specialized server of the computer-integrated SGCS
reflects the measurement results, builds the graphs of the time interval deviation of the monitored
clock signals in real time, and allows to check them, record to memory devices, and control by technical
personnel on the fly. To ensure the required reliability of the monitoring process, it is necessary to
determine a state of the clock signal (its presence or absence) before starting the measurements. The
elimination of uncertainty and decision-making regarding the presence or absence of the controlled
signal is provided by the usage of periodicity control units (PCU) (Fig.1).
PCUs are built on the basis of a multivibrator with the ability to wait and restart. They are the
most common nodes of PTB, which allow to eliminate uncertainty regarding the presence or absence
of the controlled signal with a given frequency and shape (NRZ, HDB3). Based on the analysis of the
signals that are coming from the PCU and the data of measurement results, an operator makes the
decision regarding the results of the control process.
A decision on the presence or absence of the controlled clock signal is made on the basis of the
analysis of measurement data and comparison results in the PCU of a duration of its clock interval
and sample time interval, which is formed by the integrating RC-link (due to the transient process
under the pulse action) connected to the multivibrators microcircuit of 74HC123 type with the ability
to wait and restart (Texas Instruments, 1999).
The functional design of the PCU, developed on the basis of the 74HC123 microcircuit, is shown
on Fig. 2.

Figure 2: Functional diagram of the PCU

The duration of the output pulse TP CU is determined by τ value, which is a duration of the
transient process in the integrating RC-link. Thus, the duration of transient process in the integrating
RC-link τ , essentially, acts as a reference time interval, with which a duration of the clock interval of
the controlled clock signal is compared.
To perform the adjustment of the PCU during its manufacturing (i.e., at the temperature t◦ =
20◦ C), namely to set up a specified nominal value of a duration of the transient process in the
integrating RC-link τ , it is necessary to change a value of the resistor or capacitor.
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It can be argued that the integrating RC-link with the 74HC123 microcircuit of the multivibrator
of the PCU consists of a large number of real or conditional electrical components, each of which
affects to some extent the temperature instability of the transient time (TT) of sample signal and,
as a result, influences the correctness of making a decision to eliminate uncertainty regarding the
presence or absence of the controlled signal (Texas Instruments, 1999).
In order to calculate temperature instability of the transient process duration of a device of any
complexity, it is necessary to have the characteristics of its each element in the form of an average
value (mathematical expectation) M (∆τ1 ) and variance D(∆τ1 ) of ∆τ1 value that is a deviation of
the transient process duration with a temperature change of 1◦ C [10].
The mathematical expectation M (∆τ1 ) of the deviation of the transient process duration with
a temperature change of 1◦ C is determined by the equation (Koval et al., 2009):
M (∆τ1 ) = τ · M (T KT ),

(1)

where τ is a nominal value of the transient process duration; M (T KT ) is a mathematical expectation
of a temperature coefficient of the duration (T CD) of transient process.
Assume that for temperature coefficient of the transient process duration of sample signal in the
integrating RC-link of the multivibrator of PCU, the following formula is valid:
1
T KT = − (αC + αR ),
(2)
2
where αC and αR are, respectively, a temperature coefficient of the capacity (T CC) and a temperature
coefficient of the resistance of integrating RC-link of the multivibrator of PCU.
It follows that
τ
∆τ1 = τ · T KT = − · (αC + αR ),
(3)
2
Turning to the mathematical expectation M (∆τ1 ) and variance D(∆τ1 ), we get respectively:

M (∆τ1 ) = − τ2 [M (αC ) + M (αR )]
(4)
2
D(∆τ1 ) = − τ2 [D(αC ) + D(αR )]
A capacitance of the integrating RC-link of the multivibrator of PCU consists of a number of
separate capacitances connected in different ways. Let us write down the formulas for determining
M (αC ) and D(αC ) of parallel-connected capacitors of the integrating RC-link:
M (αC ) =

n
X

(ρ)0 (α)0 ,

(5)

m=1

D(αC ) =

n
2
(ρm )0 D(αm ) +

n
X
k=1

D(Cm )
2 ) [(αm )0
(Cm
0

o
− M (αC )])

(6)

where ρm = Cm /C is a specific weight of the m-th capacitance Cm in a total capacitance C of the
capacitors group; zero in the index indicates that it is necessary to substitute the ideal values of the
temperature coefficient and specific weight of the capacitance of the corresponding capacitor. Similar
formulas can be obtained for a group of connected resistors.
In order to increase a stability of the transient time (TT) of a sample signal of PCU (that is to
minimize ∆τt - a temperature instability of the TT) when external temperature conditions change,
a temperature compensation is applied. The task of optimal temperature compensation of an RC
circuit can be reduced to finding necessary characteristics of a single compensating capacitor, if the
temperature characteristics of all other parts of the PCU are specified. In this case, we will use the
j-parameter as an optimality criterion:
p
J(∆τ1 ) = |M (∆τ1 )| + 1, 2 D(∆τ1 ).
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A specific weight of the compensating capacitor AK for optimal temperature stability of RC circuits
with linear temperature characteristics of electrical components, is determined by using the graphicanalytical method:
AK =

αR + αC
,
αC − αK

(8)

where αK is a temperature coefficient of the compensating capacitance of the integrating RC-link of
the PCUs multivibrator.
The following requirements are established for the permissible inaccuracy of the compensating
capacitor of the integrating RC-link of PCU. First of all, compensating capacitor and its temperature
coefficient should have the greater accuracy, the more accurate are other electrical components of the
integrating RC-link and their temperature coefficients. Secondly, the requirements to the accuracy
of the compensating capacitor and its temperature coefficient increase when increasing the nominal
values of temperature coefficients of other electrical components of the integrating RC-link. Thirdly,
at small values of a specific weight of the compensating capacitance AK , a relative error of the TCC
of the compensating capacitor is important, regardless of the nominal value of this coefficient; and on
the contrary, in case the specific weight is AK → 0, the absolute error of the T CC of the compensating
capacitor is important; whereas, in intermediate cases, a relative accuracy of the temperature coefficient of the capacitance of compensating capacitor should be the higher, the greater T CC nominal of
this capacitor is.

5 Conclusions
The computer-integrated monitoring system provides direct, independent, and reliable measurements
of the parameters of synchronizing signals with a centralized control and data acquisition. This allows
not only to find and localize the transmission problems of clock signals, but also, using statistical
methods of information processing, to predict a stability of system operation for generating clock signals, and to provide energy-efficient automated management of the integrated power supply networks.
The use of optimal temperature compensation ensures a stability of the characteristics of the primary
transducer blocks (PTB) TIMETER of SGCS when the external temperature conditions change, increases a reliability of the decision taken regarding the presence or absence of a controlled signal in
a context of uncertainty.
It is envisaged that the developed tools can be used to monitor the timing changes in the transmission of clock signals, which may be caused by a sharp increase in the load on IP networks as a result
of cyber-attacks.
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Immunosensor Model on the Basis of Lattice Dynamic System
Vasyl Martsenyuk, Andriy Sverstiuk, Igor Andrushchak, Aleksandra Klos-Witkowska
Abstract: The work is devoted to construction and stability investigation of
immunosensor model. From physical point of view we consider the immunosensor as a two-dimensional biopixels array. That is why the model offered is
spatially discrete or lattice one. The model is based on lattice of dynamic
equations. These equations are based on some biological assumptions coming from the laws of population dynamics. Each pixel is described by dynamic
changes of the populations of antigenes and antibodies which play roles of preys
and predators respectively. As a result of delay of immune response we need
to consider in the model the delay in time. Firstly we consider the system of
lattice differential equations. These continuous time equations are used in order to get lattice difference system. Stability research uses the notion of basic
reproduction number. Numerical example illustrates investigation of stability
of endemic steady state.
Keywords: lattice model, differential equations, difference equations, population dynamics, immunosensor.

1 Introduction
With the growing pace of life and the need for more and more accurate detection methods, interest
in biosensors is rising among science and industry as well. Biosensors are an alternative to commonly
used measurement methods, which are characterized by: poor selectivity, high cost, poor stability, slow
response and often can be performed only by highly trained personnel. They are a new generation of
sensors, which use in their construction a biological material that provides a very high selectivity, also
allow very quick and simple measurement. They can be also considered as a cornerstone of Industry
4.0. Biosensors are characterized by high versatility and therefore they are widely used in food industry
(Adley, 2014), environmental protection (Klos-Witkowska, 2015), the defense industry (Burnworth et
al., 2007), but are most commonly used in medicine as a tool supporting making diagnoses (Mehrotra,
2016).
In whole biosensor family there are two kinds. The first one is related to the receptor layer and to
the biological material used in its construction, which may be: enzyme, protein, porphyrin, antigen or
antibody. The second one is bounded to the transducer layer, where the biological effect is converted on
the measurable signal (electrochemical, impedance, amperometric, potentiometric optical biosensors
or based on weight changed -piezoelectric biosensors).
The purpose of the work is to construct the model of immunosensor as two-dimensional immunopixels array in class of lattice differential and difference equations of population dynamics and to research
its stability, including determining steady states, basic reproduction numbers.

2 Model Construction
2.1

Biological Assumptions

Let Vi,j (t) be concentration of antigens, Fi,j (t) be concentration of antibodies in biopixel (i, j), i, j =
1, N .
The model is based on the following biological assumptions for arbitrary biopixel (i, j).
1. We have some constant birthrate β > 0 for antigen population.
2. Antigens are detected, binded and finally neutralized by antibodies with some probability rate
γ > 0.
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3. We have some constant death rate of antibodies µf > 0.
4. We assume that when the antibody colonies are absent, the antigen colonies are governed by the
well known delay logistic equation:
dVi,j (t)
= (β − δv Vi,j (t − τ ))Vi,j (t),
(1)
dt
where β and δv are positive numbers and τ ≥ 0 denotes delay in the negative feedback of the
antigen colonies.
5. The antibody decreases the average growth rate of antigen linearly with a certain time delay τ ;
this assumption corresponds to the fact that antibodies cannot detect and bind antigen instantly;
antibodies have to spend τ units of time before they are capable of decreasing the average growth
rate of the antigen colonies; these aspects are incorporated in the antigen dynamics by the inclusion of the term −γFi,j (t − τ ) where γ is a positive constant which can vary depending on
the specific colonies of antibodies and antigens.
6. In the absence of antigen colonies, the average growth rate of the antibody colonies decreases
exponentially due to the presence of −µf in the antibody dynamics and so as to incorporate
the negative effects of antibody crowding we have included the term −δf Fi,j (t) in the antibody
dynamics.
7. The positive feedback ηγVi,j (t − τ ) in the average growth rate of the antibody has a delay since
mature adult antibodies can only contribute to the production of antibody biomass; one can
consider the delay τ in ηγVi,j (t − τ ) as a delay in antibody maturation.
8. While the last delay need not be the same as the delay in the hunting term and in the term
governing antigen colonies, we have retained this for simplicity. We remark that the delays in
the antibody term, antibody replacement term and antigen negative feedback term can be made
different and a similar analysis can be followed.
9. We have some diffusion of antigens from four neighboring pixels (i − 1, j), (i + 1, j), (i, j − 1),
(i, j + 1) with diffusion D > 0. Here we consider only diffusion of antigens, because the model
describes so-called ”competitive” configuration of immunosensor (Cruz et al., 2002). When considering competitive configuration of immunosensor, the factors immobilized on the biosensor
matrix are antigens, while the antibodies play the role of analytes or particles to be detected.
10. We consider surface lateral diffusion (movement of molecules on the surface on solid phase toward
an immobilizated molecules) (Paek and Schramm, 1991). Moreover, there are works (Bloomfield
and Prager, 1979; Berg, 1985) which assume and consider surface diffusion as an entirely independent stage.
11. We extend definition of usual diffusion operator in case of surface diffusion in the following way.
Let n ∈ (0, 1] be a factor of diffusion disbalance. It means that only nth portion of antigens
of the pixel (i, j) may be included into diffusion process to any neighboring pixel as a result of
surface diffusion.

2.2

Continuous Time Model

For the reasonings given we consider a very simple delayed antibody-antigen competition model for
biopixels two-dimensional array which is based on well-known Marchuk model (Marchuk et al., 1991;
XXXII International Conference PDMU, Czech Republic, Prague, August 27–31, 2018
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Foryś, 2002; Nakonechny and Marzeniuk, 2006; Marzeniuk, 2001) and using spatial operator Ŝ offered
in Prindle et al. (2011) (Supplementary information, p.10)
dVi,j (t)
= (β − γFi,j (t − τ ) − δv Vi,j (t − τ ))Vi,j (t) + Ŝ{Vi,j },
dt

dFi,j (t)
= (−µf + ηγVi,j (t − τ ) − δf Fij (t) Fi,j (t)
dt

(2)

with given initial functions

0
Vi,j (t) = Vi,j
(t) ≥ 0,

Vi,j (0), Fi,j (0) > 0.

0
Fi,j (t) = Fi,j
(t) ≥ 0,

t ∈ [−τ, 0),

(3)

For a square N × N array of traps, we use the following discrete diffusion form of the spatial
operator (Prindle et al., 2011)
 h
i

D
V
+
V
−
2nV
i, j = 1

1,2
2,1
1,1


h
i



D
V
+
V
+
V
−
3nV
i = 1, j ∈ 2, N − 1

2,j
1,j−1
1,j+1
i,j


h
i



D V1,N −1 + V2,N − 2nV1,N
i = 1, j = N



i
h



i =∈ 2, N − 1, j = N
D
V
+
V
+
V
−
3nV

i+1,N
i,N −1
i,N

 h i−1,N
i
(4)
i = N, j = N
Ŝ{Vi,j } = D VN −1,N + VN,N −1 − 2nVN,N

i
h



i = N, j ∈ 2, N − 1
D V
+ VN,j−1 + VN,j+1 − 3nVN,j


 h N −1,j
i



D V
+ VN,2 − 2nVN,1
i = N, j = 1


 h N −1,1
i



D
V
+
V
+
V
−
3nV
i ∈ 2, N − 1, j = 1

i−1,1
i+1,1
i,2
i,1


h
i


D Vi−1,j + Vi+1,j + Vi,j−1 + Vi,j+1 − 4nVi,j
i, j ∈ 2, N − 1

Each colony is affected by the antigen produced in four neighboring colonies, two in each dimension
of the array, separated by the equal distance ∆. We use the boundary condition Vi,j = 0 for the edges
of the array i, j = 0, N + 1. Further we will use the following notation of the constant


2 i, j = 1; i = 1, j = N ; i = N, j = N ; i = N, j = 1,



3 i = 1, j ∈ 2, N − 1; i =∈ 2, N − 1, j = N ; i = N, j ∈ 2, N − 1;
k(i, j) =
(5)

i ∈ 2, N − 1, j = 1



4 i, j ∈ 2, N − 1
which will be used in manipulations with the spatial operator (4).
Results of modeling (2) are presented in Appendix A. It can be seen that qualitative behavior of
the system is determined mostly by the time of immune response τ (or time delay), diffusion D and
constant n.

2.3

Discrete Time Model

We approximate system (2) without diffusion by differential equations with piecewise constant arguments of the form
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dVi,j
= β − γFi,j ([t/h]h − [τ /h]h) − δv Vi,j ([t/h]h − [τ /h]h) Vi,j (t),
dt

dFi,j (t)
= − µf + ηγVi,j ([t/h]h − [τ /h]h) − δf Fi,j ([t/h]h) Fi,j (t)
dt

(6)
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for t ∈ [nh, (n + 1)h), n ∈ Z+ .
Noting that [t/h] = n, [τ /h] = r ∈ Z+ , we integrate (6) over [nh, t), where t < (n + 1)h, then (6)
can be reformulated as

dVi,j
= β − γFi,j (nh − rh) − δv Vi,j (nh − rh) Vi,j (t),
dt

dFi,j (t)
= − µf + ηγVi,j (nh − rh) − δf Fi,j (nh) Fi,j (t).
dt

Denoting Vi,j (n) = Vi,j (nh), Fi,j (n) = Fi,j (nh), then we have


Vi,j (t) = Vi,j (n) exp β − γFi,j (n − r) − δv Vi,j (n − r) ,

Fi,j (t) = Fi,j (n) exp − µf + ηγVi,j (n − r) − δf Fi,j (n) .

(7)

Setting t → (n + 1)h in (7) and simplifying, adding diffusion to the first equation, we get a discrete
analogue of continuous time system (2) with the form



Vi,j (n + 1) = Vi,j (n) exp β − γFi,j (n − r) − δv Vi,j (n − r) + Ŝ Vi,j (n) ,

Fi,j (n + 1) = Fi,j (n) exp − µf + ηγVi,j (n − r) − δf Fi,j (n) ,

(8)

Definition 1. It is said that system (8) is permanent if there exist positive
constants mv,i,j , Mv,i,j ,

mf,i,j , Mf,i,j , i, j = 1, N that only positive solution Vi,j (n), Fi,j (n) , i, j = 1, N of system (8)
satisfies
mv,i,j ≤ lim inf Vi,j (n) ≤ lim sup Vi,j (n) ≤ Mv,i,j ,
n→∞

n→∞

mf,i,j ≤ lim inf Fi,j (n) ≤ lim sup Fi,j (n) ≤ Mf,i,j .
n→∞

n→∞

n

o
? (n), F ? (n)
Definition 2. A positive solution Vi,j
, i, j = 1, N of system (8) is global attractive
i,j


if each other positive solution Vi,j (n), Fi,j (n) , i, j = 1, N of system (8) satisfies
?
lim |Vi,j (n) − Vi,j
(n)| = 0,

n→∞

?
lim |Fi,j (n) − Fi,j
(n)| = 0,

n→∞

i, j = 1, N .

Let
exp(β − 1)
δv
exp(∆1,i,j − 1)
=β−γ
δf ∆1,i,j
ηγ
= −µf +
exp(∆2,i,j (1 − δv M1,i,j )).
δv

∆1,i,j = −µf + ηγM1,i,j
∆2,i,j
∆3,i,j

(9)

Theorem 1. If the conditions

hold, then (8) is permanent.


min ∆k,i,j , k = 1, 3, i, j = 1, N > 0
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3 Stability problem for immunosensors
In the context of biosensors two types of stability can be distinguished (from viewpoint of engineering!):
self stability and operational stability. Self stability is defined as the enhancement or improvement of
activity retention of an enzyme, protein, diagnostic or device when stored under specific condition.
Operational stability is the retention of activity when in use (Gibson, 1999). The stability of the
sensible element located in the biosensor receptor layer and the stability associated with the activity
of the biosensor matrix components during use, determine the usefulness of the device
Qualitative results which are obtained hereinafter can be applied for both types of stability.
Namely, simulation of different types of stability problems can be implemented through different
initial conditions for pixels (especially for boundary pixels).

3.1

Steady states

The steady states of the model (2) are the intersection of the null-clines dVi,j (t)/dt = 0 and dFi,j (t)/dt =
0, i, j = 1, N .
 
0 ≡
Antigen-free steady state. If Vi,j (t) ≡ 0, the free antigen equilibrium is at Ei,j
0, 0 ,


0 ≡ 0, − µf , i, j = 1, N . The last solution does not have biological sense and can
i, j = 1, N or Ei,j
δf
not be reached for nonnegative initial conditions (3).

∗ ≡ V ∗ , F ∗ , i, j = 1, N for (2) we get algebraic
When considering endemic steady state Ei,j
i,j
i,j
system:


 ∗
∗
∗
∗
β − γFi,j
− δv Vi,j
Vi,j
+ Ŝ Vi,j
= 0,


(11)
∗
∗
∗
− µf + ηγVi,j
− δf Fi,j
Fi,j
= 0, i, j = 1, N .


∗ ,F∗
The solutions Vi,j
i,j of (11) can be found as a result of solving lattice equation with respect to
−µf +ηγV ∗

i,j
∗ , and using relation F ∗ =
Vi,j
i,j
δf
Then we have to differ two cases.
∗ ≡ V ∗,
Identical endemic state for all pixels. Let’s assume there is the solution of (11) Vi,j


n o
∗
∗
∗ , i, j = 1, N can be calculated as
∗ ≡ F ∗ , i, j = 1, N , i.e., Ŝ V ∗
Fi,j
i,j ≡ 0. Then Ei,j = V , F

V∗ =

−βδf − γµf
,
δv δf − ηγ 2

F∗ =

δv µf − ηγβ
.
δv δf − ηγ 2

(12)

provided that δv δf − ηγ 2 < 0.
Nonidentical endemic state for pixels. In general case we have endemic steady state which
is different from (12). It is shown numerically in Appendix B that it appears as a result of diffusion
between pixels D.
At absence of diffusion, i.e. D = 0, we have only identical endemic state for pixels of external
layer. At presence of diffusion D > 0 nonidentical endemic states tends to identical one (12) at internal
pixels, which can be observed at numerical simulation. This phenomenon is clearly appeared at bigger
ammount of pixels.

3.2

Basic reproduction numbers

Here we define the basic reproduction number for antigen colony which is localized in pixel (i, j).
When considering epidemic models, the basic reproduction number, R0 , is defined as the expected
number of secondary cases produced by a single (typical) infection in a completely susceptible population. It is important to note that R0 is a dimensionless number (Jones, 2007). When applying this
definition to the pixel (i, j), which is described by the equation (2), we get
R0,i,j = Ti,j ci,j , di,j
56
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where Ti,j is the transmissibility (i.e., probability of binding given constant between an antigen and
antibody), ci,j is the average rate of contact between antigens and antibodies, and di,j is the duration
of binding of antigen by antibody till deactivation.
Unfortunately, the lattice system (2) doesn’t include all parameters, which allow to calculate the
basic reproduction numbers in a clear form. Firstly, let’s consider pixel (i? , j ? ) without diffusion, i.e.,
Ŝ {Vi? ,j ? } ≡ 0. In this case the non-negative equilibria of (2) are

β 
Ei0? ,j ? = V 0 , 0 :=
,0 ,
δv


Ei?? ,j ? = V ? , F ? .

Due to the approach which was offered in (Yang et al., 2008) (in pages 4 for ordinary differential
equations, 5 for delay model), we introduce the basic reproduction number for pixel (i? , j ? ) without
diffusion, which is given by expression
R0,i? ,j ? :=

β(ηγ 2 − δv δf )
V0
β
=
=
.
V?
δv V ?
δv (βδf + γµf )

Its biological meaning is given as being the average number of offsprings produced by a mature
antibody in its lifetime when introduced in a antigen-only environment with antigen at carrying
capacity.
According to the common theory it can be shown that antibody-free equilibrium Ei0? ,j ? is locally
asymptotically stable if R0,i? ,j ? < 1 and it is unstable if R0,i? ,j ? > 1. It can be done with help of
analysis of the roots of characteristic equation (similarly to (Yang et al., 2008), p.5). Thus, R0,i? ,j ? > 1
is sufficient condition for existence of the endemic equilibrium Ei?? ,j ? .
We can consider the expression mentioned above for the general case of the lattice system (2),
i.e., when considering diffusion. In this case we have the ”lattice” of the basic reproduction numbers
R0,i,j , i, j = 1, N satisfying to
0
Vi,j
R0,i,j := ? , i, j = 1, N ,
(13)
Vi,j
0 , i, j = 1, N are nonidentical steady states, which are found as a result of solution of the
where Ei,j
algebraic system


 0
0
0
β − δv Vi,j
Vi,j
+ Ŝ Vi,j
= 0, i, j = 1, N ,
(14)


? = V ? , F ? , i, j = 1, N are found using (11).
endemic states Ei,j
i,j
i,j

It is worth to say that due to the common theory the conditions R0,i,j > 1, i, j = 1, N are sufficient
? . We will check it only in the Section 4 with help of numerical
for the existence of endemic state Ei,j
simulations.

3.3

Global Attractivity of Difference Model

Theorem 2. Assume that there exists a positive constant ξ such that
1
− ηγ ≥ ξ,
exp {γmf + δv mv − β} − δv −
mv


2
min δf ,
− δf − γ ≥ ξ
Mf

(15)

hold.




?
?
Then any positive solution
Vi,j (n), Fi,j (n) , i, j = 1, N of system (8) is global attractive
Proof: Denote





Vi,j (n), Fi,j (n) , i, j = 1, N be any other positive solution of system (8). Let
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W1,1,i,j (n) = |ln Vi,j (n) − Ŝ {Vi,j (n − 1)}
Then it follows from the first equation of (8) that



− ln



?
Vi,j
(n)

− Ŝ



?
Vi,j
(n


− 1) |

?
?
W1,1,,i,j ≤|ln Vi,j (n) − ln Vi,j
(n)| + γ|Fi,j (n − r) − Fi,j
(n − r)|
?
+ δv |Vi,j (n − r) − Vi,j
(n − r)|.

(16)

By the Mean Value theorem, we get
?
ln Vi,j (n) − ln Vi,j
(n) =

1
?
(Vi,j (n) − Vi,j
(n)),
θ1 (n)

? (n),
where θ1 (n) lies between Vi,j (n) and Vi,j

 ?
?
ln(Vi,j (n) − Ŝ {Vi,j (n − 1)}) − ln(Vi,j
(n) − Ŝ Vi,j
(n − 1) )

1
?
?
((Vi,j (n) − Vi,j
(n)) − (Ŝ {Vi,j (n − 1)} − Ŝ Vi,j
(n − 1) )),
=
θ2 (n)
n
o
? (n) − Ŝ V ? (n − 1) . Consider
where θ2 (n) lies between Vi,j (n) − Ŝ {Vi,j (n − 1)} and Vi,j
i,j
?
|ln Vi,j (n) − ln Vi,j
(n)|

 ?
?
= |ln(Vi,j (n) − Ŝ {Vi,j (n − 1)}) − ln(Vi,j
(n) − Ŝ Vi,j
(n − 1) )|
 ?
?
− |ln(Vi,j (n) − Ŝ {Vi,j (n − 1)}) − ln(Vi,j (n) − Ŝ Vi,j (n − 1) )|
?
+ |ln Vi,j (n) − ln Vi,j
(n)|


1
1
?
−
|Vi,j (n) − Vi,j
(n)|
≥ W1,1,i,j (n) −
θ2 (n) θ1 (n)


 ?
1
Ŝ {Vi,j (n − 1)} − Ŝ Vi,j
(n − 1) .
−
θ2 (n)

(17)

Combining (16) and (17), we have

∆W1,1,i,j (n) = W1,1,i,j (n + 1) − W1,1,i,j (n)


1
1
?
|Vi,j (n) − Vi,j
(n)|
≤−
−
θ2 (n) θ1 (n)
?
+ γ|Fi,j (n − r) − Fi,j
(n − r)|

(18)

?
Vi,j
(n

+ δv |Vi,j (n − r) −
− r)|


 ?
1
−
Ŝ {Vi,j (n − 1)} − Ŝ Vi,j (n − 1) .
θ2 (n)

Next, we let
W1,2,i,j (n) =

n−1
X

s=n−r

Then we have

?
δv |Vi,j (s) − Vi,j
(s)| +

n−1
X

s=n−r

∆W1,2,i,j (n) = W1,2,i,j (n + 1) − W1,2,i,j (n)
n
X
?
=
δv |Vi,j (s) − Vi,j
(s)| +
s=n+1−r

−

n−1
X

n
X

s=n+1−r

n−1
X

?
γ|Fi,j (s) − Fi,j
(s)|

?
γ|Fi,j (s) − Fi,j
(s)|

(19)

s=n−r
?
?
= δv |Vi,j (n) − Vi,j (n)| − δv |Vi,j (n − r) − Vi,j
(n − r)|
?
?
+ γ|Fi,j (n) − Fi,j (n)| − γ|Fi,j (n − r) − Fi,j (n − r)|.
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s=n−r

?
δv |Vi,j (s) − Vi,j
(s)| −

?
γ|Fi,j (s) − Fi,j
(s)|
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We set W1,i,j = W1,1,i,j (n) + W1,2,i,j (n). Then it follows from (18) and (19) that
∆W1,i,j (n) = ∆W1,1,i,j (n) + ∆W1,2,i,j (n)


1
1
?
|Vi,j (n) − Vi,j
(n)|
+
≤ δv −
θ2 (n) θ1 (n)
?
+ γ|Fi,j (n) − Fi,j
(n)|


 ?
1
−
Ŝ {Vi,j (n − 1)} − Ŝ Vi,j (n − 1)
θ2 (n)

(20)

4 Numerical Example

First of all we calculate the basic reproductive numbers R0,i,j , i, j = 1, 4. Solving (14) we have the
0 , i, j = 1, 4 (see Table 1).
values of equilibrium without antibodies Vi,j
0
Vi,j
1
2
3
4

1
5.951989
5.907517
5.703791
5.322284

2
7.420163
6.180657
5.772168
5.459773

3
7.659892
6.183041
5.737166
5.440191

4
5.966077
5.718244
5.500841
5.254434

0
Table 1: The values of Vi,j
, i, j = 1, 4

? , i, j = 1, 4 for the endemic steady state are presented in the Table 2.
The values of Vi,j
?
Vi,j
1
2
3
4

1
1.8491747
1.8628235
1.8445217
1.7757109

2
2.1662985
1.9105332
1.8573021
1.8073319

3
2.2047148
1.9105342
1.8527207
1.8056241

4
1.8500473
1.8289965
1.8092236
1.7683109

?
Table 2: The values of Vi,j
, i, j = 1, 4

Hence, the basic reproductive numbers which are calculated due to (13) are shown in the Table 3.
?
R0,i,j
1
2
3
4

1
3.218727
3.171270
3.092287
2.997269

2
3.425273
3.235043
3.107824
3.020902

3
3.474323
3.236289
3.096617
3.012915

4
3.224824
3.126438
3.040443
2.971442

Table 3: The values of R0,i,j , i, j = 1, 4

We see that the conditions for basic reproductive numbers hold. Thus, equilibrium without anti0 , i, j = 1, 4 is unstable and there exists endemic equilibrium E ? , i, j = 1, 4.
bodies Ei,j
i,j

5 Conclusions
So, we offered in the work the construction and stability investigation of immunosensor model. From
physical point of view the immunosensor can be imagined as a two-dimensional biopixels array. That
is why the model offered is spatially discrete or lattice one. The model is based on lattice of dynamic equations. These equations are based on some biological assumptions coming from the laws of
population dynamics.
Each pixel was described by dynamic changes of the populations of antigenes and antibodies
which play roles of preys and predators respectively. As a result of delay of immune response we
need to consider im the model delay in time. Other very important physical phenomenon is related
with diffusion of antigenes within biopixels. Firstly we considered the system of lattice differential
equations. Then these continuous time equations were used in order to get lattice difference system.
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Stability research used the notion of basic reproduction number. Numerical example illustrated the
investigation of stability of endemic steady state.
Further research should be dealt with qualitative analysis of immunosensor model taking into
account changes in model parameters.
Other important research have to consider different biopixel array configurations, e.g. hexagonal
lattice allowing us to simulate three-dimensional arrays of biopixels.
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Rational Solutions in an Optimization Problem
with a Fuzzy Set of Constraint Indices
Serhii Mashchenko
Abstract: The present paper investigates a mathematical programming problem with a fuzzy set of constraints indices. It is shown that the set of feasible
solutions is a type-2 fuzzy set (a fuzzy set whose membership function takes
fuzzy values). Furthermore, the corresponding membership function is given.
It is also proved that solutions are characterized by the degree of their feasibility and infeasibility simultaneously. The notion of a general rational solution
is proposed in the form of a type-2 fuzzy set, too. The support of this set
is defined as the set of Slater’s optimal alternatives for a three-criteria optimization problem. In this problem the degree of the solution feasibility is
maximized together with the objective function and the degree of its unfeasibility is minimized. Finally, a procedure is pointed out of constructing elements
of the support of the general rational solution with the maximal degree of their
feasibility and the degree of unfeasibility not exceeding a given threshold.
Keywords: fuzzy set, type-2 fuzzy set, fuzzy mathematical programming,
decision-making.

1 Introduction
Mathematical programming (MP) is a classical area which is in high demand for many disciplines.
Engineering, management, politics, operations research and many other fields are, in one way or
another, concerned with optimization of solutions, structures or processes. Many specific problems
that may be formulated in an optimization setting are full of fuzziness sources. Models and methods of
Fuzzy mathematical programming (FMP) are sufficiently well developed. For a more detailed picture
of FMP’s achievements, see Carlsson and Fuller (2002), Lodwik (2010), Sakawa (2001). Also, there
are nice surveys of the area (Delgado et al., 1990; Inuiguchi and Ramik, 2000; Inuiguchi et al., 1990;
Luhandjula, 2015; Rommelfanger, 1996).
In most of the previously known formulations of FMP problems fuzziness manifested in both the
description of the objective function and the description of the set of feasible solutions. However,
it did not concern the set of constraints indices. But as will be shown below, using known FMP
approaches leads to paradoxical results. The reason behind this paradox is the fact that the set of
feasible solutions of a mathematical programming problem with a fuzzy set of constraints indices is
a type-2 fuzzy set (T2FS) with a special structure, rather than a standard fuzzy set. For the first
time, the set of feasible solutions to such problems was analyzed in (Mashchenko, 2013). However, the
solution selection problem only received partial attention. The present paper focuses on the notion
of a rational solution to a mathematical programming problem with a fuzzy set of constraints indices
with a special emphasis on the solution selection problem.
We note that MP problems with fuzzy sets of constraints indices often arise in practice. Examples
of such formulations include the transportation problem with fuzzy sets of suppliers, consumers and
routes, the assignment problem with fuzzy sets of employees and employers, and many others.

2 Formulation of the problem
Consider the MP problem
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g(x) → max;

(1)

s.t. fi (x) ≤ 0, i ∈ M ;

(2)

x ∈ X;

(3)
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where M = {1, 2, ..., m} is the set of constraints indices, and X is the set of solutions.
Assume that the decision maker (DM) can define the membership function µ(i), i ∈ M , for a fuzzy
set M̃ on M of constraints indices, but cannot say for sure which constraints of the set M are relevant.
In this situation a problem arises that we call MP problem with a fuzzy set of constraints indices. It
can be written in the following form:
g(x) → max;
(4)
s.t. fi (x) ≤ 0, (i, µ(i)) ∈ M̃ ;

(5)

x ∈ X.

(6)

3 Using a standard technique to solve the FMP problems
We first try to solve MP problem (4) - (6) with a fuzzy set of constraints indices by using the classical
approach of the decomposition into the level sets. To this end, we decompose the set of constraints
indices into the level sets Mα = {i ∈ M : µ(i) ≥ α}. Further, for each of these we obtain the
(standard) MP problem
g(x) → max;
(7)
s.t. fi (x) ≤ 0, i ∈ Mα ;

(8)

x ∈ X.

(9)

Denote its set of feasible solutions by Dα , the set of optimalSsolutions by Xα , and the optimum
value of the objective function by gα . Then the fuzzy set X ∗ = α∈[0,1] (Xα , α) with the membership
function

S
max {α ∈ [0, 1] : x ∈ Xα } , x ∈ Sα>0 Xα ;
∗
µ (x) =
0,
x∈
/ α>0 Xα ;
should be considered the optimal solution to MP problem (4) - (6). At the first glance, it seems
that everything is fine, but let us look at the properties of the set X ∗ . Consider two problems of
the form (7) - (9) for values α0 , α00 ∈ [0, 1], α0 ≥ α00 . Then we infer the inclusion Mα0 ⊆ Mα00 for the
sets of constraints indices which entails the inclusion Dα0 ⊇ Dα00 for the sets of feasible solutions and
the inequality gα0 ≥ gα00 for the optimal values of the objective function. Thus, the larger levels α of
the membership degree correspond to the better optimal values of the objective function and optimal
solutions. In particular, the largest level α∗ = maxi∈M µ(i) of the membership degree corresponds to
MP problem (7) - (9) with the best optimal value of the objective function and the set X 0 of optimal
solutions.
While solving MP problem (4) - (6) with a fuzzy set of constraints indices, the DM obviously wants
to maximize the objective function and the degree of membership to fuzzy sets of solutions, so that
he/she chooses a crisp set of optimal solutions X 0 (or just one solution of this set). Thus, solving
MP problem (4)-(6) with a fuzzy set of constraints indices consists of two steps. First, one selects
constraints that have the largest degree of membership α∗ to the fuzzy set of indices M̃ . Second, one
solves crisp MP problem (7) - (9) with the constraints chosen at the first step. The obtained solution
is a solution to (4) - (6). Does not this sound strange? Do not constraints with smaller membership
degrees than the maximal membership degree carry useful information for finding solutions?

4 Intuitive reasoning
Let us investigate a simple problem with only two constraints. Let X be the set of solutions x and
M = {1, 2} the set of constraints indices on which a fuzzy set M̃ = {(1, µ(1)), (2, µ(2))} is defined,
with µ(1) = 1 and µ(2) = α ∈ (0, 1), say. For the system with the fuzzy set of constraints indices
ai x ≤ bi , (i, µ(i)) ∈ M̃ ;

(10)

x ∈ X,

(11)
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denote by D̃ the set of its feasible solutions. Formula (10) means that the constraints a1 x ≤ b1 and
a2 x ≤ b2

(12)

appear in the conditions that define D̃, with the degree of membership being 1 and α, respectively.
Further, we divide the set X into the two subsets
Xa2 x≤b2 = {x ∈ X : a1 x ≤ b1 , a2 x ≤ b2 }
and
Xa2 x>b2 = {x ∈ X : a1 x ≤ b1 , a2 x > b2 } .
If x ∈ Xa2 x≤b2 , then, obviously, the degree of membership to the set of feasible solutions D̃ that we
denote by y(x) equals 1. If x ∈ Xa2 x>b2 , then y(x) equals either 0 or 1. More precisely, y(x) = 0
when constraint (12) appears (with the degree of membership equal to α) and y(x) = 1, otherwise.
Thus, y(x) takes two values 0 and 1 rather than one. Moreover, the chances for 0 and 1 to occur are
different. It can be assumed that the values of the degree of membership y(x) form a fuzzy set on
{0, 1}. We intend to investigate this point in more detail. What are the membership degrees of 0 and
1 (hereinafter, to avoid confusion, we call them secondary grades) to the fuzzy set of values of y(x)?
It turns out that x ∈ Xa2 x>b2 should satisfy only one constraint of index 1 which has the degree
of membership to the set of constraints indices equal to µ(1) = 1. Therefore, we can and do assume
(in the next section we provide a rigorous proof) that, for x ∈ Xa2 x>b2 , the value 1 of the membership
degree y(x) has secondary grade 1. Similarly we conclude that x ∈ Xa2 x>b2 should not satisfy only
one constraint of index 2 which has the degree of membership to the set of constraints indices equal
to µ(2) = α. Therefore, we can and do assume that (in the next section we give a proof, too) that for
x ∈ Xa2 x>b2 the value 0 of the membership degree y(x) has secondary grade α.
Thus, the set of feasible solutions D̃ is a more complicated object than the standard fuzzy set.
The values of its membership functions y(x) form a fuzzy set whenever x ∈ Xa2 x>b2 , so that D̃ is a
type-2 fuzzy set (Zadeh, 1971). Since the FMP problem with fuzzy constraints has a ‘standard’ (type
1) fuzzy set of feasible solutions, the example above tells us that problem (4)-(6) cannot be modeled
with the help of an FMP problem with fuzzy constraints.
Summarizing, MP problem (4) - (6) with a fuzzy set of constraints indices calls for a detailed study
and some new approaches have to be developed.

5 A new approach
Consider a method based on the concept of intersection of a fuzzy set of crisp sets (Mashchenko, 2018).
We start by explaining the meaning of (5). To this end, denote by Fi = {x ∈ X : fi ≤ 0} the set of
solutions x ∈ X which satisfy
T̃ the constraint with the index i ∈ M . Then the set of
T̃feasible solutions
to (5) is given by F̃ =
Fi , where, according to (Mashchenko, 2018),
Fi , being the
(i,µ(i))∈M̃

(i,µ(i))∈M̃

intersection of the fuzzy set M̃ of crisp sets Fi , i ∈ M , is a type-2 fuzzy set.
T
Now we intend to investigate this concept in more detail. To begin with, we consider i∈M Fi
the intersection of a crisp set M of crisp sets Fi , i ∈ M . It is defined by the membership function
ϕ(x) = mini∈M ϕi (x), x ∈ X, where

1, fi (x) ≤ 0;
ϕi (x) =
(13)
0, fi (x) > 0;
is the membership function (characteristic function) of a crisp set Fi , i ∈ M .
A natural generalization ofT̃the intersection operation for the case where the set M̃ of operands is
fuzzy leads to the set F̃ =
Fi which is defined by the membership function
(i,µ(i))∈M̃

y(x) =

min
(i,µ(i))∈M̃

64

ϕi (x), x ∈ X.

(14)
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In this case, for each fixed x ∈ X, the value of the membership function y(x) is given by the value of
the objective function of the discrete FMP problem
y = min ϕi , s.t. (i, µ(i)) ∈ M̃ ;

(15)

(here, for clarity, the fixed value of x ∈ X is not specified).
According to (Orlovsky, 1977), a solution to (15) is a fuzzy set M̃ ∗ , say, whose support is the set
(denoted by M P O ) of Pareto optimal solutions to a two-criteria discrete optimization problem:
ϕi → min, µ(i) → max, s.t. i ∈ M.

(16)

The restriction of the membership function µ(i), i ∈ M , to a set M P O ⊆ M is the membership
function µ̃ of the fuzzy set M̃ ∗ . In other words, this membership function takes the following form:

µ(i), i ∈ M P O ;
µ̃(i) =
0,
i∈
/ M P O.
According to (Orlovsky, 1977), to the set of solutions to problem (15) (which is the fuzzy set M̃ ∗
with the membership function µ̃(i), i ∈ M ), there corresponds a fuzzy set Ψ̃ on Y = {0, 1} of optimal
values of the objective function of this problem with the membership function
ψ̃(y) = max{µ̃(i) : ϕi = y}, y ∈ Y = {0, 1}.

(17)

i∈M

Thus,T̃ for each fixed x ∈ X, the values y(x) of the membership function (14) of the fuzzy set
Fi also form a fuzzy set on {0, 1}. Therefore, the set F̃ is a type-2 fuzzy set.
F̃ =
(i,µ(i))∈M̃

T2FSs were introduced by Zadeh in 1971 (see (Zadeh, 1971)) as an extension of the classical fuzzy
sets (type-1). The degree of membership of elements in a usual fuzzy set is given by a value on the
interval [0, 1],whereas the degree of membership of elements in a T2FS is a fuzzy set on [0, 1]. It can
be seen that, mathematically, a T2FS A is a mapping A : X → [0, 1][0,1] . The following definition
which is based on the ideas (Karnik and Mendel, 1998) was provided in (Mendel and John, 2002).
The T2FS A is characterized by the type-2 membership function (T2MF) µ̃A (x, y), where x ∈ X
and y ∈ Y (x) ⊆ [0, 1], that is,
A = {(x, µ̃A (x, y)) : x ∈ X, y ∈ Y (x) ⊆ [0, 1]} .

Sometimes it is convenient to use this definition in combination with remarks in (Harding et al., 2010)
and (Aisbett et al., 2010). In these articles the notion of T2FS is characterized by a T2MF

µ̃A (x, y), y ∈ Y (x);
µA (x, y) =
0,
elsewhere,
x ∈ X which is expanded on y ∈ Y ⊆ [0, 1]. Consequently,
A = {(x, µA (x, y)) : x ∈ X, y ∈ Y ⊆ [0, 1]} .

6 Intersection of a fuzzy set of crisp sets
Now we are ready to give a formal definition for the operation of intersection F̃ =

T̃

Fi of the

(i,µ(i))∈M̃

fuzzy set M̃ of crisp sets Fi , i ∈ M . For any x ∈ X, we consider the relation of domination which is
generated by the objective functions of problem (16) on the set of constraints indices M .
We say that an index i ∈ M dominates an index j ∈ M in the descending order with respect to
(w.r.t.) a function ϕ and in the ascending order w.r.t. a function µ for x ∈ X (notation iSx j) if the
inequalities ϕi (x) ≤ ϕj (x), µ(i) ≥ µ(j) hold and at least one of these is strict. This notion allows us
XXXII International Conference PDMU, Czech Republic, Prague, August 27–31, 2018
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to define a set of Pareto optimal solutions to two-criteria problem (16) which serves the support of
the fuzzy set of solutions to problem (15). For x ∈ X, denote this set by
M P O (x) = {i ∈ M : j¬Sx i ∀j ∈ M }.

(18)

For any x ∈ X, i ∈ M we define the membership function of the fuzzy set of solutions to problem (14)
as follows

µ(i), i ∈ M P O (x);
µ̃(x, i) =
(19)
0,
i∈
/ M P O (x).
Definition 1. WeT̃call (Mashchenko, 2018) the intersection of a fuzzy set M̃ of crisp sets Fi , i ∈ M ,
the T2FS F̃ =
Fi with the T2MF
(i,µ(i))∈M̃

ψ̃(x, y) =

(

max{µ̃(x, i) : ϕi (x) = y}, ∃i ∈ M ϕi (x) = y;
i∈M

0,

∀i ∈ M ϕi (x) 6= y;

(20)

x ∈ X; y ∈ {0, 1}.
Remark 1. It is clear from (17) that the degree of membership y of each x ∈ X of the T2FS F̃ can
only take two values 0 and 1. Therefore a fuzzy set of values y of the membership degree of x of T2FS
F̃ is defined on the two-elements set {0, 1}, rather than [0, 1].
Remark 2. In view of y ∈ {0, 1}, the T2FS F̃ can be defined by using two fuzzy sets of its sections
with the membership functions ψ̃(x, 0) and ψ̃(x, 1). For each fixed x ∈ X, the values ψ̃(x, 0) and
ψ̃(x, 1) can be understood as the degree that x do not belong and belong to T2FS F̃ , respectively.
In general, these concepts are not antagonistic, i.e., ψ̃(x, 0) 6= 1 − ψ̃(x, 1), and represent a ‘dual’
characterization of membership x to T2FS F̃ .
Using the following theorem which was proved in (Mashchenko, 2018) facilitates calculation of the
T2MF with the help of formula (20).
Theorem 1. Assume that Fi , i ∈ M , are crisp sets that are defined on the set X by characteristic
functions (6), and that µ(i) is the membership function of the fuzzy set M̃ . For a T2FS F̃ with a
T2MF ψ̃(x,
T̃ y), x ∈ X, y ∈ {0, 1} to be the intersection of fuzzy set M̃ of crisp sets Fi , i ∈ M , i.e.,
F̃ =
Fi , it is necessary and sufficient that, for x ∈ X,
(i,µ(i))∈M̃



maxϕi (x)=0 µ(i), ∃i ∈ M ϕi (x) = 0;
0,
∀i ∈ M ϕi (x) = 1;

maxi∈M µ(i), ∀i ∈ Arg maxj∈M µ(j) ϕi (x) = 1;
ψ̃(x, 1) =
0,
∃i ∈ Arg maxj∈M µ(j) ϕi (x) = 0.

ψ̃(x, 0) =

In view of (13), formulae (21) take the following form

maxi∈M {µ(i) : fi (x) > 0} , ∃i ∈ M
ψ̃(x, 0) =
0,
∀i ∈ M

maxi∈M µ(i), ∀i ∈ Arg maxj∈M µ(j)
ψ̃(x, 1) =
0,
∃i ∈ Arg maxj∈M µ(j)

fi (x) > 0;
fi (x) ≤ 0;
fi (x) ≤ 0;
fi (x) > 0.

(21)

(22)

According to Remark 1 the value ψ̃(x, 0) can be interpreted as the degree of unfeasibility of x ∈ X,
and ψ̃(x, 1) can be understood as the degree of its feasibility in problem (4) - (6).
Now we get back to the example of system (10) - (11). In the first case where Xa2 x≤b2 =
{x ∈ X : a1 x ≤ b1 , a2 x ≤ b2 }, formulae (22) imply that the degree of membership y(x) of element
x of the set D̃ of feasible solutions equals 1 with secondary grade ψ̃(x, 1) = maxi∈M µ(i) = 1 and 0
with secondary grade ψ̃(x, 0) = 0. In the second case where Xa2 x>b2 = {x ∈ X : a1 x ≤ b1 , a2 x > b2 },
formulae (22) enable us to conclude that the membership degree y(x) equals 1 with secondary grade
ψ̃(x, 1) = maxi∈M µ(i) = 1 and 0 with secondary grade ψ̃(x, 0) = maxi∈M {µ(i) : fi (x) > 0} = µ(2) =
α. These values perfectly confirm our intuitive reasoning.
66
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7 Searching for rational solutions
In a real-life decision-making situation, the DM intends to maximize both the objective function
g(x) and the degree ψ̃(x, 1) of solution feasibility, as well as to minimize the degree ψ̃(x, 0) of its
unfeasibility. This is explained as follows. If a vector x̂ is an unfeasible solution to crisp mathematical
programming problem (1) - (3), then for problem (4) - (6) based on formulae (22), the degree of
unfeasibility x̂ equals one, whereas the degree of its feasibility equals zero. Conversely, if there is a
feasible solution to (1) - (3), then for problem (4) - (6) the degree of its feasibility equals one, whereas
the degree of its unfeasibility equals zero. Thus, the DM faces the following three-criteria problem:
g(x) → max, ψ̃(x, 1) → max, ψ̃(x, 0) → min, s.t. x ∈ X.

(23)

Since finding the Pareto optimal solutions to this problem is a challenging task we shall use the
Slater optimal solutions. Recall that a solution x∗ ∈ X is called Slater optimal solution to the problem
of type (23), if 6 ∃x ∈ X for which the inequalities g(x∗ ) < g(x), ψ̃(x∗ , 1) < ψ̃(x, 1), ψ̃(x∗ , 0) > ψ̃(x, 0)
hold true. Denote by SO the set of the Slater optimal solutions to problem (23).
It is clear that a subset of T2FS feasible solutions with the T2MF ψ̃(x, y) which has support SO
should be considered as a rational solution to problem (4) - (6) (the concept of an optimal solution
would be inappropriate here). These considerations lead to the following definition. We call general
rational solution to problem (4) - (6) with the fuzzy set of constraints indices a T2FS X̃ with the
membership function

ψ̃(x, y), x ∈ SO;
ψ̃X̃ (x, y) =
0,
x∈
/ SO;
where y ∈ Y = {0, 1}, x ∈ X. To construct general rational solutions one has to be able to find
elements of its support SO. In general, this can be done by solving three-criteria problem (23) with
the help of an appropriate method of multi-criteria optimization. We call particular rational solution
to problem (4) - (6) Slater’s optimal solution x∗ to problem (23) with strictly positive reliabilities
ψ̃(x∗ , 0) and ψ̃(x∗ , 1), respectively, of its feasibility and unfeasibility.
Unfortunately, three-criteria problem (23) may be hard to solve because of complexity of the T2MF
ψ̃(x, y). Thus, a relatively simple method of its solution is called for.

8 Finding particular rational solutions
Denote by M ξ = {i ∈ M : µ(i) ≤ ξ} the set of constraints indices with degrees of membership to
a fuzzy set M̃ not exceeding ξ ∈ (0, 1).
Proposition 1. Whenever the problem
max max g(x);

(24)

s.t. fk (x) > 0;

(25)

fi (x) ≤ 0, i ∈ M \M ξ .

(26)

max g(x),

(27)

s.t. 0 < ψ̃(x, 0) ≤ ξ,

(28)

k∈M ξ x∈X

has an optimal solution for some ξ ∈ (0, 1), it is a particular rational solution to problem (4) - (6) with
the degree of its feasibility being µmax = maxi∈M µ(i) and the degree of its unfeasibility not exceeding
ξ.
Proof:We first prove that given ξ ∈ (0, 1) for which the problem
x∈X

fi (x) ≤ 0, i ∈ M \M ξ

(29)

has an optimal solution, this optimal solution is a particular rational solution to (4) - (6) with the
degree of its feasibility being µmax = maxi∈M µ(i) and the degree of its unfeasibility not exceeding ξ.
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Denote by x∗ the optimal solution to problem (27) - (29) for some value ξ ∈ (0, 1). Then formulae
(22) and (29) imply that
ψ̃(x∗ , 1) = max µ(i) = λ.
(30)
i∈M

ψ̃(x∗ , 0)

We also have 0 <
≤ ξ as a consequence of (28).
In order to check that x∗ ∈ SO we assume on the contrary that x∗ ∈
/ SO. Then ∃x̂ for which the
inequalities g(x̂) > g(x∗ ), ψ̃(x̂, 1) > ψ̃(x∗ , 1), ψ̃(x̂, 0) < ψ̃(x∗ , 0) hold true and thereupon ψ̃(x̂, 1) >
ψ̃(x∗ , 1) ≥ λ. A contradiction to (30). Therefore, x∗ ∈ SO and, furthermore, ψ̃(x∗ , 1) = maxi∈M µ(i)
and ψ̃(x∗ , 0) ≤ ξ.
Denote by Q and P k the set of feasible solutions to problem (27) - (29) and the set of feasible
solutions to the problem
max g(x);
(31)
x∈X

s.t. fk (x) > 0;

(32)

fi (x) ≤ 0, i ∈ M \M ξ ,

(33)

respectively. Let us show that

Proof of the inclusion

S

k∈M ξ

P k ⊆ Q. If

S

k∈M ξ

[

P k = Q.

k∈M ξ

Pk =

, this is obvious. Assume that x∗ ∈

(34)
S

k∈M ξ

P k 6=

,

yet x∗ ∈
/ Q. Then there are two cases.
In the first case, condition (28) does not hold, i.e., ψ̃(x∗ , 0) > ξ. Then (22) entails ψ̃(x∗ , 0) =
maxi∈M {µ(i) : fi (x∗ ) > 0} > ξ and thereupon ∃i ∈ M \M ξ for which fi (x∗ ) > 0. This contradicts
(26).
In the second case, condition (29) does not hold, i.e., ∃i ∈ M \M ξ for which fi (x∗ ) > 0. Then the
corresponding condition (26) does not hold, too, whence x∗ ∈
/ P k ∀k ∈ M ξ and, consequently,
x∗ ∈
/
S
S
k
∗
k
P
.
This
is
a
contradiction.
Thus,
we
have
proved
that
x
∈
Q
or
equivalently
P
⊆
Q.
ξ
k∈M
k∈M ξ
T
k
ProofSof the inclusion Q ⊆ k∈M ξ P . If Q = , this is obvious. Suppose now that x∗ ∈ Q 6= ,
/ P k ∀k ∈ M ξ . Further, we have fi (x∗ ) ≤ 0 ∀i ∈ M ξ because conditions
yet x∗ ∈
/ k∈M ξ P k . Then x∗ ∈
(29) and (26) coincide. Since M ξ = {i ∈ M : µ(i) ≤ ξ} according to (22) it is clear that either
ψ̃(x∗ , 0) = maxi∈M {µ(i) : Sfi (x∗ ) > 0} > ξ or ψ̃(x∗ , 0) =T0. Each of these contradicts (28). Thus,
we have checked that x∗ ∈
/ k∈M ξ P k or, equivalently Q ⊆ k∈M ξ P k thereby completing the proof of
(34).
It remains to note that (34) implies the equivalence of problems (27) - (29) and (24) - (26). The
proof of Proposition 1 is complete.
Thus, to find a particular rational solution with the maximal degree of feasibility and the degree
of unfeasibility not exceeding a given threshold one may use the following procedure.

9 Procedure
Step 1. Pick a number ξ ∈ (0, 1) that, according to Proposition 1, characterizes the maximal degree
of the solution unfeasibility for DM.
Step 2. Construct the set of constraints indices M ξ = {i ∈ M : µ(i) ≤ ξ} that have the degree of
membership to a fuzzy set M̃ of constraints indices not exceeding ξ ∈ (0, 1).
Step 3. For each constraint with index k ∈ M ξ solve problem (31) - (33). If it has a solution, denote
it by x(k) , otherwise, proceed to the next value k ∈ M ξ .
Step 4. Out of all solutions x(k) , k ∈ M ξ , select a solution x̂ that satisfies g(x̂) = maxk∈M ξ g(x(k) ).
It is worth noting that if problem (31) - (33) has no solutions for some k ∈ M ξ , then the constraint
fk (x) ≤ 0 is inessential with respect to (33) (i.e., it holds for all x satisfying (33)). Therefore, if problem
(31) - (33) has no solutions for each k ∈ M ξ , all the constrains with indices k ∈ M ξ are inessential with
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respect to constraints (33) and may be omitted. In this case, a solution to the problem maxx∈X g(x)
with constraints fi (x) ≤ 0, i ∈ M \M ξ , is particular rational for problem (4) - (6) with the degree of
feasibility being equal to µmax = maxi∈M µ(i) and the degree of unfeasibility not exceeding ξ.

10 Example
The linear programming problem
g(x) = x1 + x2 → max,
s.t. f1 (x) = 4x1 + 5x2 − 34 ≤ 0,
f2 (x) = 3x1 + x2 − 9 ≤ 0,
f3 (x) = x1 + 4x2 − 14 ≤ 0, x1,2 ≥ 0.
has optimal solutions x̂1 = 2, x̂2 = 3. The optimal value of the objective function is g(x̂) = 5.
Denote by M = {1, 2, 3} the set of constraints indices. Assume the DM cannot say for sure which
constraints are of relevance at the time when a decision is made. She can only define a fuzzy set M̃
with the membership function µ(1) = 1; µ(2) = 1/2; µ(3) = 2/5.
Now we apply the procedure for finding a rational solution.
1. Pick the maximal degree of solutions unfeasibility for DM ξ = 1/2, say.
2. Then the set of constraints indices that have the degree of membership to a fuzzy set of
constraints indices M̃ not exceeding ξ = 1/2 takes the form M ξ = {i ∈ M | µ(i) ≤ 0, 5} = {2, 3}.
For k = 2, we solve the problem
g(x) = x1 + x2 → max,
s.t. f1 (x) = 4x1 + 5x2 − 34 ≤ 0, f2 (x) = 3x1 + x2 − 9 > 0, x1,2 ≥ 0.
(2)

(2)

The optimal solution to this problem is x1 = 17/2, x2 = 0. The optimal value of the objective
function is g(x(2) ) = 17/2.
For k = 3, we solve the problem
g(x) = x1 + x2 → max,
s.t. f1 (x) = 4x1 + 5x2 − 34 ≤ 0, f3 (x) = x1 + 4x2 − 14 > 0, x1,2 ≥ 0.
(3)

(3)

The optimal solution to this problem is x1 = 6 + , x2 = 2. The optimal value of the objective
function is g(x(3) ) = 8 + , where  is some small positive number.
Since x(2) has a larger value of the objective function g(x(2) ) = 17/2, it is a particular rational
solution to the problem. Furthermore, the degree of feasibility of this solution equals one, and the
degree of unfeasibility does not exceed 1/2.

11 Conclusion
In the present paper special attention is given to the concept of a general rational solution to mathematical programming problems with fuzzy sets of the constraints indices and the method of its
construction. According to the suggested approach, the set of feasible solutions of this problem is
seen as a T2FS arising as the intersection of a fuzzy set of crisp sets which is a new set operation. A
special feature of this representation is that elements of the support of this set are characterized by
the two parameters: the degree of their feasibility and the degree of unfeasibility. The concept of a
general rational solution in the form of T2FS is introduced. Its support is the set of the Slater optimal
solutions to a three-criteria optimization problem. In this problem the degree of the decision feasibility
is maximized and the degree of its unfeasibility is minimized together with the maximization of the
original problem objective function. The method is developed which allows one to find particular
XXXII International Conference PDMU, Czech Republic, Prague, August 27–31, 2018
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rational solutions (elements of the support of general rational solutions) with the maximum degree
of their feasibility and the degree of unfeasibility not exceeding a given threshold. Not only does our
method extend the range of applications of fuzzy mathematical programming to the case of a fuzzy
set of constraints indices, but can also serve a basis for new approaches to solving other formulations
of fuzzy optimization problems.
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Interpolation Problems for Correlated Random Fields
from Observations in Perforated Plane
Mykhailo Moklyachuk, Anastasiia Florenko, Nataly Shchestyuk
Abstract: We survey the problem of estimation of linear functionals which
depend on the unknown values of a homogeneous random field ξ(k, j) in the
perforated region K from observations of correlated random fields ξ(k, j) +
η(k, j) at points (x, y) ∈ Z 2 \K is investigated. The formulas for calculating
the mean square errors and the spectral characteristics of the optimal linear
estimate of the functionals are obtained in the case when the spectral density of
the fields is precisely known. We consider the formulas that determine the least
favourable spectral densities and the minimax (robust) spectral characteristics
in the case when the spectral densities are not exactly known, while the class
of admissible spectral densities is given.
Keywords: spectral density, random fields, estimation problem, minimax (robust) spectral characteristic.

1 Introduction
Since the prediction of stochastic processes and the estimation of random fields of different nature is
becoming more common among scientists of different specialties, a new branch of science appears with
its specific methodology. Many investigators have been interested in minimax extrapolation, interpolation and filtering problems for stationary stochastic processes and random fields. These problems
of estimation of the unknown values of random fields are generalization of problems of extrapolation,
interpolation and filtering of stochastic processes. Methods of solution of linear estimation problems
for stochastic processes and random fields were developed by Kolmogorov (1992), Yaglom (1987),
Wiener (1966), Yadrenko (1983). Most of results concerning estimation of the unknown (missed)
values of stochastic processes and random fields are based on the assumption that spectral densities
of processes and random fields are exactly known. In practice, however, complete information on the
spectral densities is impossible in most cases. In such situations one finds parametric or nonparametric
estimates of the unknown spectral densities. Then the classical estimation method is applied under
the assumption that the estimated densities are true ones. This procedure can lead to a significant
increase in the error value, as demonstrated by Vastola and Poor (1983) with the help of some examples. This is the basis for finding estimates that are optimal for all densities from a certain class of
permissible spectral densities. These estimates are called minimax since they minimize the maximal
value of the error. A survey of results in minimax (robust) methods of data processing can be found
in the paper by Kassam and Poor (1985). In papers by Moklyachuk (1997) – Moklyachuk (2015) the
minimax-robust extrapolation, interpolation and filtering problems are studied for stationary stochastic processes. In papers by Moklyachuk and Shchestyuk (2002) – Moklyachuk and Shchestyuk (2013)
problems of extrapolation, interpolation and filtering of functionals which depend on the unknown
values of homogeneous random fields were investigated. Moklyachuk and Sidey (2015) considerated
the minimax approach to interpolation problems for functionals which depend on the unknown values
of stationary sequences from observations with the missing intervals. Moklyachuk and Shchestyuk and
Florenko (2016) proposed solution of interpolation problems for random fields from observations in
perforated plane of the sum uncorellated fields.
In this paper we deal with the problem of estimation of the unknown values of random field from
observations of the correlated random fields on the perforated plane. The study of the dependence
of the obtained formulas on the geometry and the number of perforations are the topical problems in
the field of forecasting theory in geology, geodesy and some other directions.

XXXII International Conference PDMU, Czech Republic, Prague, August 27–31, 2018

71

2 Optimal linear estimates. Spectral densities are known.
Let ζ(k, j) = ξ(k, j) + η(k, j) be the sum of homogeneous and correlated random fields. Correlation
structure of such fields is determined by a positive-defined matrix of spectral density, which has the
form


fξξ (λ, µ) fξη (λ, µ)
W (λ, µ) =
,
(1)
fηξ (λ, µ) fηη (λ, µ)
where

fξζ (λ, µ) = fξξ (λ, µ) + fξη (λ, µ)
and
fζζ (λ, µ) = fξξ (λ, µ) + 2Refξη (λ, µ) + fηη (λ, µ).
Let ζ(k, j) = ξ(k, j)+η(k, j) are observed in all integer points of the perforated plane Z2 \K, where
K is known as perforation. Assume perforation is a union of the holes, where holes are rectangles
mx × my . Let the number of rectangles on horizontal is sx , and number of rectangles on vertical
is sy (see picture 1). Denote lx = mx + nx , ly = my + ny , where nx , ny are differences between
the rectangles on horizontal and vertical correspondingly. So, the set of perforations of the plane is
s
s
S
S
K=
{mxt1 × myt2 }.
t1 =0 t2 =0

The problem is to find the optimal estimate of the linear functional
X
AK ξ =
a(k, l)ξ(k, l) =
(k,l)∈K

=

y −1
sX
x −1 sX

t1 =0 t2 =0

+my −1
t1 ·lxX
+mx −1 t2 ·lyX
k=t1 ·lx

a(k, j)ξ(k, j)

j=t2 ·ly

!

(2)

of unknown values of the homogeneous field ξ(k, j), (k, j) ∈ K from observations of the sum ξ(k, j) +
η(k, j), where (k, j) ∈ Z2 \K. So we need to find the optimal in the mean square estimate ÃK ξ, which
minimizes the value of the mean square error
∆ = M |AK ξ − ÃK ξ|2 .

(3)

Linear estimate ÃK ξ of the unknown functional AK ξ from observations of field ζ(x, y) ∈ Z2 \K is of
the form
Ãk (ξ) =

Zπ Zπ

h(λ, µ)Zζ (dλ, dµ),

−π −π

72

XXXII International Conference PDMU, Czech Republic, Prague, August 27–31, 2018

where Zξ (∆1 , ∆2 ) is orthogonal random measures of the field ζ(x, y), h(λ, µ) is the spectral characteristic of the estimate ÃK ξ. We will suppose that the condition of “minimality” holds true
Zπ Zπ

−π −π

1
dλdµ < ∞,
fζζ (λ, µ)

(4)

The spectral characteristic h(λ, µ) is characterized by the two conditions
1) h(λ, µ) ∈ LK−
2 (fζζ )


2) Ak (λ, µ) − h(λ, µ) ⊥ LK−
2 (fζζ )

namely



where


AK (λ, µ) − h(λ, µ) ⊥ ei(kλ+jµ) ∀(k, j) ∈ Z 2 \K,

Ak (λ, µ) =

X

a(k, j)ei(kλ+jµ) =

k=(x,y)∈K

=

y −1
sX
x −1 sX

t1 =0 t2 =0

+my −1
t1 ·lxX
+mx −1 t2 ·lyX
k=t1 ·lx

!

a(k, j)ξ(k, j) .

j=t2 ·ly

This condition can be rewritten in following form

Zπ Zπ 
AK (λ, µ)fξζ (λ, µ) − h(λ, µ)fζζ (λ, µ) e−i(kλ+jµ) ,

−π −π

(k, j) ∈ Z2 \K.

Then we obtain

AK (λ, µ)fξζ (λ, µ) − h(λ, µ)fζζ (λ, µ) = CK (λ, µ),

where

CK (λ, µ) =

X X

ck,j ei(kλ+jµ) =

(k,j)∈K

=

y −1
sX
x −1 sX

t1 =0 t2 =0

+my −1
t1 ·lxX
+mx −1 t2 ·lyX
k=t1 ·lx

j=t2 ·ly

c(k, j)e

i(kλ,jµ

!

(5)
.

c(k, j) is vector of unknown coefficients. And we get the follow formula:

AK fξξ (λ, µ) + fξη (λ, µ) − CK (λ, µ)
h(λ, µ) =
=
fζζ (λ, µ)
AK (λ, µ)(fξξ + fξη ) CK (λ, µ)
=
−
fζζ (λ, µ)
fζζ (λ, µ)
From conditions (1) we have
Zπ Zπ 

−π −π


AK (λ, µ)fξζ (λ, µ) − h(λ, µ)fζζ (λ, µ) e−i(kλ+jµ) dλdµ = 0, (k, j) ∈ Z2 \K.
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Let us extend the functions

in Fourier series

1
,
fζζ (λ, µ)

fξξ (λ, µ) + fξη (λ, µ)
fζζ (λ, µ)

∞
∞
X
X
1
=
bpq ei(pλ+qµ) ,
fζζ (λ, µ) p=−∞ p=−∞

∞
∞
X
X
fξξ (λ, µ) + fξη (λ, µ)
=
dlt ei(lλ+tµ) ,
fζζ (λ, µ)

(6)

(7)

(8)

l=−∞ l=−∞

we obtain a system of equations for finding a vector of unknown coefficients c(k, j).
Theorem 1. Let ξ(k, j), η(k, j) be homogeneous random fields determined by a matrix of spectral
densities (1) and the condition of minimality (4) holds true. The spectral characteristic h(λ, µ) and
the mean square error ∆(h; fξξ , fηη , fξη ) of the optimal linear estimate ÂK ξ of the functional AK ξ
from random field ξ(k, j) from observations of the field ξ(k, j) + µ(k, j), (k, j) ∈ Z2 \K, where K =
s
s
S
S
{mxt1 × myt2 } is calculated by formulas:
t1 =0 t2 =0


AK (λ, µ) fξξ (λ, µ) + fξη (λ, µ)
−
h(λ, µ) =
fξξ (λ, µ) + 2Refξη (λ, µ) + fηη (λ, µ)
CK (λ, µ)
−
,
fξξ (λ, µ) + 2Refξη (λ, µ) + fηη (λ, µ)

1
∆(h, W ) = 2
4π

Zπ Zπ 

−π −π

(9)

|AK (λ, µ) − h(λ, µ)|2 fξξ (λ, µ)−

−2h(λ, µ)AK (λ, µ)fξη (λ, µ) + 2|h(λ, µ)|2 Refξη (λ, µ)+

+|h(λ, µ)|2 fηη dλdµ,
X X
CK (λ, µ) =
ck,j ei(kλ+jµ) , ck,j (k, j) ∈ K

(10)

(11)

(k,j)∈K

c(k, j) is vector of unknown coefficients, which are calculated from the system of equations
D(λ, µ)a(λ, µ) = B(λ, µ)c(λ, µ),
where
c(λ, µ) = B(λ, µ)−1 D(λ, µ)a(λ, µ),
where a(λ, µ) is vector of known weighting coefficients. B(λ, µ), D(λ, µ) are operators, which are
determined by matrices:
1
B(λ, µ)(k, j) = 2
4π
1
D(λ, µ)(k, j) = 2
4π

Zπ

−π

Zπ

ei(kλ+jµ)

−π

ei(kλ+jµ)

1
dλdµ, k, j = 0, 1...,
fζζ (λ, µ)

fξξ (λ, µ) + fξµ (λ, µ)
dλdµ, k, j = 0, 1...,
fζζ (λ, µ)

with elements that are the Fourier coefficients of the functions (6).
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Corollary 1. Let ξ(k, j), µ(k, j) be uncorrelated homogeneous random fields with spectral density
f (λ, µ), g(λ, µ), which satisfy condition (4). The spectral characteristic h(f, g) and mean-square
error ∆(f, g) of the optimal linear estimate of the functional AK ξ of the random field ξ(k, j) from
sy
sx S
S
observations ξ(u, v) + µ(u, v), (u, v) ∈ Z2 \K, K =
(mxt1 + myt2 ) can be calculated by formulas
t1 =0 t2 =0

h(λ, µ) = AK (λ, µ)−
1
∆(λ, µ) = 2
4π

Zπ Zπ

AK (λ, µ)g(λ, µ) + CK (λ, µ)

−π −π
Zπ Zπ

1
4π 2

AK (λ, µ)g(λ, µ) + CK (λ, µ)
f (λ, µ) + g(λ, µ)

f (λ, µ) + g(λ, µ)

2

2

AK (λ, µ)f (λ, µ) + CK (λ, µ)
f (λ, µ) + g(λ, µ)

−π −π

(12)

f (λ, µ)dλdµ+
(13)

2

g(λ, µ)dλdµ.

2

Corollary 2. Let g(λ, µ) = 0, then the spectral characteristic h(f ) and mean-square error ∆(f )
of the optimal linear estimate of the functional AK ξ of the random field ξ(k, j) from observations
sy
sx S
S
ξ(u, v) + µ(u, v), (u, v) ∈ Z2 \K, K =
(mxt1 + myt2 ) may be calculated by formulas:
t1 =0 t2 =0

h(f ) = AK (λ, µ)−

1
∆(f ) = 2
4π

Zπ Zπ

t1 ·lx +m
P y −1 
P x −1 t2 ·ly +m

y −1
sx
−1 sP
P

t1 =0 t2 =0

y −1
sx
−1 sP
P

t1 =0 t2 =0

(B K )−1 DK aK

j=t2 ·ly

k=t1 ·lx

f (λ, µ)

t1 ·lx +m
P y −1 
P x −1 t2 ·ly +m

(B K )−1 DK a

K

j=t2 ·ly

k=t1 ·lx

f (λ, µ)

−π −π





(k,j)

ei(kλ+jµ)

!

(14)

2
(k,j)

ei(kλ+jµ)

(15)

dλdµ.

Corollary 3. Let ξ(k, j), η(k, j) be uncorrelated homogeneous random fields, which satisfy condition
(4) and the spectral densities can be expressed in the form:
f (λ, µ) = f1 (λ)f2 (µ),

(16)

g(λ, µ) = g1 (λ)g2 (µ).

The spectral characteristic h(f, g) and mean-square error ∆(f, g) of the optimal linear estimate of the
functional AK ξ of the random field ξ(k, j) from observations ξ(u, v) + µ(u, v), (u, v) ∈ Z2 \K, K =
sy
sx S
S
(mxt1 + myt2 ) can be calculated by formulas:
t1 =0 t2 =0

h(f, g) =

AK (λ, µ)f1 (λ)g2 (µ) −

y −1
sx
−1 sP
P

t1 =0 t2 =0

t1 ·lx +m
P x −1 t2 ·ly +m
P y −1 
k=t1 ·lx

j=t2 ·ly

f1 (λ) f2 (µ) + g2 (µ)

∆(λ, µ) =
1
4π 2

+

Zπ Zπ

−1
sx
−1 sy
P
P

AK (λ,µ)f1 (λ)g2 (µ)−

t1 =0 t2 =0

t1 ·lx +m
P x −1 t2 ·ly +m
P y −1

1
4π 2

j=t2 ·ly

2

f1 (λ) f2 (µ)+g2 (µ)

−π −π

Zπ

k=t1 ·lx

Zπ AK (λ,µ)f1 (λ)g2 (µ)−

−π −π

−1
sx
−1 sy
P
P
t1 =0 t2 =0



j=t2 ·ly

f1 (λ) f2 (µ)+g2 (µ)



(B K )−1 DK aK

t1 ·lx +m
P x −1 t2 ·ly +m
P y −1
k=t1 ·lx

(B K )−1 DK aK

2







(k,j)

ei(kλ+jµ)
,

(17)

2

ei(kλ+jµ)
(k,j)

(B K )−1 DK aK



f2 (λ, µ)dλdµ+
2

ei(kλ+jµ)
(k,j)
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g2 (λ, µ)dλdµ.
(18)
75

Example 1. (Perforated plane with 3 holes)
Suppose we observe ξ(u, v) without noise for (u, v) ∈ Z2 \K, where K is perforated plane, namely K
is union of 3 holes which are rectangles 3 × 2 on horizontal. The distance between the rectangles are
3. So, sx = 3, sy = 1, mx = 2, nx = 3, lx = mx + nx = 6

Let the spectral density be of the form
f (λ, µ) = f1 (λ, µ)f2 (λ, µ) =

|eiλ

B0
, |β1 | < 1, |β2 | < 1,
− β1 |2 |eiµ − β2 |2

where
√

B0
,
− β1 |2
√
B0
f2 (λ, µ) = iµ
.
|e − β2 |2
f1 (λ, µ) =

|eiλ

Our goal is to estimate the functional
AK ξ =

X

a(k, l)ξ(k, l) =

t1 =0

(k,l)∈K

=

2 X
1
X

a(k, l)ξ(k, l) +

k=0 j=0

Let us extend the functions

2  6t
1
1 +2 X
X
X

8 X
1
X

a(k, l)ξ(k, l) +

k=6 j=0

1
f (λ,µ)

k=6t1 j=0


a(k, l)ξ(k, l) =

14 X
1
X

a(k, l)ξ(k, l).

k=12 j=0

in Fourier series



1
B0
1
= iλ
=
1 + α2 − αe−iλ − αeiλ 1 + β 2 − βe−iµ − βeiµ =
2
iµ
2
f (λ, µ)
B0
|e − β1 | |e − β2 |
1
=
(1 + α2 )(1 + β 2 ) − β(1 + α2 )eiµ − β(1 + α2 )e−iµ − α(1 + β 2 )e−iλ −
B0
− α(1 + β 2 )eiλ + αβe−i(λ+µ) + αβe−i(λ−µ) + αβei(λ+µ) + αβei(λ−µ)
If we denote Fourier coefficients as
r0,0 = (1 + α2 )(1 + β 2 ) = G, r0,1 = r0,−1 = −β(1 + α2 ) = D, r1,0 = r−1,0 = −α(1 + β 2 ) = A,
then
1
= G + De−iµ + Deiµ + Ae−iλ + Aeiλ + αβe−i(λ+µ) + αβe−i(λ−µ) + αβei(λ+µ) + αβei(λ−µ) .
f (λ, µ)
So unknown coefficients c(k, j), (k, j) ∈ K can be computed from system:
a = B K c,
where a is the vector determined by given functional AK ξ:

76


a = a0,0 , a0,1 , a1,0 , a1,1 , a2,0 , a2,1 , a6,0 , a6,1 , a7,0 , a7,1 , a8,0 , a8,1 , a12,0 , a12,1 , a13,0 , a13,1 , a14,0 , a14,1 ,
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c is vector from unknown coefficients:
c = c0,0 , c0,1 , c1,0 , c1,1 , c2,0 , c2,1 , . . . , c13,0 , c13,1 , c14,0 , c14,1
B K is matrix from Fourier coefficients

1
f (λ,µ)


V
0
0

where




0
0,
V

0
V
0


G D A αβ
0
0
 D G αβ A
0
0


 A αβ G D
A αβ 
.

V =

αβ A D G 0αβ A 
0
0
A αβ G
D
0
0 αβ A
D
G


The spectral characteristic h(λ, µ) can be computed by (17) and finally we get linear estimate of the
functional AK ξ:
ÃK ξ =

Zπ Zπ

h(λ, µ)Zξ (dλ, dµ) =

j=−1

−π −π

+

2
X

2
X

ξj,−1 γj,−1 +

j=0

2
X

ξ5,j γ5,j +

j=−1

+

2
X

i=−1

ξ11 γ11,j +

ξ−1,j γ−1,j +

8
X

ξi,2 γi,2 +

i=6

14
X

i=12

ξi,2 γi,2 +

2
X

ξj,2 γj,2 +

j=0

2
X

i=−1
2
X

i=−1

2
X

ξ3,j γ3,j +

j=−1

ξ9 γ9,j +

8
X

ξ15 γ15,j +

ξi,−1 γi,−1 +

i=6

14
X

ξi,−1 γi,−1 ,

i=12

where
γ1,−1 = −αβc0,0 , γ−1,0 = −Ac0,0 − αβc0,1 , γ−1,1 = −Ac0,1 − αβc0,0 , γ−1,2 = −αβc0,1 ,

γ0,2 = −Dc0,1 − αβc1,1 , γ1,2 = −Dc1,1 − αβc2,1 − αβc0,1 , γ2,2 = −Dc2,1 − αβc1,1 , γ3,2 = −αβc2,1 ,

γ3,−1 = −αβc2,0 , γ3,1 = −Ac2,1 − αβc2,0 , γ3,0 = −Ac2,0 − αβc2,1 , γ2,−1 = −Dc2,0 − αβc1,0 ,

γ0,−1 = −Dc0,0 − αβc1,0 , γ1,−1 = −Dc1,0 − αβc2,0 − αβc0,0 , γ5,−1 = −αβc6,0 , γ5,0 = −Ac6,0 − αβc6,1 ,

γ5,−1 = −αβc6,1 , γ5,1 = −Ac6,1 − αβc6,0 , γ6,2 = −Dc6,1 − αβc7,1 , γ7,2 = −Dc7,1 − αβc8,1 − αβc6,1 ,

γ8,2 = −Dc8,1 − αβc7,1 , γ9,2 = −αβc8,1 , γ9,0 = −Ac8,0 − αβc8,1 , γ9,1 = −Ac8,1 − αβc8,0 ,

γ9,−1 = −αβc8,0 , γ6,−1 = −Dc6,0 − αβc7,0 , γ7,−1 = −Dc7,0 − αβc8,0 − αβc6,0 , γ15,−1 = −αβc14,0 ,

γ8,−1 = −Dc8,0 − αβc7,0 , γ11,−1 = −αβc12,0 , γ11,0 = −Ac12,0 − αβc12,1 , γ11,1 = −Ac12,1 − αβc12,0 ,

γ11,2 = −αβc12,1 , γ12,2 = −Dc12,1 − αβc13,1 , γ13,2 = −Dc13,1 − αβc14,1 − αβc12,1 ,

γ14,2 = −Dc14,1 − αβc13,1 , γ15,2 = −αβc14,1 , γ15,1 = −Ac14,1 − αβc14,0 , γ15,0 = −αβc6,1 ,

γ12,−1 = −Dc12,0 − αβc13,0 , γ13,−1 = −Dc13,0 − αβc14,0 − αβc12,0 , γ14,−1 = −Dc14,0 − αβc13,0 .

Note, that for estimating the functional from unknown values of random field were used only values
in the neighboring points (dots). It is naturally because we considered random fields of first order auto
regression for each argument.The mean square error ∆(h; fξ , µ) may be calculated by the formula (18)
after calculating vector.
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3 Minimax (robust) approach to estimation problem
Consider the problem in the case where the matrix of spectral density W (λ, µ) is not known exactly,
while some class DW of matrices of spectral densities is specified. In that case we find an estimate
that minimizes the mean-square error for all matrices from a given class DW of matrices of spectral
densities. Such estimates are called minimax (robust).
Definition 1. For a given class of matrices of spectral densities DW the matrix W0 is called the least
favorable for the optimal linear estimation of the functional AK ξ if


∆(W0 ) = ∆ h(W0 ); W0 = sup ∆ h(W ); W
W0 ∈DW

Definition 2. For a given class of spectral densities D = Df × Dg the spectral characteristic h0 (λ, µ)
for the optimal linear estimation of the AK ξ is called the minimax (robust) if the following conditions
hold true:
h0 (λ, µ) ∈ HD =

\

−
LN
2 (f + g),

(f,g)∈Df ×Dg

min max ∆(h; f, g) = max ∆(h0 ; f, g).

h∈HD (f,g)∈D

(f,g)∈D

Spectral densities f0 (λ, µ), g0 (λ, µ) are the least favourable in D = Df × Dg for the optimal linear
0 , D 0 which are
estimation of the functional AK ξ if Fourier coefficients (5) determine operators BN
N
determined by matrices and which give a solution to the extremum problem


∆ h(f0 , g0 ); f, g = ∆ h(f0 , g0 ); f0 , g0
(19)
sup
(f,g)∈Df ∈Dg

where

1
= 2
4π

Zπ

Zπ AK (λ,µ)g0 (λ,µ)+

−1
sx
−1 sy
P
P
t1 =0 t2 =0

Zπ Zπ

AK (λ,µ)f0 (λ,µ)+

k=t1 ·lx

j=t2 ·ly

−1
sx
−1 sy
P
P
t1 =0 t2 =0



2

f0 (λ,µ)+g0 (λ,µ)

−π −π

1
+ 2
4π

t1 ·lx +m
P x −1 t2 ·ly +m
P y −1

t1 ·lx +m
P x −1 t2 ·ly +m
P y −1
k=t1 ·lx

j=t2 ·ly





(B K )−1 DK aK

2

f0 (λ,µ)+g0 (λ,µ)

−π −π

(B K )−1 DK aK


∆ h(f0 , g0 ); f0 , g0 =
!2

ei(kλ+jµ)
(k,j)



f (λ, µ)dλdµ+

ei(kλ+jµ)
(k,j)

!

2

g(λ, µ)dλdµ.

The conditional extremum problem (19) is equivalent to the unconditional extremum problem

where



∆D (f, g) = −∆ h(f0 , g0 ); f, g + δ f, g) Df × Dg → inf,
δ f, g) Df × Dg



(20)

(
0, (f, g) ∈ Df × Dg
=
+∞, (f, g) ∈
/ Df × Dg

is the indicator function of the set Df × Dg . The solution (f0 , g0 ) of the problem (20) is characterized
by the condition 0 ∈ ∂∆D (f0 , g0 ) is the sub-differential of the convex functional ∆D (f, g) at the point
(f0 , g0 ).

78

XXXII International Conference PDMU, Czech Republic, Prague, August 27–31, 2018

3.1

Least favorable densities in the class D = Df0 (λ) × Dg0 (λ)

Consider the class of spectral densities D = Df0 (λ) × Dg0 (λ), where
Df0 (λ)

Dg0 (λ)

=

(

=

(

Zπ

1
f (λ, µ)
2π
1
g(λ, µ)
2π

−π
Zπ

f

−1

g

−1

−π

)

(λ, µ)dµ ≥ P1 (λ), ∀λ ∈ [−π; π] ,
)

(λ, µ)dµ ≥ P2 (λ), ∀λ ∈ [−π; π] .

Theorem 2. Let spectral densities f0 (λ, µ) ∈ Df0 , g0 (λ, µ) ∈ Dg0 , satisfy condition (4) and the functions hf (f0 , g0 ), hg (f0 , g0 ), computed by the formula
AK (λ, µ)g0 (λ, µ) + CK (λ, µ)

hf (f0 , g0 ) =

,

f0 (λ, µ) + g0 (λ, µ)

hg (f0 , g0 ) =

(21)

AK (λ, µ)f0 (λ, µ) + CK (λ, µ)
f0 (λ, µ) + g0 (λ, µ)

are bounded. Spectral densities f0 (λ, µ) ∈ Df0 , g0 (λ, µ) ∈ Dg0 are the least favorable in the class
D = Df0 (λ) × Dg0 (λ) for the optimal linear estimation of the functional AK ξ,if they satisfy relations

g0 (λ,µ)
AK (λ, µ) f0 (λ,µ)+g
+
0 (λ,µ)

−1
sx
−1 sy
P
P

 t1 lx +mx −1 t2 ly +my −1 

f0 (λ,µ)
AK (λ, µ) f0 (λ,µ)+g
+
0 (λ,µ)

−1
sx
−1 sy
P
P

 t1 lx +mx −1 t2 ly +my −1 

t1 =0 t2 =0

t1 =0 t2 =0

P

k=t1 lx

P

k=t1 lx

P

j=t2 ly

(B0K )−1 D0K aK

f0 (λ,µ)+g0 (λ,µ)
P

j=t2 ly

(B0K )−1 D0K aK

f0 (λ,µ)+g0 (λ,µ)



ei(kλ+jµ)
(k,j)



ei(kλ+jµ)
(k,j)




= α2 (λ),
(22)
= β 2 (λ),

and determine a solution of the extremum problem (20).
Minimax (robust) spectral characteristic h(f0 , g0 ) may be calculated by formula (9).

4 Conclusions
In the paper we introduced formulas for calculating the mean square errors and the spectral characteristics of the optimal linear estimate of functionals which depend on the unknown values of a
homogeneous random field ξ(k, j) in the perforated region K from observations of correlated random
fields ξ(k, j) + η(k, j) at points (x, y) ∈ Z 2 \K. In the case where the spectral densities are not exactly
known while a class of admissible spectral densities is given we proposed formulas that determine the
least favourable spectral densities and the minimax (robust) spectral characteristics. In the following
papers we are going to propose formulas for the least favourable spectral densities in other various
classes of spectral densities and the minimax-robust spectral characteristic of the optimal linear estimates of a functional that depends on the unknown values of a random field based on observaions in
some special regions on the plane.
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Minimax Estimation Method of Unknown Data of the Cauchy Problem
for the First Order Linear Hyperbolic Systems of Equations
from Indirect Noisy Observations of Their Solutions
Oleksandr G. Nakonechnyi, Olena A. Kapustian, Yurii K. Podlipenko
Abstract: In this paper we present complete mathematical statements and
perform detailed investigations of the minimax estimation problems of unknown
data of the Cauchy problem for the first order linear hyperbolic systems of
equations from indirect noisy observations of their solutions. We construct
optimal, in certain sense, estimates, which are called minimax estimates, of the
values of linear functionals from unknown data. It is established that when
unknown data and correlation functions of errors in observations belong to
special sets, the minimax estimates are expressed via solutions to certain linear
hyperbolic systems of equations. We prove that these systems are uniquely
solvable.
Keywords: minimax estimates, the first order linear hyperbolic systems, the
Cauchy problem, unknown data, indirect noisy observations.

1 Introduction
In this paper we consider optimal estimation of unknown data of the Cauchy problem for the first order
linear hyperbolic equation systems (or, more generally, estimation of values of some linear functionals
from them). Such problems appear in the frequent situation when the right-hand sides of the equations
and initial conditions are not known exactly but only satisfy certain restrictions.
For finding optimal estimates, supplementary data (observations) are required. From the observations, which are linear transformations of unknown solutions at certain subdomains of the considered
domain perturbed by additive random noises, we find optimal estimates from unknown data of the
Cauchy problems. In other words, we look for the estimates in the class of linear estimates with
respect to observations, for which the maximal mean square error taken over all the realizations of
perturbations takes its minimal value. Such estimates are called the minimax or guaranteed estimates.
We elaborate constructive methods for obtaining such estimates, which are expressed in terms of
solutions of special integro-differential equations.
Similar approach was applied for solving estimation problems for other types of ordinary and
partial differential equations (see Nakonechnyi et al. (2014), Nakonechnii and Zhuk (2018), Kapustian
and Nakonechnyi (2002), Nakonechnyi (2004), Podlipenko and Shestopalov (2016), Podlipenko and
Golovach (2009) and literature therein).

2 Preliminaries and auxiliary results
In this paper we denote matrices by bold capital letters and vectors by bold lower case letters.
Denote by H m (Rn ) the set of all functions f of L2 (Rn ) whose derivatives up to the order m (in
the distribution sense) belong to L2 (Rn ) and by C m ([0, T ]; E) the set of all continuously differentiable
functions u(t) (t ∈ [0, T ]) with values in Hilbert space E.
Further, we will use the fact that for any f, g ∈ H 1 (Rn ) there holds




∂
∂
g
=−
f, g
, i = 1 . . . , n,
(1)
f,
∂xi L2 (Rn )
∂xi
L2 (Rn )
and for any functions u, v ∈ C 1 ([0, T ]; E) the following integration by parts formula is valid:
Z T
Z T
du(t) 
dv(t) 
, v dt +
, u dt = (u(T ), v(T ))E − (u(0), v(0))E ,
dt
dt
E
E
0
0
82

(2)

XXXII International Conference PDMU, Czech Republic, Prague, August 27–31, 2018

where (·, ·)E is the inner product in E (see Gajewski et al. (1974); Mizohata (1973) ).
Introduce the Hilbert space L2 (Rn × (0, T ))N with the inner product
(u, v)L2 (Rn ×(0,T ))N =

Z

T

0

Z

N
X

Rn i=1

ui (x, t)vi (x, t) dx dt

and the Hilbert space L2 (0, T ; (H s (Rn ))N ) consisting of the functions of t with values in the space
(H s (Rn ))N and norm
Z T
1/2
2
kuks =
ku(t, ·)ks dt
,
0

where kf ks is the norm of the vector-valued function f in the Sobolev space (H s (Rn ))N .
Consider the first order hyperbolic system
n

∂ϕ(x, t) X
∂ϕ(x, t)
−
− B(x, t)ϕ(x, t) = f (x, t),
Ak (x, t)
∂t
∂xk
k=1

(x, t) ∈ Rn × (0, T ),

(3)

where
f (x, t) = (f1 (x, t), . . . , fN (x, t))T ,
ϕ(x, t) = ϕ(t) = (ϕ1 (x, t), ) . . . , ϕN (x, t))T ,
(k)

B(x, t) = [bij (x, t)] is N × N -matrix, Ak (x, t) = [aij (x, t)] (k = 1, 2, . . . , n) are symmetric matrices of
(k)

order N whose elements bij (x, t), aij (x, t) are sufficiently smooth functions of (x, t), bounded as well
as their derivatives.
By Friedrich’s theorem (see Rauch (1997)), for any initial data ϕ0 ∈ H 1 (Rn )N and for f ∈
2
L (0, T ; H 1 (Rn )N ) there exists a unique solution ϕ of the system (3) such that ϕ ∈ C 0 ([0, T ];
H 1 (Rn )N ) ∩ C 1 ([0, T ]; L2 (Rn )N ) and
ϕ(x, 0) = ϕ0 (x).
(4)
Furthermore, there exists C > 0 (independent of f and ϕ0 ) such that for all t ∈ [0, T ]


Z t
2
2
2
kϕ(·, t)k1 ≤ C kϕ0 k1 +
kf (τ )k1 dτ .

(5)

0

It follows immediately from Friedrich’s theorem that for any g ∈ L2 (0, T ; H 1 (Rn )N ) and ψ 0 (x) ∈
the following problem formally adjoint to (3)–(4):

H 1 (Rn )N

n

−

∂ψ(x, t) X
∂ψ(x, t)
+
Ak (x, t)
∂t
∂xk
k=1

+

n
X
∂Ak (x, t)
k=1

∂xk

− (B(x, t))T

ψ(x, T ) = ψ 0 (x),

!

ψ(x, t) = g,

(x, t) ∈ Rn × (0, T ), (6)

x ∈ Rn

(7)

has a unique solution ψ ∈ C 0 ([0, T ]; H 1 (Rn )N ) ∩ C 1 ([0, T ]; L2 (Rn )N ) and the following a priori estimate is valid


Z
kψ(·, t)k21 ≤ C kψ 0 k21 +

T

0

kg(τ )k21 dτ

,

t ∈ [0, T ].
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(8)
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3 Statement of the problem
We now assume that in (3) and (4) the vector-functions f (x, t) and ϕ0 (x) are unknown and belong to
the set
n
G0 := F̃ := (f̃ , ϕ̃0 ) ∈ L2 (0, T ; H 1 (Rn )N ) × H 1 (Rn )N :
Z TZ 

Q1 (f̃ − f0 ), f̃ − f0 N dx dt
R
0
Rn
Z 
o

(0)
(0)
+
Q2 (ϕ̃0 − ϕ0 ), ϕ̃0 − ϕ0
dx
≤
1
, (9)
N
R

Rn

(0)

where f0 ∈ L2 (0, T ; H 1 (Rn )N ), ϕ0 ∈ H 1 (Rn )N , Q1 : L2 (0, T ; L2 (Rn )N ) → L2 (0, T ; L2 (Rn )N ), Q2 :
L2 (Rn )N → L2 (Rn )N are continuous positive definite selfadjoint operators, for which there exist
bounded inverse operators.
−1
2
1
n N
1
n N
Additionally we suggest that Q−1
1 and Q2 map the spaces L (0, T ; H (R ) ) and H (R ) into
themselves, respectively.
An estimation problem can be formulated as follows: from observations of the form
yi (x, t) =

Z

0

T

Z

Di

Ki (x, t, ξ, τ )ϕ(ξ, τ ) dξ dτ + η i (x, t), (x, t) ∈ Di × (0, T ) i = 1, . . . , m,

(10)

of the state of system ϕ described by Cauchy problem (3)–(4), to find the optimal (in a certain sense)
estimate of the value of the functional
l(F ) :=

Z

Z

T

Rn

0

in the class of estimates

(l1 (x, t), f (x, t))RN dx dt +

d) :=
l(F

m Z
X
i=1

0

T

Z

Di

Z

Rn

(l2 (x), ϕ0 (x))RN dx

(ui (x, t), yi (x, t))RN dx dτ + c

(11)

(12)

linear with respect to observations. Here F = (f , ϕ0 ), Di , i = 1, . . . , m, are bounded subdomains of
Rn , Ki (x, t, ξ, τ )-N × N is a matrix with elements belonging to
L2 (Di × (0, T )) × L2 (Di × (0, T )), l1 ∈ L2 (0, T ; H 1 (Rn )N ) and l2 ∈ H 1 (Rn )N are prescribed vectorfunction,
ui ∈ L2 (Di ×(0, T ))N , c ∈ R, yi (x, t) = (yi,1 (x, t), . . . , yi,N (x, t))T , η i (x, t) = (ηi,1 (x, t), . . . , ηi,N (x, t))T
are unknown random fields whose choice functions enter in observations (10) (hereafter the upper index
T denotes the transpose of a vector or matrix).
We suggest that
η := (η 1 , . . . , η m ) ∈ G1 ,
(13)
where by G1 we denote the set of elements η̃ := (η̃ 1 , . . . , η̃ m ) with components
η̃ i (x, t) = (η̃i,1 (x, t), . . . , η̃i,N (x, t))T , which are random RN -valued functions defined in Di × (0, T ),
i = 1, . . . m, with integrable second moment functions Ekη̃ i (x, t)k2Rn and zero expectations, satisfying
the following conditions:
(i) random fields η̃ i (x, t) are pairwise uncorrelated, that is, mutually correlative matrices of fields
η̃ i (x, t) and η̃ j (x, t) at i 6= j are zero;
(ii) correlative matrices R̃i (x, t, ξ, τ ) = Eη̃ i (x, t)(η̃ i (ξ, τ ))T of the fields η̃ i (x, t), (x, t), (ξ, τ ) ∈
Di × (0, T ) i = 1, . . . , m, satisfy inequalities:
Z

0

84

T

Z

Sp [Q̃i (x, t)R̃i (x, t, x, t)] dx dt ≤ 1,

i = 1, . . . , m,

(14)

Di
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where Q̃P
i (x, t) are positive definite N × N -matrices with continuous in the domains D̄i elements, and
Sp S = li=1 sii denotes the trace of the matrix S = {sij }li,j=1 .
Besides, integral operators Pi with kernels (Ki (ξ, τ, x, t))T defined according to
Z TZ
(Pi ψ)(x, t) :=
(Ki (ξ, τ, x, t))T ψ(ξ, τ ) dξ dτ
(15)
0

Di

are assumed to be linear bounded operators acting from L2 (Di × (0, T ))N to L2 (0, T ; (H01 (Di ))N ), i =
1, . . . , m.
Introduce Hilbert space H := L2 (D1 × (0, T ))N × . . . × L2 (Dm × (0, T ))N ) consisting of elements
u := (u1 , . . . , um ) with components ui ∈ L2 (Di × (0, T ))N , i = 1, . . . , m, with norm
kukH :=

m
X
i=1

kui k2L2 (Di ×(0,T ))N

1/2

.

Definition 1. The estimate
Z

m

X
d
d) =
l(F

Z

T

0

i=1

Di

(ûi (x, t), yi (x, t))RN dx dt + ĉ

(16)

will be called the minimax estimate of expression l(F ) if vector-functions ûi (x, t) and a number ĉ are
determined from the condition
inf σ(u, c) = σ(û, ĉ),
(17)
u∈H, c∈R

where
σ(u, c) :=

sup
F̃∈G0 , η̃∈G1

m

X
l(d
F̃ ) =
i=1

ỹi (x, t) =

Z

Z

T

0

T

0

Z

Z

Di

Di

d
E[l(F̃ ) − l(
F̃ ]2 ,

(ui (x, t), ỹi (x, t))RN dx dt + c,

(18)

Ki (x, t, ξ, τ )ϕ̃(ξ, τ ) dξ dτ + η̃ i (x, t),

and ϕ̃ is the solution to the problem (3)–(4) at f (x, t) = f̃ (x, t), ϕ0 (x) = ϕ̃0 (x).
The quantity
σ = [σ(û, ĉ)]1/2

(19)

will be called the error of the minimax estimation of (11).
Thus, the minimax estimate is an estimate minimizing the maximal mean-square estimation error
calculated for the “worst” implementation of perturbations.
Note that the integrals in (16) and (18) which are understood as Lebesgue integrals exist with
probability 1.

4 Main results
For every fixed u = (u1 , . . . , um ) ∈ H introduce a vector-function z(x, t; u) ∈ C 0 ([0, T ]; H 1 (Rn )N ) ∩
C 1 ([0, T ]; L2 (Rn )N ) as a solution to the following initial value problem:
!
n
n
X
∂z(x, t; u) X
∂z(x, t; u)
∂Ak (x, t)
T
−
+
Ak (x, t)
+
− (B(x, t))
z(x, t; u)
∂t
∂xk
∂xk
k=1
k=1
Z TZ
m
X
=−
χDk (x)
(Kk (ξ, τ, x, t))T uk (ξ, τ ) dξ dτ, (x, t) ∈ Rn × (0, T ), (20)
k=1

0

Dk
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z(x, T ; u) = 0,

x ∈ Rn ,

(21)

where χM (x), is a characteristic function of the set M . The function z(x, t; u) is uniquely determined
from equations (20) – (21)
In fact, under our assumptions, the right-hand side of equation (20) belongs to L2 (0, T ; H 1 (Rn )N ).
Lemma 1. Finding a minimax estimate of the value of functional l(ϕ) is equivalent to the problem
of optimal control of the system of integro-differential equation (20)–(21) with the cost function
I(u) =

Z

0

T

Z

Rn

(Q−1
1 (l1 + z(·, ·; u))(x, t), l1 (x, t) + z(x, t; u))RN dx dt
Z
+
(Q−1
2 (l2 + z(·, 0; u))(x), l2 (x) + z(x, 0; u))RN dx
Rn

m Z
X

+

T

0

i=1

Z

Di

(Q̃i (x, t)−1 ui (x, t), ui (x, t))RN dx dt → min . (22)
u∈H

Proof: Let ϕ̃ be a solution of the problem (3)–(4) at f (x, t) = f̃ (x, t), ϕ(x) = ϕ̃0 (x). Then from
relations (10)–(12), we obtain
l(F̃ ) − l(d
F̃ ) =

Z

T

=

Z

Z

T

0

−

m Z
X

Rn

T

−

T

0

Z

T

0

i=1

Z

m
X

Rn i=1

Z

T

0

m Z
X

T

0

i=1

Z

Di

m Z
X

Z

T

0

0

i=1

Di

Z

T

Z

Di

Z

Rn

(l2 (x), ϕ̃0 (x))RN dx

(ui (x, t), ỹi (x, t))RN dx dt − c

Z

Di

Z

Rn

(l2 (x), ϕ̃0 (x))RN dx

Ki (x, t, ξ, τ )ϕ̃(ξ, τ ) dξ dτ )RN dx dt

(ui (x, t), η̃ i (x, t))RN dx dt − c

(l1 (x, t), f̃ (x, t))RN dx dt +

χDi (x)

−

Z

Di

(ui (x, t),

Rn

0

Z

m Z
X

(l1 (x, t), f̃ (x, t))RN dx dt +

−
=

(l1 (x, t), f̃ (x, t))RN dx dt +

Di

i=1

Z

Rn

0

−

Z

Z

Rn

(l2 (x), ϕ̃0 (x))RN dx


(Ki (ξ, τ, x, t))T ui (ξ, τ ) dξ dτ, ϕ̃(x, t) RN dx dt

(ui (x, t), η̃ i (x, t))RN dx dt − c := ξ.

(23)

By Fubini’s theorem we have, recalling that η̃ i (x, t), i = 1, . . . , m, are vector processes with zero
expectations,
m Z
hX
E
i=1

0

T

Z

Di

m
i X
(ui (x, t), η̃ i (x, t))RN dx dt =
(ui , Eη̃ i )L2 (Di )N = 0.
i=1

The latter equality and (23) yield
E[l(F̃ ) − l(d
F̃ )] =
86

Z

0

T

Z

Rn

(l1 (x, t), f̃ (x, t))RN dx dt +

Z

Rn

(l2 (x), ϕ̃0 (x))RN dx
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−

Z

Z

T

m
X

χDi (x)

Rn i=1

0

Z

Z

T

0


(Ki (ξ, τ, x, t))T ui (ξ, τ ) dξ dτ, ϕ̃(x, t) RN dx dt − c.

Di

(24)

From the equalities (23) and (24) we find, taking into consideration the known relationship Dξ =
Eξ 2 − (Eξ)2 , that relates the variance Dξ = E|ξ − Eξ|2 of random variable ξ to its expectation Eξ, in
which ξ is determined by right-hand side of (23),

Z

=

Z

T

Rn

0

Z

−

Z

T

m
X

Rn i=1

0

d
E l(ϕ̃) − l(
ϕ̃)

2

Z

(l1 (x, t), f̃ (x, t))RN dx dt +

χDi (x)

Z

Z

T

0

+E

Rn

(l2 (x), ϕ̃0 (x))RN dx

(Ki (ξ, τ, x, t))T ui (ξ, τ ) dξ dτ, ϕ̃(x, t)

Di

m Z
X

T

0

i=1

Z

2



RN

dx dt − c

2

(ui (x, t), η̃ i (x, t))RN dx dt .

Di

(25)

Transform the second term in the right-hand side of (25).
We get (see the explanations below)
−

=

Z

Z

Z

T

m
X

Rn i=1

0

χDi (x)

Z

Z

Z

T

0


(Ki (ξ, τ, x, t))T ui (ξ, τ ) dξ dτ, ϕ̃(x, t) RN dx dt

Di

n
 ∂z(x, t; u) X
∂z(x, t; u)
+
Ak (x, t)
−
∂t
∂xk
n
R

T

0

k=1

n


X
∂Ak (x, t)
T
+
− (B(x, t)) z(x, t; u), ϕ̃(x, t) N dx dt
∂xk
R
k=1

=

Z

T

0

=

Z

0

T

Z

n
 ∂z(x, t; u) X

∂
−
+
(Ak (x, t)z(x, t; u)) − (B(x, t))T z(x, t; u), ϕ̃(x, t) N dx dt
∂t
∂xk
R
Rn
k=1

Z TX
n X
N X
N 


∂z(·, t; u)
∂
(k)
−
, ϕ̃(·, t) 2 n N dt +
(ail (·, t)zl (·, t; u)), ϕ̃i (·, t) 2 n dt
∂t
∂xk
L (R )
L (R )
0
k=1 i=1 l=1

−
=

Z

0

T

Z

0

T

Z

Rn




(B(x, t))T z(x, t; u), ϕ̃(x, t)


∂ ϕ̃(x, t)
, z(·, t; u) 2 n N dt −
∂t
L (R )
−

=

Z

0

Z

T

T

0

Z

Z

Rn

Rn



 ∂ ϕ̃(x, t)
∂t

=

0

T

Z

T

0

N 
n X
N X
X

−

n
X

Rn

Ak (x, t)

k=1

Z

Rn

dx dt

(k)

ail (·, t)zl (·, t; u),

k=1 i=1 l=1

B(x, t)ϕ̃(x, t), z(x, t; u)

+
Z

Z

RN



RN

dt +

Z

Rn


∂
ϕ̃i (·, t) 2 n dt
∂xk
L (R )


ϕ̃(x, 0), z(x, 0; u) RN dx


∂ ϕ̃(x, t)
− B(x, t)ϕ̃(x, t), z(x, t; u) N dx dt
∂xk
R


ϕ̃(x, 0), z(x, 0; u) RN dx


f̃ (x, t), z(x, t; u) RN dx dt +

Z

Rn

ϕ̃0 (x), z(x, 0; u)



RN
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dx

(26)
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The first equality is valid due to the equation (20). The second, the third, and the fifth equalities
are apparent. The
fourth one holds
as a result of applying the integration by parts formula (2)

R T  ∂z(·,t;u)
to the term 0 − ∂t , ϕ̃(·, t) 2 n N dt, putting in this formula E = L2 (Rn )N , u = z(·, ·; u) ∈
L (R )

2
n N
1
2
n N
C 1 ([0,
 T ]; L (R ) ), v = ϕ̃ ∈ C ([0, T ]; L (R ) ), and applying formula (1) to the expression
(k)
(k)
∂
, putting in it f = ail (·, t)zl (·, t; u) ∈ H 1 (Rn ), g = ϕ̃i (·, t) ∈
∂xk (ail (·, t)zl (·, t; u)), ϕ̃i (·, t)
2
n
L (R )

H 1 (Rn ) for any fixed t ∈ (0, T ). Finally, the sixth equality holds since ϕ̃(x, t) is the solution of Cauchy
problem (3)–(4) at f (x, t) = f̃ (x, t), ϕ0 (x) = ϕ̃0 (x).
Using relationships (25) and (26), we have
E l(F̃ ) − l(d
F̃ )

2

=

Z

T

0



f̃ (·, t), l1 (·, t) + z(·, t; u) L2 (Rn )N dt + ϕ̃0 , l2 + z(·, 0; u) L2 (Rn )N − c
+E

m Z
X

0

i=1

=

Z

T

0

+

T

Z

T

Di

(ui (x, t), η̃ i (x, t))RN dx dt



f0 (·, t), l1 (·, t) + z(·, t; u) L2 (Rn )N dt + ϕ00 , l2 + z(·, 0; u) L2 (Rn )N − c
+

m
X

E

i=1

from which we obtain

Z

T

0

inf

c∈R

c∈R

2



f̃ (·, t) − f0 (·, t), l1 (·, t) + z(·, t; u) L2 (Rn )N dt + ϕ̃0 − ϕ00 , l2 + z(·, 0; u) L2 (Rn )N
0

= inf

Z

2

sup
(f̃ ,ϕ̃0 )∈G0

Z

Z

2

(ui (x, t), η̃ i (x, t))RN dx dt ,

Di

E|l(F̃ ) − l(d
F̃ )|2 =

sup
F̃∈G0 ,η̃∈G1

T

0

f̃ (·, t) − f0 (·, t), l1 (·, t) + z(·, t; u)
+

Z

0

+

T

2



L2 (Rn )N


dt + ϕ̃0 − ϕ00 , l2 + z(·, 0; u) L2 (Rn )N



f0 (·, t), l1 (·, t) + z(·, t; u) L2 (Rn )N dt + ϕ00 , l2 + z(·, 0; u) L2 (Rn )N − c

sup

m
X

(η̃ 1 ,...,η̃ m )∈G1 i=1

E

Z

0

T

Z

Di

2

2

(ui (x, t), η̃ i (x, t))RN dx dt .

From here, applying the generalized Schwartz’s inequality (see, for example, Hutson et al. (2005))
together with inequalities (9) and (14), we find
inf

c∈R

sup
F̃∈G0 ,η̃∈G1

E|l(F̃ ) − l(d
F̃ )|2 = I(u),

where functional I(u) is determined according to (22) and the infimum with respect to c is attained
at
Z T


(27)
c=
f0 (·, t), l1 (·, t) + z(·, t; u) L2 (Rn )N dt + ϕ00 , l2 + z(·, 0; u) L2 (Rn )N .
0

The lemma is proved.
Further in the proof of Theorem stated below, it will be shown that solving the optimal control
problem (20)–(22) is reduced to solving some system of integro-differential equations.

88

XXXII International Conference PDMU, Czech Republic, Prague, August 27–31, 2018

Theorem 1. The minimax estimate of l(F ) can be represented as
m

X
d
d) =
l(F
i=1

where ĉ =

RT R
0

Rn (l1 (x, t)

Z

T

0

Z

Di

(ûi (x, t), yi (x, t))RN dx dt + ĉ,

+ ẑ(x, t), f0 (x, t))RN dx dt +

ûi (x, t) = Q̃i (x, t)

Z

Z

T

0

R

Rn (l2 (x)

(0)

+ ẑ(x, 0), ϕ0 (x))RN dx,

Ki (x, t, ξ, τ )p(ξ, τ ) dξ dτ,

i = 1, . . . , m,

(28)

Di

and functions ẑ, p ∈ C 0 ([0, T ]; H 1 (Rn )N ) ∩ C 1 ([0, T ]; L2 (Rn )N ) are determined from the integrodifferential equation system
!
n
n
X
∂ẑ(x, t) X
∂ẑ(x, t)
∂Ak (x, t)
+
+
− (B(x, t))T ẑ(x, t)
Ak (x, t)
−
∂t
∂xk
∂xk
k=1
k=1
Z TZ
m
X
K̃k (x, t, ξ1 , τ1 )p(ξ1 , τ1 ) dξ1 dτ1 , (x, t) ∈ Rn × (0, T ), (29)
=−
χDk (x)
0

k=1

Dk

ẑ(x, T ) = 0,
n

x ∈ Rn ,

(30)

∂p(x, t)
∂p(x, t) X
−
Ak (x, t)
− B(x, t)p(x, t) = Q−1
1 (l1 + ẑ)(x, t),
∂t
∂xk
k=1

p(x, 0) = Q−1
2 (l2 + ẑ(·, 0))(x),

where1
K̃k (x, t, ξ1 , τ1 ) =

Z

T

0

Z

(x, t) ∈ Rn × (0, T ),

x ∈ Rn ,

(31)
(32)

(Kk (ξ, τ, x, t))T Q̃k (ξ, τ )Kk (ξ, τ, ξ1 , τ1 )dξ dτ

Dk

Problem (29) – (32) is uniquely solvable. The error σ of the minimax estimation of l(F) is given by
the formula
σ = [l(P)]1/2 ,
(33)
where
−1
P = (Q−1
1 (l1 + ẑ), Q2 (l2 + ẑ(·, 0)))

Proof: Taking into account (8) and (15) one can easily verify that the functional I(u) is a strictly
convex lower semicontinuous functional on H and since
I(u)

≥

m Z
X
i=1

0

T

Z

Di

(Q̃i (x, t)−1 ui (x, t), ui (x, t))RN dx dt

≥

ckuk2H

∀u

∈

H, c=const.

Then, by Remark 1.2 to Theorem 1.1 (see Lions (1971)), there exists one and only one element
û = (û1 , . . . , ûm ) ∈ H such that I(û) = inf u∈H I(u). Hence, for any fixed w ∈ H and τ ∈ R the
function s(τ ) := I(û + τ w) reaches its minimum at a unique point τ = 0, so that
d
I(û + τ w) |τ =0 = 0.
dτ

(34)

1

Here we use the following notation.
If A(ξ) = [aij (ξ)]N
i,j=1 is a matrix depending on a variable ξ belonging to a
R
measurable set Ω, then we define Ω A(ξ) dξ by
Z

A(ξ) dξ =
Ω

Z

aij (ξ) dξ
Ω

N

.

i,j=1
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Since z(x, t; û+τ w) = z(x, t; û)+τ z(x, t; w), where z(x, t; w) is the unique solution to Cauchy problem
(20)–(21) at u = w from (22) and (34) we obtain
1 dI(û + τ w)
2
dτ

0=

+

Z

Rn

Z

=

T

Rn

0

τ =0

Z

((Q−1
2 (l2 +z(·, 0; û))(x), z(x, 0; w))RN

((Q−1
1 (l1 + z(·, ·; û))(x, t), z(x, t; w))RN dx dt

dx+

m Z
X
i=1

T

0

Z

Di

(Q̃i (x, t)−1 ûi (x, t), wi (x, t))RN dx dt. (35)

Introduce function p(x, t) ∈ C 0 ([0, T ]; H 1 (Rn )N ) ∩ C 1 ([0, T ]; L2 (Rn )N as a unique solution to the
initial value problem
n

∂p(x, t) X
∂p(x, t)
−
Ak (x, t)
− B(x, t)p(x, t) = Q−1
1 (l1 + z(·, ·; û))(x, t),
∂t
∂xk

(x, t) ∈ Rn × (0, T ), (36)

k=1

p(x, 0) = Q−1
2 (l2 + z(·, 0; û))(x),

x ∈ Rn .

(37)

Then the sum of the first two terms on the right-hand side of (35) can be written in the form
Z

T

0

Z

Rn

((Q−1
1 (l1
=

Z

T

0

+ z(·, ·; û))(x, t), z(x, t; w))RN dx dt +
Z

Rn

 ∂p(x, t)
∂t

−

n
X
k=1

+

=

Z

0

T

Z

Ak (x, t)

Z

Rn

Z

Rn

((Q−1
2 (l2 + z(·, 0; û))(x), z(x, 0; w))RN dx


∂p(x, t)
− B(x, t)p(x, t), z(x, t; w) N dx dt
∂xk
R

(p(x, 0), z(x, 0; w))RN dx

n
 ∂z(x, t; w) X
∂z(x, t; w)
+
Ak (x, t)
−
∂t
∂xk
Rn
k=1

+

n
X


∂Ak (x, t)
− (B(x, t))T z(x, t; w), p(x, t) N dx dt
∂xk
R
k=1

=−
=−

Z

m
T X

0

χDk

k=1

m Z
X
k=1

Z

T

0

Z

T

0

Z

Dk

wk (x, t),

Dk

(Kk )T (ξ, τ, ·, ·)wk (ξ, τ ) dξ dτ, p
Z

Z

T

0



Kk (x, t, ξ, τ )p(ξ, τ ) dξ dτ

Dk

From (38), (35), it follows that
m Z
X
k=1

0

T

Z

wk (x, t),

Dk

=

0

m Z
X
i=1

Z

T

0

Z

Di

T

Z

L2 (Rn )N

Kk (x, t, ξ, τ )p(ξ, τ ) dξ dτ

Dk





RN

RN

dt

dx dt.

(38)

dx dt

(Q̃i (x, t))−1 ûi (x, t), wi (x, t))RN dx dt.

The last equality can be rewritten as

Z
m 
X
−1
Q̃i ûi − Q̃i
i=1

90

0

T

Z

Di



Ki (·, ·, ξ, τ )p(ξ, τ ) dξ dτ , wi



= 0.

(39)

L2 (Di ×(0,T ))N

XXXII International Conference PDMU, Czech Republic, Prague, August 27–31, 2018

∀w = (w1 , . . . , wm ) ∈ H. Setting in (39) wi = ûi − Q̃i
we get
m 
X
i=1

Z
h
Q̃−1
û
−
Q̃
i
i
i

T

0

Z

i
Ki (·, ·, ξ, τ )p(ξ, τ ) dξ dτ ,

Di

h

ûi − Q̃i

Z

RT R
0

Z

T

0

Di

Di

Ki (·, ·, ξ, τ )p(ξ, τ ) dξ dτ, i = 1, . . . , m,

Ki (·, ·, ξ, dτ )p(ξ, τ ) dξ dτ

so that, by virtue of positive definiteness of the matrices Q̃−1
i ,
Z TZ
ûi = Q̃i
Ki (·, ·, ξ, τ )p(ξ, τ ) dξ dτ,
0

i

L2 (Di ×(0,T ))N

i = 1, . . . , m.

(40)

Di

Substituting the latter into (20), (21) and (27) and denoting ẑ(x, t) = z(x, t; û), we see that ẑ(x, t) and
p(x, t) satisfy system (29) – (32); the unique solvability of this system follows from the uniqueness of
element û of the functional (22).
Now let us establish that σ = [l(P)]1/2 . Substituting expressions (28) to (22), we obtain
Z TZ
(Q−1
σ(û, ĉ) = I(û) =
1 (l1 + ẑ)(x, t), l1 (x, t) + ẑ(x, t))RN dx dt
+
+

m Z
X

0

i=1

T

Q̃i

Z

Z

Di

Rn

0

Rn

(Q−1
2 (l2 + ẑ(·, 0))(x), l2 (x) + ẑ(x, 0))RN dx

Ki (·, ·, ξ, τ )p(ξ, τ ) dξ dτ,

Z

Di

Using relationships (28) – (32), we have
Z
Z TZ
−1
(Q1 (l1 + ẑ)(x, t), ẑ(x, t))RN dx dt +

Rn

Rn

0

Z

=

0

T

Z

Rn

 ∂p(x, t)
∂t

−

n
X
k=1

+
=

Z

0

T

Ak (x, t)

Z

Rn

Ki (·, ·, ξ, τ )p(ξ, τ ) dξ dτ



L2 (Di )N

(41)

(Q−1
2 (l2 + ẑ(·, 0))(x), ẑ(x, 0))RN dx


∂p(x, t)
− B(x, t)p(x, t), ẑ(x, t) N dx dt
∂xk
R

(p(x, 0), ẑ(x, 0))RN dx

!
n
n
 ∂ẑ(x, t) X

X
∂ẑ(x, t)
∂Ak (x, t)
−
+
Ak (x, t)
+
− (B(x, t))T ẑ(x, t), p(x, t) N dx dt
∂t
∂xk
∂xk
R
Rn
k=1
k=1
Z T X
Z
m

=
−
(Kk (ξ, τ, ·, ·))T ûk (ξ, τ ) dξ dτ, p 2 n N
χDk

Z

0

=−
=−
=−

Z

0

m 
T X
i=1

Q̃i

Z

0

Z

0

Z

Di

k=1
m Z
T X

(Kk )T (ξ, τ, ·, ·)ûk (ξ, τ ) dξ dτ, p

Dk
k=1
Z
m 
T X

ûk ,

k=1

L (R )

Dk

Dk

Kk (·, ·, ξ, τ )p(ξ, τ ) dξ dτ

Ki (·, ·, ξ, τ )p(ξ, τ ) dξ dτ,

Z

Di





L2 (Dk )N

L2 (Dk )N

dt

Ki (·, ·, ξ, τ )p(ξ, τ ) dξ dτ



(L2 (Di ))N

(42)

Equality (33) follows now from two relationships (42) and (41).
An alternative representation for the minimax estimate of l(F ) in terms of the solution to a system
of integro-differential equations is given in the next theorem. This solution is independent of the specific
form of functional (11).
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Theorem 2. The minimax estimate of (11) has the form
d
d) = l(F̂ )
l(F

(43)

−1
0
where F̂ = (f̂ , ϕ̂0 ), f̂ (x, t) = Q−1
1 p̂(x, t) + f0 (x, t), ϕ̂0 (x) = Q2 p̂(x, 0) + ϕ0 (x), and function p̂ ∈
0
1
n
N
1
2
n
N
C ([0, T ]; H (R ) ) ∩ C ([0, T ]; L (R ) ) is determined from the solution to the problem (44) – (47):
!
n
n
X
∂ p̂(x, t) X
∂ p̂(x, t)
∂Ak (x, t)
+
+
− (B(x, t))T p̂(x, t)
−
Ak (x, t)
∂t
∂xk
∂xk
k=1
k=1
Z TZ
m
X
= d(x, t) −
K̃k (x, t, ξ1 , τ1 )ϕ̂(x, t) dξ1 dτ1 , (x, t) ∈ Rn × (0, T ), (44)
χDk (x)
0

k=1

Dk

p̂(x, T ) = 0,

x ∈ Rn ,

(45)

n

∂ ϕ̂(x, t) X
∂ ϕ̂(x, t)
−
− B(x, t)ϕ̂(x, t)
Ak (x, t)
∂t
∂xk
k=1

= Q−1
1 p̂(x, t) + f0 (x, t),

0
ϕ̂(x, 0) = Q−1
2 p̂(x, 0) + ϕ0 (x),

(x, t) ∈ Rn × (0, T ), (46)

x ∈ Rn ,

(47)

where
ϕ̂ ∈ C 0 ([0, T ]; H 1 (Rn )N ) ∩ C 1 ([0, T ]; L2 (Rn )N ),
Z TZ
m
X
(Ki (ξ, τ, x, t))T Q̃i (ξ, τ )yi (ξ, τ ) dξ dτ
d(x, t) =
χDi (x)
i=1

0

Di

and the right-hand side in (44) is considered for every realization of random functions η i (ξ, τ ) entering
into yi (ξ, τ ) which belong with probability 1 to the space L2 (Di × (0, T )), i = 1, . . . , m. Problem (44)–
(47) is uniquely solvable.
The random fields p̂(x, t) and ϕ̂(x, t), whose realizations satisfy problem (44)–(47), possess Lebesgue
integrable second moments.
Proof: The proof of this theorem is similar to the proof of Theorem 1.
d
d = l(F̂) of the minimax mean square estimate of l(F)
Remark 1. Since in the representation l(F)
element F̂ does not depend on specific form of functional l, functions f̂ (x, t) and ϕ̂0 (x), which are
determined from the solution to problem (44)–(47), can be taken as a good estimates (in a certain
sense) of the unknown functions f (x, t) and ϕ0 (x), respectively.
Remark 2. Using the decoupling technique by J.-L. Lions (Lions, 1971) solving each of the systems of
integro-differential equations (29) – (32) and (44)–(47) can be reduced to solving a nonlinear operator
Riccati equation with the condition at t = T and a first order linear hyperbolic system with the initial
conditions at t = 0.

5 Conclusions
In this paper, we focus on the optimal estimation of the Cauchy problem for the first order linear
hyperbolic equation systems and the estimation of values of some linear functionals under uncertainties.
We prove that finding a minimax estimate of the value of functional is equivalent to the problem
of optimal control of the system of integro-differential equation. Further, we show that solving the
optimal control problem is reduced to solving some system of integro-differential equations. We prove
that this system is uniquely solvable. Finally, we obtain the alternative representation for the minimax
estimate of linear functional in terms of the solution to the system of integro-differential equations.
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Estimation of Influence for Models of Information Spreading Process
under Uncertainty
Oleksandr Nakonechnyi, Petro Zinko, Iuliia Shevchuk
Abstract: In this paper, we introduce a mathematical model of spreading
information messages from two sources. The model has the form of a system of
nonlinear differential equations with non-stationary parameters. We consider
information amount given by each source as a key parameter that stimulate
progress towards the goal. Information can be spread in the community along
internal (interpersonal communication of the member of social community) and
external information flow. We study the problem of estimation of influence in
these models. We formulated the problem of finding the influence estimations
for the case of observing the number of supporters of one information flow and
given system parameters and the case of supporters of both information flows
and given system parameters for one equation. We offered the algorithms for
building optimal functional estimations of influence for models of information
spreading process for every these individual cases. We consider the results of
problem numerical experiment to build estimates.
Keywords: mathematical model of information spreading process, differential
equations, non-stationary parameters, optimal functional estimations, uncertainty.

1 Introduction
Let us consider a certain social community of L people. Suppose, a community is influenced by one
of two sources of information at some point in time t ∈ (0, T ). The numbers of people who have
accepted the information messages from i-th information flow (i = 1, 2) depends on external influence
and interpersonal communication. Let us denote xi (t) ∈ R1 , t ∈ (0, T ), i = 1, 2 is the numbers of
people who have accepted the information messages from i-th information flow at point of time t,
ai (t) is the intensity of communication, ui (t) is external influence, ci (t) is the intensity of i-th external
influence. Time variable of value xi (t), i = 1, 2 we describe by differential equation system:
ẋi (t) = ai (t)xi (t) (L − x1 (t) − x2 (t)) + ci (t)ui (t), xi (0) = x0i , i = 1, 2.

(1)

The problem of constructing and model analysis of the information spreading process in the form of
the differential equation system was considered in Mishra and Prajapati work (2013) and Kereselidze
work (2016). The characteristic of these models is representation of the social community in the form
of two conflicting sides and a part of peacekeepers.
The other type of the system of the information spreading process was described in Mikhailov and
Marevtseva work (2012). The model has the form of Cauchy problem for nonlinear system of ordinary
differential equations. This model was studied analytically and numerically. In particular, for a special
case of the basic model with two information sources the complete conditions were obtained for one
of the participants, who get the advantage in the number of people who had accepted the information
messages.
Mikhailov O. G. and coauthors developed in their work (2015) the models, which include the
mathematical formalization of such factors of information spread as information forgetting by individuals, non-coverage of the society by the media and two-step adoption and forgetting of information
by individuals. Besides, the authors investigated the problem of stability in the certain special points
in these models.
Nakonechnyi O. G. formulated the problem statement of finding guaranteed and optimal estimations for the model (1) in his works (Nakonechnyi et al. 2017, 2018). For example, Nakonechnyi et al.
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(2017) offered the construction algorithms of averaged optimal rms predictive estimation and guaranteed predictive estimation. In the work, the authors described the construction algorithms of optimal
rms predictive estimation for the case of spreading one type of information and the algorithm of finding
guaranteed predictive estimation for some specific representation case of a possible observation error
set.
Nakonechnyi O. G. and coauthors in their work (2018) developed the algorithms of constructing
optimal functional estimations and guaranteed estimations of non-stationary parameters of differential
equations. These results were applied to discrete-time models. The algorithms can be used to predict
the dynamic of differential equation systems.
The certain case of the basic model of spreading information process in social community takes form
from non-linear Ito stochastic equations. Nakonechnyi and Shevchuk (2018) described the conditions
for asymptotic stability in the first approximation of quadratic average in the special points for the
general stationary model and a special case with non-stationary parameters.

2 Assumptions and notations
Now let us take a detailed look at the model (1) with parameters ai (t), ci (t), i = 1, 2, u2 (t), t ∈ (0, T )
are known continuous functions on the time interval (0, T ). And u1 (t), t ∈ (0, T ) is the unknown
function of external influence and it satisfies the condition u1 (t) ≥ 0 on the time interval (0, T ).
At the points t1 < t2 < ... < tN , k = 1, N , tk ∈ (0, T ) the functions x1 (t) and x2 (t), t ∈ (0, T ) are
observed with the certain u1 (t), t ∈ (0, T ):
yik = xi (tk ) + ηik , k = 1, N , i = 1, 2,
where ηik , k = 1, N , i = 1, 2 are the observed errors.
Let us denote yi = (yi1 , . . . , yiN )∗ , xi (t) = (xi (t1 ), . . . , xi (tN ))∗ , ηi = (ηi1 , . . . , ηiN )∗ , i = 1, 2, t ∈ (0, T ),
where ∗ is the designation of transpose.
It is known that u1 (t), t ∈ (0, T ) and ηik , k = 1, N , i = 1, 2 belong to set:
n

o

G = (η1 , η2 , u1 ) : F1 (η1 ) + F2 (η2 ) + F3 (u1 (·)) ≤ γ 2 (T ), u1 (t) ≥ 0 ,
where

Fi (ηi ) =

N
X

2
2
q1ik
ηik
, i = 1, 2,

k=1

F3 (u1 (·)) =

Z T
0

q22 (t)u1 (t)dt.

2 , i = 1, 2, γ 2 (T ) are the known scalar values, and q 2 (t), t ∈ (0, T ) is the known function.
Here q1ik
2
A posteriori set Gy has the following form:

n

o

Gy = u1 : F1 (y1 − x1 (·)) + F2 (y2 − x2 (·)) + F3 (u1 (·)) ≤ γ 2 (T ), u1 (t) ≥ 0 ,
where

Fi (yi − xi (·)) =

N
X

k=1

2
q1ik
(yik − xi (tk ))2 , i = 1, 2.

Definition 1. The function u1 (t) ∈ Gy is called a posteriori estimation of function u1 (t), t ∈ (0, T ).
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Definition 2. The function ũ1 (t) ∈ Gy , t ∈ (0, T ) is called guaranteed estimation of the function
u1 (t), t ∈ (0, T ) if the next condition is satisfied:
inf

sup ku1 − v1 k = sup kũ1 − v1 k = σ,

u1 ∈Gy v1 ∈Gy

v1 ∈Gy

where
kvk =

(Z
T

2

(v(τ )) dτ

0

)1
2

.

And value σ is called guaranteed error of the estimation ũ1 (t).
Let us denote
I(u1 (·)) = F1 (y1 − x1 (·)) + F2 (y2 − x2 (·)) + F3 (u1 (·)).
Definition 3. A posteriori estimation û1 (t) ∈ Gy is called optimal estimation of functional I(u1 (·))
if the next condition is satisfied:
inf I(u1 (·)) = I(û1 (·)).

u1 ∈Gy

Substituting the optimal estimation û1 (t), t ∈ (0, T ) into the system (1) we obtaine:
(

x̂˙ 1 (t) = a1 (t)x̂1 (t) (L − x̂1 (t) − x̂2 (t)) + c1 (t)û1 (t), x̂1 (0) = x01 ,
x̂˙ 2 (t) = a2 (t)x̂2 (t) (L − x̂1 (t) − x̂2 (t)) + c2 (t)u2 (t), x̂2 (0) = x02 .

Definition 4. The functions x̂1 (t) and x̂2 (t), t ∈ (0, T ) are called estimations of the functions x1 (t)
and x2 (t), t ∈ (0, T ).
Let us denote x̂i (t) = (x̂i (t1 ), . . . , x̂i (tN ))∗ , i = 1, 2.

3 The estimations of influence for the case of observing the amount of
supporters of one information flow and known system parameters
Suppose that for the system (1) the parameters a1 (t), c1 (t) are the known continuous functions on the
time interval (0, T ); u1 (t) is the unknown function of external influence; and x2 (t), t ∈ (0, T ) is the
known function.
Now let us investigate the problem of finding the optimal estimation of certain functional of the
function u1 (t), t ∈ (0, T ) for the case of known function x2 (t), t ∈ (0, T ) and observing of the function
x1 (t, u1 (·)) at the point t1 < t2 < ... < tN , k = 1, N , tk ∈ (0, T ):
y1k = x1 (tk , u1 (·)) + η1k , k = 1, N ,
where η1k ∈ R1 are the observed errors.
Then x1 (t, u1 (·)) is given by:
ẋ1 (t, u1 (·)) = ã1 (t)x1 (t, u1 (·)) − a1 (t)x21 (t, u1 (·)) + c1 (t)u1 (t), x1 (0) = x01 ,

(2)

where
ã1 (t) = a1 (t)(L − x2 (t)).
A posteriori set for this case has the form
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o

n

Gy1 = u1 (·) : Iy1 (u1 (·)) ≤ γy21 (T ) ,
where

Iy1 (u1 (·)) = F1 (y1 − x1 (·)) + F3 (u1 (·)) =

N
X

k=1

2
q11k
(y1k

2

− x1 (tk , u1 (·))) +

Z T
0

2
q21
(t)u21 (t)dt

(3)

2 , γ 2 (T ) are the known scalar values, and q 2 (t), t ∈ (0, T ) is the known function.
and q11k
y1
21
Thus x1 (t, u1 (·)), t ∈ (0, T ) is the solution of the Cauchy’s problem:

ẋ1 (t, u1 (·)) = a1 (t)x1 (t, u1 (·))(L1 (t) − x1 (t, u1 (·)) + c1 (t)u1 (t), x1 (0) = x01 ,

(4)

where
L1 (t) = L − x2 (t).
Theorem 1. There is the optimal function û1 (t), t ∈ (0, T ) for the functional Iy1 (u1 (·)) on the set
Gy1 . This function û1 (t), t ∈ (0, T ) is the solution of the variational inequality:
Iy0 1 (û1 (·))(v(·) − û1 (·)) ≥ 0, almost everywhere for ∀v(·) ∈ L+
2 (0, T ),
where
Iy0 1 (û1 (·)) =

N
X

k=1

2
2
q11k
(y1k − x1 (tk , û1 (·)))χ(0,tk ) (t)c1 (t)β(t, tk ) + q21
(t)û1 (t),

χ(0,t) (τ ) =

β(τ, t) = exp

(Z
T
0

(

1, τ ∈ (0, t),
0, τ ∈
/ (0, t),
)

χ(τ,t) (s)a1 (s)(L1 (s) − 2x0 (s))ds .

Proof. Riccati equation (4) has a single general solution on the interval (0, T ) under the condition
u1 (t) ≥ 0, t ∈ (0, T ). And functionals Fi (y1 − x1 (·)), i = 1, 2 are weakly continuous in L+
2 [0, T ].
+
Functional F3 (u1 (·)) is weakly lower continuous in L2 [0, T ]. Than functional Iy1 (u1 (·)) is weakly
lower continuous in L+
2 [0, T ] and implemented expression:
lim

ku1 k→∞

Iy1 (u1 (·)) = ∞.

Therefore, we have the function û1 (t), t ∈ (0, T ) (Lions, 1972) on the set Gy1 and it fulfills equality:
inf

u1 ∈L+
2 [0,T ]

Iy1 (u1 (·)) = Iy1 (û1 (·))

and
Iy1 (û1 (·) + τ (v(·) − û1 (·))) ≥ Iy1 (û1 (·)), ∀τ ∈ [0, 1] , ∀v(·) ∈ L+
2 (0, T ).
Since functional Iy1 (û1 (·) + τ v(·)) is differentiable of τ , the variational inequality holds:
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Iy0 1 (û1 (·)), (v(·) − û1 (·)) ≥ 0,

where Iy0 1 (û1 (t)) is Gateaux derivative of the functional Iy1 (u1 (·)) at the point û1 (t), t ∈ (0, T ).
Thus




Iy0 1 (û1 (·)), (v(·) − û1 (·)) = 2

Z T
0

ψ(t)(v(t) − û1 (t))dt,

where ψ(t), t ∈ (0, T ) is the certain function in L2 [0, T ].
Find ψ(t), t ∈ (0, T ). Let us consider expression:


1 0
1 d
Iy1 (û1 (·)), v(·) =
Iy (û1 (·) + τ v(·))
2
2 dτ 1

=

N
X

2
q11k
(y1k

k=1

− x1 (tk , û1 (·)))x̃1 (tk ) +

Z T
0

=
τ =0

2
q21
(t)û1 (t)v(t)dt,

(5)

where x̃1 (t), t ∈ (0, T ) is the solution of the equation:
x̃˙ 1 (t) = a1 (t)x̃1 (t)(L1 (t) − x0 (t)) − a1 (t)x0 (t)x̃1 (t) + c1 (t)v(t),

(6)

x̃1 (0) = 0, x0 (t) = x1 (t, û1 (·)).
Note that (6) takes form of linear differential equation:
x̃˙ 1 (t) = a1 (t) (L1 (t) − 2x0 (t)) x̃1 (t) + c1 (t)v(t), t ∈ (0, T ),
with initial condition
x̃1 (0) = 0.
On the basis of the Cauchy’s formula the equation (6) has the solution:
x̃1 (t) =

=

Z T
0

Z t
0

c1 (τ )v(τ )exp

χ(0,t) (τ )c1 (τ )v(τ )exp

=

Z T
0

Z t
τ

(Z

0



a1 (s)(L1 (s) − 2x0 (s))ds dτ =
)

T

χ(τ,t) (s)a1 (s)(L1 (s) − 2x0 (s))ds dτ =

χ(0,t) (τ )c1 (τ )v(τ )β(τ, t)dτ .

(7)

Applying (7) to the expression (5) and we obtain:

1 0
Iy1 (û1 (τ )), v(τ ) =
2

=

N
X

k=1

=

Z T X
N
0

98

χ(0,tk ) (τ )c1 (τ )v(τ )β(τ, tk )dτ +

Z T

2
q21
(τ )û1 (τ )v(τ )dτ =

2
q11k
(y1k − x0 (tk ))χ(0,tk ) (τ )c1 (τ )β(τ, tk )v(τ )dτ +

Z T

2
q21
(τ )û1 (τ )v(τ )dτ =

2
q11k
(y1k

k=1

− x0 (tk ))

Z T
0

0

0
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=

Z T

N
X

0

k=1

!

2
2
q11k
(y1k − x0 (tk ))χ(0,tk ) (τ )c1 (τ )β(τ, tk ) + q21
(τ )û1 (τ ) v(τ )dτ .

Since equation satisfies:

1 0
Iy1 (û1 (τ )), (v(τ ) − û1 (τ )) =
2

=

Z T
0

N
X

2
q11k
(y1k

k=1

− x0 (tk ))χ(0,tk ) (τ )c1 (τ )β(τ, tk ) +

2
q21
(τ )û1 (τ )

!

(v(τ ) − û1 (τ ))dτ

and we get the function ψ(t), t ∈ (0, T ):
ψ(t) =

N
X

k=1

2
2
q11k
(y1k − x1 (tk , û1 (·)))χ(0,tk ) (t)c1 (t)β(t, tk ) + q21
(t)û1 (t), t ∈ (0, T ).

Remark 1. Let û1 (·) ∈ Arg

min

u1 ∈L2 [0,T ]

I(u1 (·)) and suppose that the condition û1 (t) > 0, t ∈ (0, T ) is

fulfilled. Thus the equation is satisfied:
N
X

k=1

2
2
q11k
(y1k − x1 (tk , û1 (·)))χ(0,tk ) (t)c1 (t)β(t, tk ) + q21
(t)û1 (t) = 0.

Remark 2. The guaranteed error for a posteriori estimation û1 (·) ∈ Gy1 of the function u1 (t), t ∈
(0, T ) (it is optimal estimation for the functional Iy1 (u1 (·))) is calculated by the formula:
σ=

(

sup
v∈Gy

Z T
0

(û1 (t) − v(t))2 dt

)1
2

.

Example 1. Consider the separate case of the system (2):
(

ẋ1 (t) = 0.8x1 (t)(1 − x1 (t) − x2 (t)) + u1 (t),
x1 (0) = 0.4,
t ∈ (0, 5),
ẋ2 (t) = 0.4x2 (t)(1 − x1 (t) − x2 (t)) + 0.05sin(0.5t), x2 (0) = 0.3,

(8)

where
u1 (t) =



 0.1, t ∈ [1, 1.5] ,

0.2, t ∈ [3, 3.5] ,
t∈
/ [1, 1.5] ∪ [3, 3.5] .


 0,

2
Let the parameters of the model satisfy N = 101, ti+1 − ti = 0.05, i = 1, 100, q11k
= 1, k = 1, 101,

2 (t) = 1, t ∈ (0, 5), γ 2 (5) = 0.01. Thus the results of building û (t) and x̂ (t), t ∈ (0, 5) on the basis
q21
1
1
y1
Remark 1 for the mathematical model (2) are presented in Fig. 1 and Fig. 2.
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Figure 1: The estimation of influence for the mathematical model (2), where dotted line – u1 (t), t ∈ (0, 5), full
line – û1 (t), t ∈ (0, 5).

Figure 2: The estimation of the dynamics for the mathematical model (2), where dotted line – x1 (t), t ∈ (0, 5),
full line – x̂1 (t), t ∈ (0, 5), symbols ∗ – observation y1 .

4 The estimations of influence for the case of observing the amount of
supporters of both information flows and known system parameters
for one equation
In this section let us consider the model:
ẋi (t) = ai (t)xi (t) (L − x1 (t) − x2 (t)) + ci (t)ui (t), xi (0) = x0i , i = 1, 2, t ∈ (0, T ),

(9)

where a1 (t), c1 (t) are the known continuous functions on the time interval (0, T ); u1 (t) is the unknown
function of external influence; a2 (t), c2 (t), u2 (t) are the unknown continuous functions on the time
interval (0, T ).
Suppose
ẋ2 (t) = ϕ(t), t ∈ (0, T ),
where ϕ(t) is the unknown continuous function on the time interval (0, T ).
At the points t1 < t2 < . . . < tN , tk ∈ (0, T ), k = 1, N we observe the values:
100
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yik = xi (tk ) + ηik , k = 1, N , i = 1, 2,
where ηik ∈ R1 , k = 1, N , i = 1, 2 are the observed errors.
A posteriori set is presented in the following form:
o

n

Gx2 = ϕ(·) : Iy2 (ϕ(·)) ≤ γy22 (T ) ,
where
N
X

Iy2 (ϕ(·)) =

k=1

2
q12k
(y2k − x2 (tk ))2 +

Z T
0

2
q22
(t)ϕ2 (t)dt.

2 , k = 1, N , γ 2 (T ) are the known scalar values, and q 2 (t), t ∈ (0, T ) is the known function.
Here q12k
y2
22

Theorem 2. The values x̂2 (tj ), j = 1, N , tj ∈ (0, T ) are generated by the system of linear equations:
x̂2 (tj ) +

N
X

2
q12k
x̂2 (tk )hkj = x02 +

k=1

hkj =
Proof. Now we find derivative

N
X

2
q12k
(tj )y2k hkj , k = 1, N ,

k=1

Z T

−2
(t)χ(0,tk ) (t)χ(0,tj ) (t)dt, k, j = 1, N .
q22

0

1 d
2 dw Iy2

(ϕ̂(·) + wv(·))|w=0 , ∀v(t) ∈ L2 (0, T ) and equate it to 0:

1 d
Iy (ϕ̂(·) + wv(·))|w=0 =
2 dw 2

Z T
0

2
q22
(t)ϕ̂(t)v(t)dt

−

N
X

k=1

2
q12k
(y2k − x̂2 (tk ))x̃2 (tk ) = 0,

(10)

where x̃2 (tk ), k = 1, N are found from the system:
x̃˙ 2 (t) = v(t), x̃2 (0) = 0.

(11)

The solution of the Cauchy’s problem (11) takes the form:
x̃2 (tk ) =

Z tk

v(τ )dτ =

Z T
0

0

χ(0,tk ) (τ )v(τ )dτ , k = 1, N .

Instead of relation (10) we have:
1 d
Iy (ϕ̂(·) + wv(·))|w=0 =
2 dw 2

=

Z T
0

Z T
0

2
q22
(t)ϕ̂(t)v(t)dt −

2
q22
(t)ϕ̂(t)v(t)dt −

Z T X
N
0

k=1

N
X

k=1

2
q12k
(y2k − x̂2 (tk ))

Z T
0

χ(0,tk ) (τ )v(τ )dτ =

2
q12k
(y2k − x̂2 (tk ))χ(0,tk ) (τ )v(τ )dτ = 0.

Thus we get the equation:
−2
ϕ̂(t) − q22
(t)

N
X

k=1

q12k (y2k − x̂2 (tk ))χ(0,tk ) (t) = 0, t ∈ (0, T ).

(12)

The values x2 (tk ), k = 1, N satisfies representation:
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Z tk

x2 (tk ) = x02 +

0

ϕ(t)dt = x02 +

Z T
0

χ(0,tk ) (t)ϕ(t)dt, k = 1, N .

(13)

Whereas multiplied the equality (12) on χ(0,tj ) (t), j = 1, N and integrate it then we obtain:
Z T
0

χ(0,tj ) (t)ϕ̂(t)dt =

Z T
0

−2
χ(0,tj ) (t)q22
(t)

N
X

k=1

2
q12k
(y2k − x̂2 (tk ))χ(0,tk ) (t)dt.

The last expression can be represented as:
Z T
0

χ(0,tj ) (t)ϕ̂(t)dt + x02 = x02 +

−

=

Z T
0

x02

−

0

−2
χ(0,tj ) (t)q22
(t)

+

−2
χ(0,tj ) (t)q22
(t)

N
X

N
X

2
q12k
y2k χ(0,tk ) (t)dt−

k=1

2
q12k
x̂2 (tk )χ(0,tk ) (t)dt =

k=1

N
X

2
q12k
y2k

k=1
N
X

Z T

2
q12k
x̂2 (tk )

k=1

Z T
0

Z T
0

−2
q22
(t)χ(0,tj ) (t)χ(0,tk ) (t)dt−

−2
(t)χ(0,tk ) (t)dt, j = 1, N .
χ(0,tj ) (t)q22

(14)

Substituting (13) into (14) we get equations:
x̂2 (tj ) +

N
X

2
q12k
x̂2 (tk )hkj = x02 +

k=1

N
X

2
q12k
y2k hkj , j = 1, N .

k=1

Remark 3. The differential equation for x1 (t), t ∈ (0, T ) in the system (9) is presented in the following
form:
ẋ1 = a1 (t)x1 (t) (L − x1 (t) − x̂2 (t)) − a1 (t)x1 (t)(x2 (t) − x̂2 (t)) + c1 (t)u1 (t),

(15)

where x̂2 (t), t ∈ (0, T ) is found from Theorem 2.
Let us consider the inequality
kx2 − x̂2 k ≤ ,
where  > 0 is enough small value.
Thus the second term in the equation (15) is ignored and the problem of finding estimation u1 (t),
t ∈ (0, T ) for the system (9) is introduced to the previous case of estimations of influence for the case
of observing the amount of supporters of one information flow and known system parameters.
Example 2. Let us consider the special case of the system (9):
(

ẋ1 (t) = 0.8x1 (t)(1 − x1 (t) − x2 (t)) + u1 (t),
x1 (0) = 0.4,
t ∈ (0, 5),
ẋ2 (t) = 0.4x2 (t)(1 − x1 (t) − x2 (t)) + 0.05sin(0.5t), x2 (0) = 0.3,

(16)

where
u1 (t) =
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 0.1, t ∈ [1, 1.5] ,

0.2, t ∈ [3, 3.5] ,
t∈
/ [1, 1.5] ∪ [3, 3.5] .


 0,
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2
2
Let the parameters of the model satisfy N = 101, ti+1 − ti = 0.05, i = 1, 100, q11k
= 1, q12k
= 1,
2
2
2
2
k = 1, 101, q21 (t) = 1, q22 (t) = 1, t ∈ (0, 5), γy1 (5) = 0.01, γy2 (5) = 0.005. Thus the results of building
û1 (t), x1 (t), x2 (t), t ∈ [0, 5] for the mathematical model (16) on the basis Theorem 2, Remark 1 and
Remark 3 are presented in Fig. 3 and Fig. 4.

Figure 3: The estimation of influence for the mathematical model (16), where dotted line – u1 (t), t ∈ (0, 5), full
line – û1 (t), t ∈ (0, 5).

Figure 4: The estimation of the dynamics for the mathematical model (16), where dotted line xi (t), i = 1, 2,
t ∈ (0, 5), full line – x̂i (t), i = 1, 2, t ∈ (0, 5), symbols ∗ – observation yi , i = 1, 2.
XXXII International Conference PDMU, Czech Republic, Prague, August 27–31, 2018

103

5 The estimations of influence for the case of observing the amount of
supporters of both information flows and known system parameters
Consider the case of model (1):
ẋi (t) = ai (t)xi (t) (L − x1 (t) − x2 (t)) + ci (t)ui (t), xi (0) = x0i , i = 1, 2, t ∈ (0, T ),

(17)

where ai (t), ci (t), u2 (t), t ∈ (0, T ) are the known continuous functions on the time interval (0, T );
u1 (t), t ∈ (0, T ) is the unknown function of external influence and satisfies the condition u1 (t) ≥ 0 on
the time interval (0, T ).
At the points t1 < t2 < . . . < tN , k = 1, N , tk ∈ (0, T ) we observe the values:
yik = xi (tk ) + ηik , k = 1, N , i = 1, 2,
where ηik ∈ R1 , k = 1, N , i = 1, 2 are the observed errors.
To define the functions φi (t), i = 1, 2, t ∈ (0, T ) in the forms:
φi (t) = ai (t)xi (t) (L − x1 (t) − x2 (t)) + ci (t)ui (t), i = 1, 2, t ∈ (0, T ).
Let us find the linear approximation of the functions φi (t), i = 1, 2, t ∈ (0, T ) in neighbourhood of the
¯ 1 (t), x̄
¯ 2 (t), t ∈ (0, T ) of the system (17):
approximate solutions x̄
¯ 1 (t) (L − x̄
¯ 1 (t) − x̄
¯ 2 (t)) + c1 (t)u1 (t)+
φ1 (t) ≈ a1 (t)x̄
¯ 1 (t) − x̄
¯ 2 (t)) − a1 (t)x̄
¯ 1 (t)] (x1 (t) − x̄
¯ 1 (t)) − a1 (t)x̄
¯ 1 (t)(x2 (t) − x̄
¯ 2 (t)),
+ [a1 (t) (L − x̄
¯ 1 (t) (L − x̄
¯ 1 (t) − x̄
¯ 2 (t)) + c2 (t)u2 (t)−
φ2 (t) ≈ a2 (t)x̄
¯ 2 (t)(x1 (t) − x̄
¯ 1 (t)) + [a2 (t) (L − x̄
¯ 1 (t) − x̄
¯ 2 (t)) − a2 (t)x̄
¯ 2 (t)] (x2 (t) − x̄
¯ 2 (t)).
−a2 (t)x̄
Thus get the system:
(

ẋ1 (t) = a11 x1 (t) + a12 x2 (t) + b1 (t) + c1 (t)u1 (t), x1 (0) = x01 ,
t ∈ (0, T ),
ẋ2 (t) = a21 x1 (t) + a22 x2 (t) + b2 (t),
x2 (0) = x02 ,

(18)

where
¯ 1 (t) − x̄
¯ 2 (t)) , a12 = −a1 (t)x̄
¯ 1 (t),
a11 (t) = a1 (t) (L − 2x̄
¯ 2 (t), a22 = a2 (t) (L − x̄
¯ 1 (t) − 2x̄
¯ 2 (t)) ,
a21 (t) = −a2 (t)x̄
¯ 1 (t)(x̄
¯ 1 (t) + x̄
¯ 2 (t)), b2 (t) = a2 (t)x̄
¯ 2 (t)(x̄
¯ 1 (t) + x̄
¯ 2 (t)) + c2 (t)u2 (t).
b1 (t) = a1 (t)x̄
A posteriori set has the following form:
n

o

Gy1 y2 = u1 (·) : Iy1 y2 (u1 (·)) ≤ γy21 y2 (T ) ,
where
Iy1 y2 (u1 (·)) =

N
X

k=1

2
q11k

2

(y1k − x1 (tk )) +

N
X

k=1

2
q12k

2

(y2k − x2 (tk )) +

Z T
0

q22 (t)u21 (t)dt.

2 , q 2 , k = 1, N , γ 2
2
Here q11k
y1 y2 (T ) are the known scalar values, and q2 (t), t ∈ (0, T ) is the known
12k
function.
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Theorem 3. The optimal estimation û1 (·) ∈ Arg
for the system (18) is calculated by:
û1 (t) = q2−2 (t)

N
X

k=1

min

u1 ∈Gy1 y2

2
q11k
(y1k − x̄1 (tk ) − d1k )g̃1k (t) + q2−2 (t)

Iy1 y2 (u1 (·)) of the influence u1 (t), t ∈ (0, T )

N
X

k=1

2
q12k
(y2k − x̄2 (tk ) − d2k )g̃2k (t), t ∈ (0, T ).

Here
d1k
d2k

!

=

Z T
0

χ(0,tk ) (τ )Φ(tk , τ )

g̃1k (t)
g̃2k (t)

!

!

b1 (τ )
b2 (τ )

dτ + Φ(tk , 0)

c1 (t)
0

= χ(0,tk ) (t)Φ(tk , t)

x01
x02

!

!

, k = 1, N ,

, k = 1, N , t ∈ (0, T )

and Φ(tk , τ ), k = 1, N are the normalized fundamental matrix at τ of the system (18); the values
x̄i (tj ), j = 1, N , i = 1, 2 are found from system linear equations:

P
PN
(1)
(2)
2
2

x̄1 (tj ) + N

k=1 q11k x̄1 (tk )rkj +
k=1 q12k x̄2 (tk )rkj =



 = PN q 2 (y − d )r (1) − PN q 2 (y − d )r (2) ,
2k kj
1k kj
k=1 12k 2k
k=1 11k 1k
j = 1, N ,
PN
PN
(4)
(3)
2
2

x̄2 (tj ) + k=1 q11k x̄1 (tk )rkj + k=1 q12k x̄2 (tk )rkj =




 = PN q 2 (y − d )r (3) − PN q 2 (y − d )r (4) ,
k=1 11k

where

(1)

rkj =

(3)

1k

k=1 12k

kj

Z T

q2−2 (t)g̃1j (t)g̃1k (t)dt, rkj =

Z T

q2−2 (t)g̃2j (t)g̃1k (t)dt, rkj =

0

rkj =

1k

0

(2)

(4)

Proof. Find derivative û1 ∈ Arg
0, ∀v(·) ∈ L2 (0, T ):

min

u1 ∈Gy1 y2

N
X

k=1

2k

kj

Z T

q2−2 (t)g̃1j (t)g̃2k (t)dt, k, j = 1, N ,

Z T

q2−2 (t)g̃2j (t)g̃2k (t)dt, k, j = 1, N .

0

0

Iy1 y2 (u1 (·)) from the condition

1 d
Iy y (û1 (·) + wv(·))|w=0 =
2 dw 1 2

−

2k

2
q11k
(y1k − x1 (tk ))x̃1 (tk ) −

N
X

k=1

Z T
0

1 d
2 dw Iy1 y2

(û(·) + wv(·))|w=0 =

q22 (t)û1 (t)v(t)dt−

2
q12k
(y2k − x2 (tk ))x̃2 (tk ) = 0,

where x̃1 (t), x̃2 (t), t ∈ (0, T ) are the solutions of the system of differential equations:
(

x̃˙ 1 (t) = a11 x̃1 (t) + a12 x̃2 (t) + c1 (t)v(t), x̃1 (0) = 0,
t ∈ (0, T ).
x̃˙ 2 (t) = a21 x̃1 (t) + a22 x̃2 (t),
x̃2 (0) = 0,

(19)

On the basis Cauchy’s formula the solution of the system (19) has the form:
x̃1 (tk )
x̃2 (tk )

!

=

Z tk
0

Φ(tk , τ )

c1 (τ )v(τ )
0

!

dτ =

Z T
0

χ(0,tk ) (τ )Φ(tk , τ )

c1 (τ )v(τ )
0

!

dτ , k = 1, N .

Since we get the representation:
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Z T

x̃i (tk ) =

0

g̃ik (τ )v(τ )dτ , tk ∈ (0, T ), k = 1, N , i = 1, 2.
1 d
2 dw Iy1 y2

Thus substituting the relation (20) into the equation
1 d
Iy y (û1 + wv)|w=0 =
2 dw 1 2

−

N
X

k=1

Z T

2
q11k
(y1k − x1 (tk ))

Z T

=

0

0

g̃1k (τ )v(τ )dτ −

q22 (t)û1 (t)v(t)dt −

−

Z T X
N
0

k=1

Z T X
N
0

k=1

Z T
0

N
X

k=1

(20)

(û1 + wv)|w=0 = 0 we obtain:

q22 (t)û1 (t)v(t)dt−

2
q12k
(y2k − x2 (tk ))

Z T
0

g̃2k (τ )v(τ )dτ =

2
q11k
(y1k − x1 (tk ))g̃1k (τ )v(τ )dτ −

2
q12k
(y2k − x2 (tk ))g̃2k (τ )v(τ )dτ = 0.

Instead of the last equality we have:

û1 (t) −

N
X

q2−2 (t)

2
q11k
(y1k

k=1

− x1 (tk ))g̃1k (t) −

q2−2 (t)

N
X

k=1

2
q12k
(y2k − x2 (tk ))g̃2k (t) = 0, t ∈ (0, T ).

(21)

On the basis of the Cauchy’s formula the solution of the system (18) is calculated by:
x1 (tk )
x2 (tk )

= Φ(tk , 0)

x01
x02

!

+

!

Z T
0

x01
x02

= Φ(tk , 0)

χ(0,tk ) Φ(tk , τ )

!

+

c1 (τ )
0

Z tk
0

!

b1 (τ ) + c1 (τ )u1 (τ )
b2 (τ )

Φ(tk , τ )

u1 (τ )dτ +

Z T
0

χ(0,tk ) Φ(tk , τ )

!

dτ =

b1 (τ )
b2 (τ )

!

dτ , k = 1, N .

As a result we have the formula for xi (tk ), k = 1, N , i = 1, 2:
xi (tk ) =
Let us denote x̄i (tk ) =

RT
0

Z T
0

g̃ik (τ )u1 (τ )dτ + dik , tk ∈ (0, T ), k = 1, N , i = 1, 2.

(22)

g̃ik (τ )u1 (τ )dτ , k = 1, N , i = 1, 2 than equation (21) has the form:
xi (tk ) = x̄i (tk ) + dik , tk ∈ (0, T ), i = 1, 2.

(23)

Substituting relation (23) into equal (21) we obtain:
û1 (t)−q2−2 (t)

N
X

k=1

2
q11k
(y1k − x̄1 (tk ) − d1k )g̃1k (t)−q2−2 (t)

N
X

k=1

2
q12k
(y2k − x̄2 (tk ) − d2k )g̃2k (t) = 0, t ∈ (0, T ).

Multiplying both sides of the equation (21) by g̃1j (t), j = 1, N and finding integral of it we get:
Z T
0

106

g̃1j (t)û1 (t)dt −

Z T
0

g̃1j (t)q2−2 (t)

N
X

k=1

2
q11k
(y1k − x1 (tk ))g̃1k (t)dt−
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−

Z T
0

g̃1j (t)q2−2 (t)

N
X

k=1

2
q12k
(y2k − x2 (tk ))g̃2k (t)dt = 0, j = 1, N .

(24)

Applying (23) the equality (24) has the following form:
x̄1 (tj ) −
−

Z T

Z T
0

g̃1j (t)q2−2 (t)

k=1

g̃1j (t)q2−2 (t)

0

N
X

N
X

k=1

2
q11k
(y1k − x̄1 (tk ) − d1k )g̃1k (t)dt−

2
q12k
(y2k − x̄2 (tk ) − d2k )g̃2k (t)dt = 0, j = 1, N .

(25)

The equation (25) can be written as:
x̄1 (tj ) −
−

N
X

N
X

k=1

2
q12k
(y2k

k=1

2
q11k
(y1k − x̄1 (tk ) − d1k )

− x̄2 (tk ) − d2k )

Z T
0

Z T
0

q2−2 (t)g̃1j (t)g̃1k (t)dt−

q2−2 (t)g̃1j (t)g̃2k (t)dt = 0, j = 1, N .

(26)

Applying the previously entered notation instead of relation (26) we have:
x̄1 (tj ) +

N
X

(1)

2
q11k
x̄1 (tk )rkj +

k=1

=

N
X

2
q11k
(y1k

k=1

−

N
X

(2)

2
q12k
x̄2 (tk )rkj =

k=1

(1)
d1k )rkj

−

N
X

k=1

(2)

2
q12k
(y2k − d2k )rkj , j = 1, N .

Using similar considerations we have the expressions for x̄2 (tj ), j = 1, N :
x̄2 (tj ) +

N
X

(3)

2
q11k
x̄1 (tk )rkj +

k=1

=

N
X

2
q11k
(y1k

k=1

−

N
X

(4)

2
q12k
x̄2 (tk )rkj =

k=1

(3)
d1k )rkj

−

N
X

k=1

(4)

2
q12k
(y2k − d2k )rkj , j = 1, N .

Let us rewrite previous results in the form of the system of linear equations:


P
2 x̄ (t )r (1) + PN q 2 x̄ (t )r (2) =

q11k
x̄1 (tj ) + N

1 k kj
k=1 12k 2 k kj
k=1



 = PN q 2 (y − d )r (1) − PN q 2 (y − d )r (2) ,
2k kj
1k kj
k=1 12k 2k
k=1 11k 1k
j = 1, N .
PN
PN
(3)
(4)
2
2

x̄2 (tj ) + k=1 q11k x̄1 (tk )rkj + k=1 q12k x̄2 (tk )rkj =




 = PN q 2 (y − d )r (3) − PN q 2 (y − d )r (4) ,
k=1 11k

1k

1k

kj

k=1 12k

2k

2k

kj

The theorem has been proven.

6 Conclusions
We developed a novel approach to algorithm constructing for estimation of influence for models of
information spreading process for the case of observing the amount of supporters of one information
flow with known system parameters. Moreover, we investigated the case of supporters of both information flows with known system parameters for given equation. In addition, we considered the case
of supporters of both information flows with known system parameters. The numerical experiments
demonstrated the practical meaning of the offered results. The results can be useful for algorithm
development for estimation of external influence for any other type of information spreading process
models.
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Notes on Dynamic Panel Data Models
in Terms of Military Spending Determinants Analysis
Jiřı́ Neubauer, Jakub Odehnal, Todor Ivanov
Abstract: The contribution deals with the problem of dynamic panel data
modeling. One can find several methods of estimation dynamic data model
parameters. We focus on three commonly used approaches to panel data modeling. The first uses a fixed effect model, the second is based on a generalized
method of moments, and the third employs a system generalized method of
moments. We discuss the properties of the mentioned estimates. The models
are applied to time series of military spending in 27 NATO member countries
and to other time series describing the economic and security environment in
analyzed states in order to identify possible determinants of military spending.
The estimated models are compared in terms of a quality of fit and residual
analysis.
Keywords: panel data, fixed effect model, generalized method of moments,
military spending.

1 Introduction
Panel data analysis is a statistical method, broadly used in social science, econometrics or epidemiology
to analyze cross sectional and longitudinal panel data which are two-dimensional. The data are usually
collected over time and over the same individuals (countries, persons, factories, . . . ). This approach
can often be found in currently published papers and journals dealing with security issues in terms
of modeling of military expenditures (Dunne and Perlo-Freeman, 2003; Dunne et al., 2010; Ali, 2012;
Yildirim et al., 2005; Ambler and Neubauer, 2017).
The aim of the modeling of determinants of military spending is to identify factors influencing
the amount of money allocated to defense. Empirical studies aimed at identifying military spending
determinants classify those determinants into groups of economic factors, security factors, and political
factors. The economic environment is usually characterized by the size of the gross domestic product
of a country that characterizes its economic level, GDP growth rate or fiscal variables that describe
budget surplus (deficit) or state debt. The security environment is often defined by variables that
describe the external or internal risks of an armed conflict (measured by dummy variables or possible
likelihood of this phenomenon), civil war risks, or military expenditures of potential enemy countries,
neighboring countries, or allied countries forming the defense alliance. The political environment is
characterized through variables describing the form of government, or, for example, the quality of
democracy through quantified values characterizing different counterparts in the form of differences
between democracy and autocracy in the countries.

2 Panel models
The pooling linear model for panel data is
yit = α + β 0 Xit + uit ,

(1)

where i = 1, 2, . . . , n is the individual index (group, country, . . . ), t = 1, 2, . . . , T is the time index and
uit is a random zero mean disturbance term, Xit is a k × 1 vector of independent variables, βit is a
k × 1 vector of parameters (Croissant and Millo, 2008). This model can be estimated by the ordinary
least squares method (OLS).
To model individual heterogeneity, let us assume that the error term has two separate components
uit = µi + it , where µi is specific to the individual and does not change over time.
yit = α + β 0 Xit + µi + it
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The error term it is usually assumed independent of both the regressors Xit and the individual
component µi . If the individual component is correlated with the regressors, it it common to treat the
µi as next n parameters to be estimated. This is called the fixed effect model (Hsiao, 2014; Wooldridge,
2002). If we denote αi = α + µi we obtain the model
yit = αi + β 0 Xit + it .

(3)

This model is sometimes called the least squares dummy variable model, it is usually estimated by
OLS.
If the individual component µi is uncorrelated with the regressors, the model is termed random
effect, µi are not treated as fixed parameters, but as random drawings from a given probability
distribution. One of the assumptions related to OLS is that the error term is independently and
identically distributed. In the context of panel data it means that E(u2it ) equals a constant σu2 for all i
and t, the covariance E(uis , uit ) is equal to zero for all s 6= t and the covariance E(ujt , uit ) equals zero
for all j 6= t. If these assumptions are not met, and they are unlikely to be met in case of panel data,
OLS estimator is not the most efficient estimator. To get greater efficiency, generalized least squares
(GLS) may be used, taking into account the covariance structure of error term.
A dynamic linear panel data model can be written in the form
yit = ρyi,t−1 + β 0 Xit + µi + it .

(4)

Using fixed model estimator for the dynamic panel model (4) we obtain estimates which are biased
Hsiao (2014). In this case, the generalized method of moments is recommended. To eliminate the
individual effect, the first difference of the model (4) is computed
∆yit = ρ∆yi,t−1 + β 0 ∆Xit + ∆it .

(5)

The error term ∆it is autocorrelated and also correlated with lagged dependent variable ∆yi,t−1 .
Generalized method of moments (GMM) approach is used to get estimates of equation (5), see Arellano
and Bond (1991). Least squares are inconsistent because ∆it is correlated with ∆yit−1 . It can be
shown that yi,t−2 is an instrument for ∆yi,t−1 (Anderson and Hsiao, 1981). The GMM estimator uses
the fact that the number of valid instruments is growing with t
• t = 3: yi1 ,

• t = 4: yi1 , yi2 ,

• t = 5: yi1 , yi2 , yi3 .
The matrix of instruments is





Zi = 




yi1 0
0
0
0
0
0 yi1 yi2 0
0
0
0
0
0 yi1 yi2 yi3
..
..
..
..
..
..
.
.
.
.
.
.
0
0
0
0
0
0

The moment conditions are:
GMM estimator minimize

Pn

0
i=1 Zi ei (β)
n
X
i=1

...
...
...
..
.

0
0
0
..
.

0
0
0
..
.

0
0
0
..
.

0
0
0
..
.

0
Xi3
0
Xi4
0
Xi5
..
.

0
. . . yi1 yi2 . . . yi,T −2 Xi,T






.




(6)

where ei (β) is the vector of residuals for individual i. The
0

!

ei (β) Zi A

n
X
i=1

!

Zi0 ei (β)

,

(7)

where A is the weighting matrix of the moments.
One-step estimators are computed using a known weighting matrix
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A(1) =

n
X

Zi0 H (1) Zi

i=1

!−1



,




(1)
H =



Pn

(2)

2 −1 0 . . .
−1 2 −1 . . .
0 −1 2 . . .
..
..
..
..
.
.
.
.
0
0
0 −1
(1)

(1)0

0
0
0
..
.
2

(1)






.




(8)

Two-steps estimators are obtained using Hi = i=1 ei ei where ei are the residuals of the
one step estimate.
Blundell and Bond (1998) showed that the lagged levels are valid but weak instruments for first
differenced variables, especially if the variables are close to a random walk. Their modification of
the estimator includes lagged levels as well as lagged differences. More precisely, they proved that
∆yit−2 = yit−2 − yit−3 is a valid instrument. The estimator is obtained using the residual vector in
difference and in level
e+
i = (∆ei , ei )
and the matrix of instruments









+
Zi = 
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0
0
0
0
0
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.








(9)

This estimator is usually denoted as the System GMM estimator (GMM-SYS).

3 Data description
To quantify the determinants of military expenditures, the authors selected data defining economic,
security and political risks of the respective countries. In order to analyze economic environment as
a determinant of military expenditures, the following variables were monitored: budget balance as
a percentage of GDP, foreign debt as a percentage of GDP, economic conditions measured by the
GDP and GDP growth rate and risk of inflation. For security risk analysis, the following variables
were used: the risk of foreign pressures, the risk of cross-border conflict, the risk of terrorism and the
risk of ethnic tensions. To analyze political risks, a variable evaluating the democratic accountability
was chosen. Actual variables contained in the database are further observed for analytical purposes
on the scale shown in Table 1. Therefore, higher values of these variables are interpreted as higher
economic, security or political risks.
Data describing military expenditures as a share in GDP was obtained from the Stockholm International Peace Research Institute (SIPRI) database (SIPRI, 2018). Data characterizing selected
determinants of military expenditures in the form of quantified socio-economic, security and political
risks are from the PRS database (PRS, 2018). The detailed description of data from PRS database is
in Table 1.
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Variables

Description

Measurement

Budget Balance as a
Percentage of GDP

The estimated central government budget balance as a percentage of the estimated GDP.
The estimated gross foreign debt in a
given year is expressed as a percentage
of GDP.
The estimated GDP is expressed as a
percentage of the average of the estimated total GDP of all countries.
The annual change in the estimated
GDP, at constant 1990 prices, of a given
country is expressed as a percentage increase or decrease.
The estimated annual inflation rate
(the unweighted average of the Consumer Price Index) is calculated as a
percentage change.
A score of 0 points equates to Very Low
Risk and a score of 10 points to Very
High Risk.
A score of 0 points equates to Very Low
Risk and a score of 10 points to Very
High Risk.
A score of 0 points equates to Very Low
Risk and a score of 10 points to Very
High Risk.
Higher ratings are given to countries
where racial and ethnic tensions are
high. Lower ratings are given to countries where tensions are minimal.
This is a measure of how responsive the
government is to its people

e.g. 4.0 plus % of GDP, 0 points; 3 to
3.9, 0.5 points; and e.g. 8 to 8.9, 6.5
points; -30.0 bellow, 10 points
e.g. 0 to 4.9, 0 points; 5 to 9.9, 0.5
points and 200 plus, 10 points

Foreign Debt as a Percentage of GDP
GDP per Capita

Actual GDP Growth

Inflation

Foreign Pressures

Cross-Border Conflict

Terrorism

Ethnic Tensions

Democratic Accountability

e. g. 250 plus (% of average), 0 points;
200 to 249.99, 1 point; and e.g. up to
9.9, 10 points
e.g. 6 % change plus, 0 points; change
5 to 5.9, 0.5 points; and e.g. 5.0 to 5.9,
9.5 points; 6.0 below, 10 points
e.g. 130% change plus, 0 points; 2.0
below, 10 points

a minimum score of 0 points, a maximum score of 10 points
a minimum score of 0 points, a maximum score of 10 points
a minimum score of 0 points, a maximum score of 10 points
a minimum score of 0 points, a maximum score of 10 points

a minimum score of 0 points, a maximum score of 10 points

Table 1: Description of the data from the PRS database used in panel models

4 Empirical results
In order to model the development of NATO military expenditures, we decided to use the panel data
models described in the previous section, namely the fixed and random effect models, and GMM and
GMM-SYS models.
At first, we applied a fixed and random model with lagged response variable MILEXt−1 . Table 5
contains estimates and standard errors of the full model with all explanatory variables and the final
models with statistically significant estimates (up to the significance level of 0.10). The final models
were determined by the strategy of backward selection (elimination) starting from the model containing
all explanatory variables. According to Hausman test (Wooldridge, 2002), it can be claimed that the
fixed and random effect models are not equivalent (p-value is 2.036 · 10−9 ). In this case, the results of
the fixed effect model are recommended. It should be noted that OLS parameter estimates of the fixed
model with a lagged value of the response variable as a regressor are biased. That is the reason to use
another methods or models. In addition, the residuals of this model show significant autocorrelation,
see Table 2.
Models based on the general methods of moments are often used to estimate dynamic panel models
for “short” panels (T is small compared to n). In our case, we have T = 17 and n = 27. We decided
to employ two-step GMM and GMM-SYS methods to estimate the parameters. The results are
summarized in Table 5. Tables 3 and 4 contain several tests on estimated models. According to the
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results of the Sargan test, the instrument variables are valid in all models (Hsiao, 2014; Wooldridge,
2002). When the idiosyncratic errors in the panel are independently and identically distributed, the
first-differenced errors will become first-order autocorrelated. It means that the results of the ArellanoBond test (order 1) should indicate the presence of autocorrelation. This phenomenon can be observed
in all estimated models. Nevertheless, for the higher order of autocorrelation (we tested order 2), the
residuals are not correlated.
The quality of the regression fit can be measured by the standard error
c =
SE

n X
T
X
1
(yit − ŷit )2 ,
n(T − t0 ) − k i=1 t=t0

(10)

where i = 1, 2, . . . , n, t = 1, 2, . . . , T and t0 = 2 for the fixed model and t0 = 3 for the GMM and
GMM-SYS model, k is a number of estimated parameters. These errors are displayed in Table 5. The
c better fit than GMM and GMM-SYS models. The models
fixed effect models offer, according to SE,
based on GMM method are all comparable.
If we compare the final estimated models, we can see that the fixed effect model and the GMM
model contains the same regressors, the lagged value of military expenditures (MILEXt−1 ), the risk for
budget balance (BALANCEt−1 ) and the risk for GDP (GPDt−1 ). The parameter estimates are almost
the same. The GMM-SYS estimates differ significantly. The final model is formed, except for the the
lagged value of military expenditures (MILEXt−1 ), by the risk for foreign debt (DEBTt−1 ), the risk
for GDP (GPDt−1 ), the risk for inflation (INFLATIONt−1 ), the risk for terrorism (TERRORISMt−1 )
and the risk for ethnic tension (ETHNICt−1 ). The estimated parameter corresponding to the regressor
MILEXt−1 is very close to 1, which can cause problems with model stability (non-stationarity). Given
the above, we would prefer the regression model estimated by GMM.
Full model
Statistics
p-value

Test
Breusch-Godfrey/Wooldridge test (order 1)
Breusch-Godfrey/Wooldridge test (order 2)
Durbin-Watson test
Wooldridge’s test

15.846
16.504
1.663
5.502

Final model
Statistics
p-value

6.872·10−5
0.00026
7.769·10−5
0.019

15.706
16.173
1.657
4.853

7.399·10−5
0.00031
0.00015
0.0276

Table 2: Tests of correlation in residuals – fixed effect models
Full model
Statistics p-value

Test
Sargan test
Arellano-Bond test (order 1)
Arellano-Bond test (order 2)

11.982
−2.670
−1.367

1
0.00759
0.17159

Final model
Statistics p-value
23.221
−3.188
−1.386

1
0.00143
0.16567

Table 3: Tests of correlation in residuals – GMM models
Full model
Statistics p-value

Test
Sargan test
Arellano-Bond test (order 1)
Arellano-Bond test (order 2)

19.193
−3.714
−1.386

1
0.00020
0.16587

Final model
Statistics p-value
22.635
−3.576
−1.407

1
0.00035
0.15957

Table 4: Tests of correlation in residuals – GMM-SYS models
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FE full

FE final GMM full GMM final GMM-SYS full GMM-SYS final

MILEXt−1

0.787∗∗∗
(0.030)

0.791∗∗∗
(0.024)

BUDGETt−1

−0.015∗∗ −0.017∗∗∗
(0.007)
(0.007)

DEBTt−1

GDPt−1

0.809∗∗∗
(0.152)

0.814∗∗∗
(0.073)

0.986∗∗∗
(0.062)

−0.018∗
(0.009)

−0.031∗∗
(0.013)

−0.006
(0.015)

0.007∗
(0.011)

0.012
(0.005)

−0.013∗∗∗ −0.014∗∗∗ −0.018∗∗∗
(0.004)
(0.004)
(0.004)

−0.013∗∗
(0.007)

0.978∗∗∗
(0.020)

0.006∗
(0.004)

0.006∗
(0.003)

−0.013∗∗
(0.005)

−0.012∗∗∗
(0.004)

GDPPCt−1

−0.012
(0.012)

−0.019
(0.018)

0.0002
(0.005)

INFLATIONt−1

0.005
(0.012)

−0.018
(0.028)

−0.038∗∗
(0.017)

FOREIGNt−1

−0.009
(0.009)

−0.002
(0.009)

0.004
(0.009)

CONFLICTt−1

0.010
(0.008)

0.013
(0.015)

0.0003
(0.013)

TERRORISMt−1

0.004
(0.008)

−0.006
(0.011)

0.008
(0.009)

0.008∗
(0.005)

ETHNICt−1

−0.010
(0.016)

0.011
(0.025)

0.009
(0.007)

0.009∗∗
(0.004)

DEMOCRATICt−1

0.017
(0.013)

0.041
(0.030)

0.005
(0.009)

c
SE

0.12763

0.12741

0.15760

0.15645

0.15442
∗

Note:

−0.035∗∗∗
(0.009)

p<0.1;

0.15429
∗∗

p<0.05;

∗∗∗

p<0.01

Table 5: Panel data models for military expenditures (MILEXt ); standard errors are in parenthesis

5 Conclusion
We applied three models to describe military expenditures in NATO member countries from 2001
to 2017. We have found that despite the theoretical flaws, the fixed effect model with the lagged
response variable as the regressor gives the best fit to data. The parameter estimates of this model and
model based on GMM are rather comparable. The estimates obtained by the GMM-SYS method give
different results for given data. We can conclude that, according to our findings, military expenditures
in the NATO members countries are mainly determined by the economic situation.
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Asymptotic Analysis of One Model for Information Dissemination
Anatolii Nikitin, Vitalii Dron, Mykola Gorbatenko
Abstract: We investigate model of information dissemination that can be
represented by stochastic evolutionary equation. We consider the case where
system disturbances are defined by impulse process in nonclassical approximation scheme by Lévy, and we pay special attention to the asymptotic behavior
of the generator of this system. We describe the behavior of the limit process,
that depends on prelimit normalizing of stochastic evolutionary system in ergodic Markov environment. And we obtained here the sufficient conditions of
asymptotic dissipativity for the considering model.
Keywords: stochastic evolutionary equation, dissipativity, dissermination of
information model.

1 Introduction
With the technological development of society, the possibility of information influence on social communities becomes increasingly important. From the end of the twentieth century, a number of leading
scholars from different countries consider the dissemination of information as one of the leading roles
in the internal and external socio-economic processes. There were publications that describe the process of disseminating information, in particular, Mihailov and Marentseva (2015), the possibility of
using it in their own interests, both for disseminating ”necessary” information and for counteracting
unwanted tendencies in society. An extremely important issue, arisen in this area, is the construction
and systematic analysis of mathematical models, that adequately describe this process. A promising
direction for this problem is mathematical models written in the form of stochastic evolutionary equations with the impulsive influence Korolyuk and Korolyuk (1999), Samoilenko et al. (2018), Nikitin
(2015).

2 Some theoretical points
Stochastic evolutionary system in the ergodic Markov environment is defined by the stochastic diffenential equation
duε (t) = C(uε , x(t/ε2 ))dt + dη ε (t), uε (t) ∈ R.
(2.1)
where uniformly ergodic Markov process x(t) in standart phase space (X, X), is defined by the generator
Z
Qϕ(x) = q(x) P (x, dy)[ϕ(y) − ϕ(x)]
X

on the Banach space B(X) of real-valued bounded functions ϕ(x) with the supremum norm kϕk =
max |ϕ(x)|.
x∈X

The stochastic kernel P (x, B), x ∈ X, B ∈ X defines uniformly ergodic embedded Markov chain
xn = x(τn ), n ≥ 0, with stationary distribution ρ(B), B ∈ X. Stationary distribution π(B), B ∈ X of
the Markov process x(t), t ≥ 0 is defined by the relation
π(dx)q(x) = qρ(dx), q =

Z

π(dx)q(x).

X

Denote by R0 potential operator of the generator Q, which is determined by the equality Korolyuk
and Limnios (2005)
R0 = Π − (Π + Q)−1 ,
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where Πϕ(x) =

R

X

π(dy)ϕ(y)1(x) is the projector of zeroes of generator Q onto subspace NQ = {ϕ :

Qϕ = 0}.
The impulse process of perturbations (IPP) η ε (t), t ≥ 0, in the Lévy approximation scheme is
defined by the relation
ε

η (t) =

Zt

η ε (ds, x(s/ε2 )),

(2.2)

0

where the family of processes with independent increments η ε (t, x), t ≥ 0, x ∈ X, is defined by the
generators
Z
Γ (x)ϕ(w) = ε−2

R

(ϕ(w + v) − ϕ(w))Γε (dv, x), x ∈ X

(2.3)

and satisfies the properties of Lévy approximation Korolyuk and Limnios (2005)
L1. The approximation of averages
Z

R

vΓε (dv, x) = εa1 (x) + ε2 (a2 (x) + θa (x)), θa (x) → 0, ε → 0,

and

Z

R

v 2 Γε (dv, x) = ε(b(x) + θb (x)), θb (x) → 0, ε → 0,

L2. The condition imposed on the distribution function
Z

R

g(v)Γε (dv, x) = ε2 (Γg (x) + θg (x)), θg (x) → 0, ε → 0,

for all g(v) ∈ C 2 (R) (the space of real-valued bounded functions such that g(v)/|v|2 → 0, |v| → 0),
where measure Γg (x) is bounded for all g(v) ∈ C 2 (R) and is defined by the relation (functions from
the space C 2 (R) separate the measures):
Γg (x) =

Z

R

g(v)Γ0 (dv, x), g(v) ∈ C 3 (R);

L3. The uniform quadratic integrability
Z

sup lim

c→∞
|v|>c

v 2 Γ0 (dv, x) = 0;

Assume that the balance condition is fulfilled
â1 :=

Z

π(dx)a1 (x) = 0.

(2.4)

X

Consider the asymptotic properties of the perturbation process and the original evolutionary system (2.1).
Theorem 1. If balance condition (2.4) and conditions L1 – L3 are satisfied, weak convergence
η ε (t) → η 0 (t), ε → 0
takes place for IPP (2.3).
The limiting process η 0 (t) is defined by the generator
1
Γϕ(w) = â2 ϕ (w) + σ 2 ϕ00 (w) +
2
0

Z

R

[ϕ(w + v) − ϕ(w)]Γ̂0 (dv),
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where
â =
σ2 =

Z

X

Z

X

π(dx)(a2 (x) − a0 (x)),

π(dx)(b(x) − b0 (x)) + 2

Z

π(dx)a1 (x)R0 a1 (x),

X

Z

vΓ0 (dv, x),

Z

v 2 Γ0 (dv, x),

a0 (x) =

R

b0 (x) =

R

Γ̂0 (v) =

Z

π(dx)Γ0 (v, x),

X

and is a Lévy process, which has three components – derministic drift, diffusion component and Poisson
jumping component.
Theorem 2. If balance condition and conditions L1 – L3 are satisfied, the weak convergence
uε (t) → û(t), ε → 0.
takes place.
The limiting process û(t) is defined by the generator
Lϕ(w) = Ĉ(u)ϕ0 (w) + Γϕ(w),
where Ĉ(u) =

R

(2.5)

π(dx)C(u, x).

X

The proof of Theorems 1 and 2 the reader can found in Samoilenko et al. (2018).
The weak convergence of processes uε (t) → û(t), ε → 0, follows from the convergence of respective
generators when compactness of prelimiting set of processes uε (t) holds true. The limiting process
û(t) can be given by stochastic differential equation
dûd (t) = [Ĉ(û(t)) + â2 ]dt + σdW (t) +

Z

vṽ(dt, dv),

R

where Eν̃(dt, dv) = dtΓ̃0 (dv). The limiting process û(t) has three components. The deterministic drift
is defined by the solution of the differential equation
dûd (t) = [Ĉ(ûd (t)) + â2 ]dt,

(2.6)

where the additional term â2 appears due to accumulation with the normalized time t/ε2 , ε → 0 of
small jumps of the impulse process that happen with probability, close to one. The second, diffusion
component,is defined by a parameter σ and it arises due to accumulation with growth of the normalized
time t/ε2 , ε → 0 of small jumps of degree ε, that happen with probability, close to one too.
The third component is rare big jumps that take place with nearly zero probability and are defined
in terms of averaged measure of jumps Γ̃0 (dv) by the generator
Γj ϕ(w) =

Z

R
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3 Model analysis
The information’s dissermunation model can be write in a form
dLε (t) = C(Lε (t), x(t/ε2 ))dt + dη ε (t), Lε (t) ∈ R,

(3.1)

where C(L, x) = α1 (x)L0 (x) + α2 (x)L0 (x)L(t) − α2 (x)L2 (t),
α1 (x) = α11 (x)α12 (x) – external channel;
α2 (x) = α21 (x)α22 (x) – internal channel;
α11 > 0, α21 > 0 – intensity (number of equivalent information contacts per unit time);
α12 > 0, α22 > 0 – probability of being recruited (inclination to perceive information).
L(t) – the number of recruited adherents
L0 (x) − L(t) – the number of still no recruited adherents;
η(t) – simulates impulse effects, for example, information channels that suddenly appear on the community.
Theorem 3. Let the balance condition
â1 :=

Z

π(dx)a1 (x) = 0

X

and Levy approximative conditions L1–L3 be fulfilled.
Than weak convergence
uε (t) → û(t), ε → 0
holds true.
Limited process û(t) is determinated by generator
Lϕ(w) = Ĉ(L)ϕ0 (w) + Γϕ(w)
Ĉ(L) =

Z

X

π(dx)(α1 (x)L0 (x) + α2 (x)L0 (x)L(t) − α2 (x)L2 (t)),

1
Γϕ(w) = â2 ϕ (w) + σ 2 ϕ00 (w) +
2
0

â2 =
2

σ =

Z

X

Z

X

Z

R

[ϕ(w + v) − ϕ(v)]Γ̂0 (dv),

π(dx)(a2 (x) − a0 (x)),

π(dx)(b(x) − b0 (x)) + 2

Z

π(dx)a1 (x)R0 a1 (x),

X

a0 (x) =

Z

vΓ0 (dv, x),

b0 (x) =

Z

v 2 Γ0 (dv, x),

R

Γ̂0 (v) =

Z

R

π(dx)Γ0 (dv, x).

X

Theorem 4. Let Lyapunov function V (L) ∈ C 3 (Rd ) to system
dL
= β(L),
dt
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where
β(L) = Ĉ(u) + â = Ĉ(L) =

Z

π(dx)(α1 (x)L0 (x) + α2 (x)L0 (x)L(t)

X

−α2 (x)L2 (t)) + â,
be existing and it satisfies the following conditions
1: |Γ1L (x)R0 L̂V (L)| < M1 V (L), M1 > 0;
2: |Γ1L (x)R0 Γ1L (x)V (L)| < M2 V (L), M2 > 0;
3: |Γ1L (x)R0 (C)(x)V (L)| < M3 V (L), M3 > 0;
4: |C(x)R0 L̂V (L)| < M4 V (L), M4 > 0;
5: |C(x)R0 Γ1L (x)V (L)| < M5 V (L), M5 > 0;
6: |C(x)R0 C(x)V (L)| < M6 V (L), M6 > 0.
Let following inequalities be satisfied
α(L)V 0 (L) < −c1 V (L),
sup kσ(L)k < c2 (x),

L∈Rd

|
where c1 > 0, c2 > 0 ĉ3 =

R

Z

v 2 Γ0 (dv, x)| < c3 (x),

X

π(dx)c3 (x) > 0.

X

Then system (3.2) is asymptotically dissipative.
Theorem 3 demonstrates the behavior of similar social systems that are exposed to information
influences. It is clear that there will be fluctuations. Theorem 4 shows whether the system is close to
the average. This considered approach can be used to build and systematically analyze more general
information confrontation models and also to develop search algorithms for guaranteed projective
estimates for a model with incomplete observations.
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Continuous Procedure of Stochastic Optimization
for the Diffusion Process with semi-Markov Switching
Wojciech Rosa, Yaroslav Chabanyuk, Uliana Khimka, Anastasiya Kinash
Abstract: In the work we consider the continuous procedure of stochastic optimization for the diffusion process with semi-Markov switching. We obtained
the sufficient conditions of such procedure convergence in the series scheme
using the small parameter and properties of the Liapunov function for the
averaged determined system of differential equations. We received here the
solution of the singular perturbation problem the limited procedure generator
and assessments of residual term with the assumption of uniform ergodicity of
semi-Markov process. The obtained results can be used in approximation of
continuous Kalman-Bucy filter with requirement of control minimization with
semi-Markov switching. Kramer’s additional condition on the regression function allows us to determine the influence of the parameters of the distribution
of residence time of the semi-Markov process. In addition, it allows us to take
into account the parameters that we obtain by applying the stochastic approximation procedure with semi-Markov switching in order to find the point of
extremum of regression, taking into account the semi-Markov environment.
Keywords: stochastic optimization procedure, semi-Markov process.

1 Introduction
For the first time continuous stochastic optimization procedure (SOP) were considered in Nevel’son
and Has’minskii (1973). In Nevel’son and Has’minskii (1973) the convergence is established under the
properties of Liapunov type functions and martingale properties of random processes (Korolyuk and
Limnious, 2005). The case of regression function depending of external influences, described by the
Markov processes, is given in Khimka and Chabanyuk (2010). The sufficient conditions of convergence
with probability one of stochastic optimization procedure to the extremum point of averaged regression
function are established.
In the work, they give the sufficient conditions of convergence with probability stochastic optimization procedure to the extremum point of averaged regression function. Here the small series parameter
asymptotic properties of compensating operator of appropriate procedure (Korolyuk and Limnious,
2005), and properties of Liapunov function were applied (Korolyuk and Chabanyuk, 2002).

2 Problem
Continuous stochastic optimization procedure for the diffusion process is defined by the stochastic
differential equation




 

t
du (t) = a(t) ∇b(t) C u (t); x
ε
ε

ε



 

t
dt + σ u (t); x
ε
ε

dw(t)



(1)

where: uε (t), t ≥ 0 - random evolution in a stochastic optimization procedure (1); w(t) - Wiener
process (Skorokhod, 1989; Stroock and Varadhan, 1979; Korolyuk, 1998); x(t), t ≥ 0 - semi-Markov
process (Korolyuk and Limnious, 2005; Korolyuk and Korolyuk, 1999) in a standard phase space
(X, X):
Q(t, x, B) = P (x, B)Gx (t), B ∈ X,
the stochastic kernel
P (x, B) := P {xn+1 ∈ B|xn = x}, B ∈ X,
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describes the embedded Markov chains xn = x(τn ) at the moments of renewal
τn =

n
X

k=1

θk , n ≥ 0, τ0 = 0,

with the intervals θk+1 = τk+1 − τk between the renewal moments. The lengths θn are defined by the
distribution functions
Gx (t) = P {θn+1 ≤ t|xn = x} =: P {θx ≤ t}.
We have
g(x) =

Z∞
0

(1 − Gx (t)dt.

Semi-Markov process is represented by
x(t) = xν(t) , t ≥ 0,
where counting process ν(t) is determined by the following relation
ν(t) := max {n : τn ≤ t}, t ≥ 0.
Process x(t), t ≥ 0 is regular and uniformly ergodic with stationary distribution π(B), B ∈ X:
π(dx) = ρ(dx)g(x)/m, m =

Z

g(x)π(dx).

X

Here ρ(B), B ∈ X , (Chabanyuk and Rosa, 2018) is a stationary distribution of random Markov
chain.
In stochastic optimization procedure (1)
"

#

−
C(u+
i ; x) − C(ui ; x)
∇b(t) C(u; x) :=
, i = 1, d ,
2b(t)

where u±
0).
i = ui ± b(t)ei , i = 1, d, ei = (0, ..., 1, 0, ...,
R
For the averaged regression function C(u) = C(u, x)π(dx) let us consider the evolution system
X

du
∂C(u)
= gradC(u), gradC(u) = {
, 1, d}.
dt
∂ui
Semi group C ∇,t
t+s (x), t ≥ 0, s ≥ 0, x ∈ X, of accompanying system
h

i

(3)

C ∇,t
t+s (x)ϕ(u) = ϕ(ux (t + s)), ux (t) = u,

(4)

ux (t + s) := ux (t + s, u), ux (t, u) := ux (t),

(5)

dux (t) = a(t) ∇b(t) C(ux (t); x)dt + σ(ux (t); x)dw(t) , ux (0) = u,
is defined by the ratio

(2)

where
is a semi group property.
The generator C ∇
t (x) of semi group (4) is presented by the formula
a2 (t) 2
σ (u; x)ϕ00 (u),
2

(6)
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0
C∇
t (x)ϕ(u) = a(t)∇b(t) C(u; x)ϕ (u) +

where ϕ(u) ∈ C 2 (Rd ).

Note, that kernel P (x, B) generates the operator Pϕ(x) =

R

X

associated Markov process x0 (t), t ≥ 0,

P (x, dy)ϕ(y), x ∈ X, and operator of

Q = q(x)[P − I]
on the Banach space B(X) of real-valued bounded functions ϕ(x), x ∈ X, with norm
|| ϕ(x) ||= sup | ϕ(x) |,
x∈X

where q(x) = 1/g(x) (Khimka and Chabanyuk, 2010).
Potential R0 of operator Q is defined from the equality
R0 = [Q − Π]−1 − Π,
where Π – projector on the subspace of zeroes of operator Q : NQ = ϕ : Qϕ = 0 (Korolyuk and
Limnious, 2005).

3 Main results
Theorem 1. Let function C(u) has one extremum point u∗ = argextC(u), and Liapunov function
V (u), u ∈ Rd , of the system (2) satisfies conditions:
C1: exponential stability
C 0 (u)V 0 (u) ≤ −c0 V (u), c0 > 0,

C2: | V 0 (u) |≤ c1 (1 + V (u)), c1 > 0,
˜ b(t) C(u; x) = ∇b(t) C(u; x) − ∇b(t) C(u),
for ∇
˜ b(t) C(u; x)V 0 (u) |≤ c2 (1 + V (u)), c2 ≥ 0,
C3: | ∇
˜ b(t) C(u; x)V 0 (u)]0 |≤ c3 (1 + V (u)), c3 ≥ 0,
C4: | ∇b(t) C(u; x)R0 [∇
2
C5: k σ (u; x) k≤ c4 (1 + V (u)), c4 ≥ 0.
Moreover, the additional conditions are fulfilled
C6: Cramer’s condition for the distribution function Gx (t) uniformly by x ∈ X
sup
x∈X

R∞

C7:

0

a(t)dt = ∞,
0

R∞
0

Z∞
0

a(t)b(t)dt < ∞,

(t+εs)
|≤ A1 , |
C8: | a2a(t)a(t+εs)
C9: Lipschitz condition

b0 (t+εs)

a2 (t)b(t+εs)

exp(ht)Gx (t)dt ≤ H < ∞, h > 0,

R∞ 2
a (t)dt < ∞,
0

|≤ A2 , |

a(t+εs)b0 (t+εs)
2a2 (t)b(t+εs)

|≤ A3 , a(t) > 0, b(t) > 0, t ≥ 0, ε > 0,

k∇b (t)C(u) − C 0 (u)k ≤ c5 b(t), c5 > 0.

Then, solutions uε (t) of equation (1) converge with probability one
P {lim uε (t) = u∗ } = 1.
ε→0

3.1

SOP Properties

Let us consider the Markov renewal process (MRP) (Chabanyuk and Rosa, 2018)
uεn = uε (τnε ), xεn = xε (τnε ), τnε = ετn .
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Definition 1. (Korolyuk and Limnious, 2005; Chabanyuk and Rosa, 2018). Operator
ε
Lεt (x)ϕ(u, x, t) = ε−1 [E{ϕ(uεn+1 , xεn+1 , τn+1
)|uεn = u, xεn = x, τnε = t} − ϕ(u, x, t)]/g(x)

(8)

is called the compensating operator of Markov renewal process (7).
Lemma 1. The compensating operator (8) on the test-functions ϕ(u, x) is as follows
Lεt (x)φ(u, x) = ε−1 Qϕ(u, x) + ε−1 q(x) [G εt (x) − I] Pϕ(u, x),
R∞

where G εt (x) =

0

(9)

Gx (ds)C ∇,t
t+εs (x).

Proof: Using the integral form of the right part of (8) we have
∞

Z
Z
∇,t
Lεt (x)ϕ(u, x) = ε−1 q(x)  Gx (ds)C t+εs (x) P (x, dy)ϕ(u, y) − ϕ(u, x) =
0

=ε

−1

q(x)

Z

X

X

P (x, dy) [ϕ(u, y) − ϕ(u, x)] + ε

−1

q(x)

Z∞
0

h

Gx (ds) C ∇,t
t+εs (x) − I

iZ

P (x, dy)ϕ(u, y).

X

From where we get (9).
Lemma 2. The compensating operator Lεt (x) under the Cramer’s condition has the asymptotic representations
Lεt (x)φ(u, x) = ε−1 Qϕ(u, x) + ε−1 q(x)θ1ε (x)Pϕ(u, x),
(10)
ε
Lεt (x)φ(u, x) = ε−1 Qϕ(u, x) + C ∇,t
t+εs (x)Pϕ(u, x) + θ2 (x)Pϕ(u, x),

where
θ1ε (x) =

Z∞

(11)

∇,t
Gx (s)C ∇
t+εs (x)C t+εs (x)ds,

0

θ2ε (x) =

Z∞
0

where

∇

(2)

Gx (t) = 1 −

(2)
Gx (t), Gx (t)

∇

=

Z∞

Gx (s)ds,

t



∇

C̃ t+εs (x)ϕ(u) =

∇

∇,t
c
Gx (s)C
t+εs (x)C̃ t+εs (x)C t+εs (x)ds,

∇

c
C
t+εs (x)ϕ(u) = C̃ t+εs (x)

0

s

ϕ(u),

1 a2 (t + εs) 2
a(t + εs)
∇b(t+εs) C(u; x)ϕ0 (u) +
σ (u; x)ϕ00 (u).
a(t)
2
a(t)

∇,t
Proof: For semigroups C t+εs
(x), t, s ≥ 0, x ∈ X, an equation
∇,t
∇
dC ∇,t
t+εs (x) = εC t+εs (x)C t+εs (x)ds

takes place.
From partial integration, we obtain
Gεt (x)

−I =

Z∞
0

h

i

Gx (ds) C ∇,t
t+εs (x) − I =
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h

= u = C ∇,t
t+εs (x) − I,
= −Gx (s)

∇,t
du = εC ∇
t+εs (x)C t+εs (x)ds,

h

C ∇,t
t+εs (x)

=ε

−I

Z∞

i∞
0

+ε

Z∞

dv = Gx (ds),

i

v = −Gx (s), =

∇,t
Gx (s)C ∇
t+εs (x)C t+εs (x)ds =

0

∇,t
Gx (s)C ∇
t+εs (x)C t+εs (x)ds.

0

Hence, we have (10).
(11) can be received from the partial integration of
Z∞

∇,t
Gx (s)C ∇
t+εs (x)C t+εs (x)ds.

0

Let us consider the Liapunov function V (u) of the system (2).
Lemma 3. For the perturbed Liapunov function V ε (u, x) = V (u) + εV1 (u, x) the following representation takes place
ε
Lεt (x)V ε (u, x) = L∇
t V (u) + εθt (x)V (u),
where

1 2
2
00
0
L∇
t V (u) = a(t)∇b(t) C(u)V (u) + a (t)σ (u)V (u),
2
2

σ (u) =

Z

σ 2 (u; x)π(dx),

X
∇

θtε (x)V (u) = q(x)θ1ε (x)PR0 L̃t (x)V (u) + εa2 (t)θ2ε (x)V (u),
∇

∇
L̃t (x) = C ∇
t (x) − Lt .

Proof: Using expressions (10) and (11) we obtain
ε
Lεt (x)V ε (u, x) = ε−1 QV (u) + C ∇
t (x)V (u) + QV1 (u; x) + εθt (x)V (u),

where

∇

V1 (u; x) = R0 L̃t (x)V (u),
- from the singular perturbation problem solution.

3.2

Proof of the theorem

From conditions C2-C5 of the theorem, we get next assessment
|θtε (x)V (u)| ≤ A4 (1 + V (u)).
Taking into account the expression above and conditions C1, C8, and C9, we receive the following
assessment
L∇
t V (u) ≤ −c0 a(t)V (u) + a(t)b(t)c(1 + V (u)).
The last assessment and C7 properties, allow us to apply the Nevelson-Khasmins’kyi theorem
(Nevel’son and Has’minskii, 1973) and patern theorem of Korolyuk (Korolyuk and Limnious, 2005)
and got the statement of the theorem.
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4 Conclusion
Obtained results should be applied in control theory, taking into account semi-Markov switching
(Nikitin and Khimka, 2017).
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Bayesian Estimation for Diffusions in Genetics
Jaromir Sant, Jere Koskela, Paul Jenkins, Dario Spanò
Abstract: A number of discrete time, finite population size models in genetics
describing the dynamics of allele frequencies, are known to converge (subject
to suitable scaling) to a diffusion process limit termed the Wright-Fisher diffusion. This diffusion lives on the unit interval, has a known expression for
the diffusion coefficient, and evolutionary features acting on the population
such as mutation or selection are present solely in the drift coefficient. Thus
conducting inference on the drift coefficient for such diffusions can shed light
onto the various factors influencing genetic variation. In (Watterson, 1979),
only selection was assumed to be acting upon the population and proceeded
to construct an MLE for the selection parameter in the diffusive limit. In this
paper we consider a Bayesian estimator in the parametric setup for the selection coefficient with both selection and mutation acting on the population. We
formulate the conditions necessary to ensure that this estimator has certain
desirable properties.
Keywords: genetics, Bayesian estimation, Wright-Fisher diffusion.

1 Introduction
Mathematical population genetics has been a driving force behind research in numerous areas both
in mathematics as well as statistics over the past couple of decades. It primarily concerns itself
with the study of how populations evolve, offering viable mathematical models to study how various
biological phenomena such as selection and mutation affect the genetic profile of the population they
act upon. Many models have been proposed over the years, but perhaps the most popular one is the
Wright-Fisher model. We shall be considering a 2-allele haploid population of fixed size undergoing
selection and mutation. More complex models allowing for K alleles, diploid populations, or even
more sophisticated mechanisms such as high fecundity reproduction events (i.e. when one individual
gives rise to a non-negligible fraction of the whole population in a small number of generations) can
be implemented but we shall not consider them here.
Under a suitable scaling of both time and space, a continuous limiting model exists for the WrightFisher model, which turns out to be a diffusion commonly referred to as the Wright-Fisher diffusion.
It has the relatively nice property that the only contribution to the diffusion coefficient comes from
genetic drift (the fact that the diffusion coefficient is termed genetic drift is a somewhat unfortunate
outcome of the fact that biologists had coined the term prior to any mathematical analysis) whilst
other features such as selection and mutation appear solely in the drift coefficient, facilitating inference
as one can concentrate solely on estimating the drift. The diffusion coefficient can then be treated as
a known expression holding no extra information regarding the evolutionary process.
In this report we will be focusing on a Bayesian estimator for the selection coefficient, which gives
an idea of how much more favourable one allele is with respect to the other. We emphasise here that
we shall be assuming that the diffusion is observed continuously, meaning that our readings will be the
entire path (Xt )0≤t≤T up to some terminal time T which we will send to infinity in our analysis. We
shall further adopt a parametric setting, wherein the drift coefficient is known up to some parameter
s ∈ Θ ⊂ R which we are interested in estimating. In (Watterson, 1979), Watterson studied the
asymptotic behaviour of the MLE for the selection parameter, deriving the moment generating function
of the estimator, proving asymptotic normality and performing hypothesis tests. This provided the
main inspiration to conduct a similar analysis for the Bayesian estimator when incorporating mutation
into the model.
The main result stated in this report (Theorem 1.) would allow us to conclude that (subject to
the stated conditions being satisfied) the Bayesian estimator for the selection coefficient has certain
desirable properties, such as uniform over compacts consistency which ensures that in the presence of
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a sufficient amount of data, the true parameter will be approximated quite closely by the Bayesian
estimator. Moreover, we also have uniform asymptotic normality of the Bayesian estimator coupled
with its uniform over compacts moment convergence. If we further make use of a particular class of
loss functions, then we also have uniform asymptotic efficiency.
The report is structured as follows: In Section 2 we introduce the Wright-Fisher diffusion and
briefly mention some of its properties. The above mentioned estimator properties are then discussed
and defined in Section 3 with the relevant notation and classes of functions being stated. The main
result of this report is then presented in Section 4, with a discussion of this result concluding the
report in Section 5.

2 The Wright-Fisher Diffusion
We start off by giving a short overview of the Wright-Fisher model and its diffusion limit, with the
latter being the model we will be interested in conducting inference on. Consider a haploid population
of fixed size N undergoing selection and mutation, where we are only interested in two alleles which
we label a and A. Suppose that the alleles a and A have relative fitness 1+sN : 1, and that individuals
having allele a mutate to allele A with probability mN
1 , and individuals having allele A mutate to allele
N (k) denote the number of individuals having allele a in generation k,
a with probability mN
.
Let
Y
2
then we have that
 
 N

N
N
P Y (k + 1) = j | Y (k) = i =
ψij (1 − ψi )N −j
j
where

ψi :=

N
i(1 + sN )(1 − mN
1 ) + (N − i)m2
N
i(1 + s ) + N − i

and ψi here denotes the probability of choosing an individual in the population at random and that
individual having allele a.
By defining X N (t) := N1 Y N (btN c) and letting N → ∞ (conditional on some further assumptions
which we omit as this does not interest us directly), we get that X N (t) converges weakly to a diffusion
process defined on [0, 1]. The dynamics of this diffusive limit are described by
dXt = µ(s, Xt )dt + σ(Xt )dWt


p
m1
m2
:= sXt (1 − Xt ) −
Xt +
(1 − Xt ) dt + Xt (1 − Xt )dWt
2
2

(1)
(2)

with initial starting point X0 ∈ [0, 1], where s := limN →∞ N sN is the selection coefficient we are
interested in estimating, and m1 , m2 are the mutation parameters defined by mi := limN →∞ 2N mN
i .
In what follows we shall be assuming that m1 , m2 > 0, for otherwise the diffusion would be absorbed
in finite time at either of the two boundaries 0 or 1. Taking non-zero mutation parameters ensures
that the diffusion is ergodic. Note that for each s ∈ Θ we have that (2) gives a different drift function,
whilst the diffusion coefficient remains unchanged regardless of the values of s.
(T )
As the Wright-Fisher diffusion (2) can be shown to have a solution, we denote by Ps the law
induced by this solution on the space of continuous functions when the observation interval is [0, T ]
(which we shall denote by C([0, T ])), and the selection coefficient we are interested in estimating takes
the value s ∈ Θ.

3 Consistency, Efficiency and the Bayesian Estimator
There are certain properties which are desirable for an estimator to have as they ensure that inferential
procedures give results which are useful. We list some of these properties below, starting with perhaps
one of the most central properties any useful estimator should satisfy: consistency. Put loosely,
consistency ensures that as more and more data is made available, the estimator concentrates around
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the true value of the parameter, which we point out is a frequentist idea which is often used in
a Bayesian setting. Normally, the properties presented below are stated in the general sampling
framework, where one has a finite set of readings X1 , . . . , Xn and asymptotic results are obtained
by sending n off to infinity. As we are interested in continuously observed diffusions, we shall adapt
these definitions to our setting and use T to denote the current terminal time, and subsequently send
T → ∞.
Definition 1. Suppose s̃T is an estimator for s ∈ Θ obtained from data observed over the time
interval [0, T ]. Then s̃T is said to be a consistent estimator for s if we have that s̃T converges in
probability to s, i.e. ∀s ∈ Θ and ∀ε > 0


)
lim P(T
|s̃T − s| > ε = 0.
(3)
s
T →∞

Efficiency gives a lower bound on the variance of an estimator. The classical version dealing with
the frequentist framework is the Cramer-Rao lower bound, whose Bayesian counterpart is the van
Trees bound. It turns out that in most cases these bounds fall short of being optimal as shown by
Hodges, who constructed a super-efficient estimator (see Example 6.14 in (Knight 2000). To avoid
such problems, the Hájek-Le Cam lower bound is used to define asymptotically efficient estimators.
This bound however requires the notion of local asymptotic normality of a family of measures. To
this end we introduce the likelihood ratio function ZT,s (·) which we define as
(T )

ZT,s (u) :=

dPs

(T )
dPs0

(X T )

(4)

for u ∈ UT,s := {u : s + √uT ∈ Θ} and s, s0 ∈ Θ, i.e. ZT,s (·) is the Radon-Nikodym derivative of
the laws induced by the solution to (2) when the selection parameter is set to s and s0 . We have the
following definition
(T )

Definition 2. Let {Ps , s ∈ Θ} be a family of measures corresponding to the laws induced by the
(T )
solutions to (1) as s takes different values in Θ. Then the family of measures {Ps , s ∈ Θ} is said to
be locally asymptotically normal (LAN) at a point s0 if for any u ∈ R, the likelihood ratio function
admits the representation


1 2
T
T
ZT,s0 (u) = exp u∆T (s0 , X ) − u I(s0 ) + rT (s0 , u, X )
(5)
2
where, using the notation µ̇(s0 , Xt ) to mean differentiation with respect to s0 , ∆T (s0 , X T ) is defined
as
Z T
1
µ̇(s0 , Xt )
T
[dXt − µ(s0 , Xt )dt]
∆T (s0 , X ) := √
T 0 σ 2 (Xt )
with

d
Ls0 ∆T (s0 , X T ) → N (0, I(s0 ))

(6)

i.e. the law of ∆T (s0 , X T ) when the true parameter is s0 converges in distribution to the normal
distribution having mean 0 and covariance equal to the Fisher information I(s0 ) evaluated at s0
 2

µ̇ (s0 , ξ)
I(s0 ) := Efs0
σ 2 (ξ)
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(where ξ is a random variable having the invariant distribution fs0 induced by the weak solution to
(1) after substituting s = s0 , and Efs0 [·] denotes taking expectation with respect to this invariant
density). Moreover, rT (s0 , u, X T ) is some function satisfying
Ps0 - lim rT (s0 , u, X T ) = 0.

(7)

T →∞

The family of measures is said to be LAN on Θ if it is LAN at every point s0 ∈ Θ, and further it
is said to be uniformly LAN on Θ if both convergence (6) and (7) are uniform over all compact sets
K ⊆ Θ.
We end this section by defining the Bayesian estimator which we shall henceforth denote by s̃T . As
is usual in the Bayesian paradigm, we shall be treating the parameter of interest (in this case s) as a
random variable taking values in some subspace Θ ⊂ R. Denote the set of priors we shall consider by


Z
b
p(θ)dθ = 1
(8)
Pc := p ∈ C(Θ̄, R+ ) : p(θ) ≤ A(1 + |θ| ) ∀ θ ∈ Θ̄,
Θ̄

for A and b some positive constants. Furthermore, denote by Wp the set of loss functions ` : Θ → R
satisfying the following stipulations:
1. `(·) is even, continuous at 0 with `(0) = 0 but not identically zero.
2. { θ | `(θ) < c} is convex ∀c > 0.

3. `(·) has a polynomial majorant, i.e. there exist constants A, b > 0 such that
|`(θ)| ≤ A(1 + |θ|b ).

(9)

4. For any H > 0 sufficiently large and for sufficiently small γ, it holds that
inf `(u) − sup `(u) ≥ 0.

|u|>H

(10)

|u|≤H γ

Assuming that the prior distribution p(·) ∈ Pc and that the loss function `(·) ∈ Wp , we define the
Bayesian estimator s̃T of s in (2) as
Z
i
h √
s̃T = arg min
EP(T ) `
T (s̄T − s) p(s)ds
(11)
s̄T

Θ

s

(T )

where EP(T ) [·] denotes expectation with respect to the measure Ps induced by the solution to (2)
s
when s is the true parameter value. Through the use of standard results in measure theory, we can
find the Bayesian estimator s̃T by solving
Z √

`˙
T (s̄T − s) L(s, s0 , X T )p(s)ds = 0
Θ

√
√
˙ T (s̄T − s)) = ∂ `( T (s̄T − s)). For instance, if we were to take `(·) to be the squared loss
where `(
∂s̄T
function, then we observe that
Z
Z √

0
T
˙
T (s̄T − s) L(s, s , X )p(s)ds =
0=
`
2 (T (s̄T − s)) L(s, s0 , X T )p(s)ds
Θ

Θ

which upon re-arranging gives

R
Z
sL(s, s0 , X T )p(s)ds
s̃T = RΘ
=
s p(s|X T )ds
0 , X T )p(s)ds
L(s,
s
Θ
Θ

where p(s|X T ) is termed the posterior distribution of s given the observations (Xt )0≤t≤T .
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4 Ibragimov-Khasminskii Conditions
Before proceeding to state the main theorem of this report, we need to introduce one final class of
functions:
We define the class of functions G as being that set of functions satisfying the following two properties:
1. For a fixed T , gT (y) is a monotonically increasing function on [0, ∞), with gT (y) % ∞ as y → ∞.

2. For any N > 0,

lim y N e−gT (y) = 0.

T →∞
y→∞

(12)

We now present an amalgamation and augmentation of Theorems I.5.2 and I.10.2 from (Ibragimov &
Has’minskii, 1981) which is suited to the setting of continuously observed diffusions.
Theorem 1. Let s̃T be a family of Bayesian estimators with prior density p(·) ∈ Pc , defined in terms
of a loss function `(·) ∈ Wp satisfying (10). Suppose further that the following conditions are satisfied
by the likelihood ratio ZT,s (u) as given in (4) for the laws of two Wright-Fisher diffusions:
1. ∀K ⊆ Θ compact, we can find constants a and B and functions gT (·) ∈ G (which depend on K)
such that the following two conditions hold
• ∀R > 0, ∀u1 , u2 satisfying |u1 | < R, |u2 | < R, and for some q > 0


1 2
1
≤ B(1 + Ra )|u2 − u1 |q .
sup EP(T ) ZT,s (u2 ) 2 − ZT,s (u1 ) 2
s∈K

s

• ∀u ∈ UT,s

(13)

h
i
1
sup EP(T ) ZT,s (u) 2 ≤ e−gT (|u|) .
s

s∈K

2. The random functions ZT,s (u) have marginal distributions which converge uniformly in s ∈ K
as T → ∞ to those of the random function Zs (u).

3. The random function

ψ(v) =

Z

R

Zs (u)
du
R Zs (y)dy

`(v − u) R

attains its minimum value at the unique point ũ(s) = ũ with probability 1.
Then we have that the Bayesian estimator s̃T is uniformly consistent in s ∈ K, i.e. for any ε > 0
)
lim sup P(T
s [|s̃T − s| > ε] = 0

T →∞ s∈K

is uniformly asymptotically normal
Ls

h√

i
d
T (s̃T − s) → N (0, I(s)−1 )

and the moments converge for any p > 0 uniformly on compacts K ⊆ Θ
h√
h
pi
pi
1
lim EP(T )
T (s̃T − s)
= E I(s)− 2 ζ
T →∞

s

where ζ ∼ N (0, 1). Furthermore, the Bayesian estimator is also asymptotically efficient for the above
chosen class of loss functions.
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The results found in (Ibragimov and Has’minskii, 1981) are split into a consistency result (Theorem
I.5.2) and a result giving convergence in distribution and asymptotic efficiency for the class of loss
functions Wp (Theorem I.10.2). Extending these conclusions to the properties mentioned in the above
theorem is straightforward, however what is more engaging is proving that conditions 1-3 above hold
for (2). The first two conditions are bounds on the Hellinger distance whilst the third requires a
unique minimiser for the random functions ψ(·). Proofs that the above conditions hold will be given
elsewhere.

5 Discussion
In this report we have managed to characterise the conditions necessary to show uniform over compacts
consistency, asymptotic normality, moment convergence, and asymptotic efficiency for the right choice
of loss function. In Section 1 we gave a brief overview of the setting we are working in before illustrating
briefly the Wright-Fisher model and diffusion in Section 2. Definitions of consistency, asymptotic
efficiency, local asymptotic normality and the Bayesian estimator were subsequently presented in
Section 3, whilst Section 4 spelled out the main conditions necessary to ensure that the Bayesian
estimator has a set of desirable properties.
We stress out here that the results obtained are for a continuously observed diffusion where there
is no observation error since we have readings for the entire path (Xt )0≤t≤T . At first glance this might
seem strange if not unrealistic due to the fact that one cannot truly observe a diffusion continuously,
and even if this were possible, this information cannot be stored on a computer. The idea here is not
to obtain implementable results, but rather to conduct an asymptotic analysis which illustrates the
limits of what we can hope to learn from the data. By observing the path continuously through time
without error, we can establish and analyse explicitly the statistical error produced by the estimator we
are using, which then illustrates the statistical limitations of the estimator. In a discrete observation
setting, we further introduce approximation errors due to the fact that in between observations we
don’t precisely know what happened and thus certainly cannot hope to do any better than in a setting
where this additional source of error is missing.
The results obtained above are solely for a 2-allele population. A natural extension to the above
would be to derive the corresponding conditions when allowing for K-alleles. Non-standard arguments
and techniques can be used to prove the existence and uniqueness of a solution to (2) in K − 1
dimensions. However the main challenge here would be to connect this with the theory of Bayesian
inference which typically relies on standard textbook conditions (for instance Lipschitz coefficients)
and not the specific conditions required for the Wright-Fisher diffusion. The parametric Bayesian
setup allows for modelling selection as being a function α(x) = sx(1 − x) which is known up to the
value of some parameter s in some subspace Θ ⊂ R which we then estimate. A more flexible approach
to this would be to allow α(x) to have the form α(x) = β(x)x(1 − x), where β(x) is some unknown
function of x, thereby shifting the uncertainty from a subset Θ ⊂ R to a subset A in the set of all
continuous functions, or any other suitable set of functions. In moving from finite dimensional spaces
to infinite dimensional ones, one must be much more careful as most issues become much more tricky
and don’t work out quite as neatly as in finite dimensional spaces. In the above considerations, we
have only focused on a population experiencing both mutation and selection, however there are a host
of other phenomena which can be incorporated into the model. For instance, one might wish to
include high-fecundity reproduction events. Such an event naturally introduces jump discontinuities
into the diffusion and one must move away from simple diffusion theory and instead work with jump
diffusions. Formulating the conditions necessary to ensure results similar to those found in this report
would require suitable modifications if not somewhat different approaches.
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Viable Posteriors for Gaussian and Lévy Priors
Lino Sant
Abstract: In this paper we give a review and critique of methods which have
been developed in Bayesian nonparametric statistics for generating prior probabilities. Two main methods make use of probabilities defined on function
spaces as well as on spaces of signed measures. The Bayesian kernel method,
which has wide appeal and great flexibility, is discussed before an alternative
which uses a Hilbert subspace as starting point is proposed. Completely random measures (CRM) are also discussed with a clear exposition of how they
are defined and exploited through their infinite divisibility property. Their
limitation to discrete measures is pointed out and an alternative method for
generating Gaussian random measures to include with CRMs proposed.
Keywords: Bayesian nonparametrics, Bayesian kernel methods, completely
random measures, Gaussian random measures.

1 Introduction
Bayesian estimation has come into its own with a vengeance largely on the basis of its recent successes
and demonstrably superior qualities in many situations. These developments have been underpinned
by strong theoretical development supported by staunch computational power and ingenuity. Given
a set of data, one has to provide probabilistic mechanisms which could plausibly have generated the
data using families of probability measures. These families are suitably indexed by parameters which
are themselves subject to probability laws. Bayesians thus have to choose prior probability measures
to put on the parameter sets and, on the basis of the data available, use Bayes rules to upgrade the
underlying likelihood into a posterior distribution out of which emerges an updated version of the
model.
The choice of priors has been from the beginning a bone of contention. Nevertheless, whatever
the choice, two desiderata of a mathematical nature should be taken seriously: The support of the
prior should be large and the resulting expression, in particular the posterior distribution, should be
tractable (Ferguson, 1974). Large has to be ambiguous using it in a topological sense could give very
different results than if it were taken in a measure theoretical sense. This issue surfaces in different
contexts.
Statistical models of systems of all types, which generate data that can be recorded, come in various
shapes and sizes. A general way of describing them is as a set of mathematical equations involving
various mathematical structures related to one another with probability distributions inserted at
various points to capture the inherent randomness exhibited by the system being modelled. All sorts
of mathematical structures have been used in statistical models. In a general way one could deal with
a very wide selection of structures: vectors , matrices, functions, differential equations, all possibly
being given a probability distribution.
Families of distributions are suitably parametrized, both for mathematical convenience and so that
they offer the opportunity to model variability of random behavior which can replicate adequately
that of the system under study. Parametric models have been studied for almost two centuries and
they involve finite-dimensional vectors to serve as parameters. The geometric, topological, measure
theoretic and algebraically linear properties of Rn and subsets of it have been exploited ad nauseam
to get an enormously wide armoury of results to use in performing all sorts of statistical inference.
However many systems display a complexity of behavior which cannot be reduced to that of parametric
models. So larger and wider families of distributions were needed collections of infinite dimensions
were needed for functions to take the place of vectors in R.
In this paper we first consider measures on functions spaces with reference to kernels. Results
about RKHS of interest to Bayesian statistics are also entertained. A discussion about Bayesian
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Kernel Methods follows leading to a description of random measures. This preparation paves our way
for a detailed discussion about Levy measures and their use as priors. Related issues are dealt with
and expanded on.

2 The Bayesian Paradigm in Nonparametric Setting
Many statistical models can be described as consisting of a data-generating-mechanism which uses
functions of some special type fα and probability distributions pβ to output readings which we denote
by yi . A mechanism described by some mathematical operator Φ brings all these together so that
yi = Φ(fα , pβ , xi ) with xi standing for some other relevant ambient measurements where and when
the readings yi were being made. Φ could represent a nonlinear regression relation, a classification
relation involving probabilities of belonging to different classes, a survival model or even a transition
probability matrix. Consider the following statistical models:
Factor Analytic Model :- yi = Ληi + i , i ∼ Np (O, Ω), Σ = ΛΛT + Ω
Non-linear regression : - yi = f (xi ) + i
Autocorrelated time series : - xn = f (xn−1 , xn−2 , . . . , xn−k ) + g(xn−1 , xn−2 , . . . , xn−l )n
Given a statistical model the Bayesian would call Φ’s components (Λ, f or g in our examples) as
the instruments giving the likelihood. The Bayesian modeler would call Φ the instrument yielding the
likelihood and would instinctively want to place priors on each, or maybe just some, of its arguments.
So the idea is to put probabilities on function spaces or on probability measures directly. A detailed
reading of these components within their equations would reveal that the estimation would involve
that of functions or else parameters of particular probability measures. The nature of the data and
its influence on the likelihood is noted. Any symbol but those belonging to instantiations of data
points would be considered for possible randomization through declaring the symbols to be random
variables to be subjected to priors. In the nonparametric setting it is clear that randomization is
effected through probability measures on function spaces or on spaces of probability measures.

3 Measures on Function Spaces
Defining measures on function spaces is a problem which has arisen in more than one mathematical
context. It is of special interest in quite a few topics in functional analysis. It was of fundamental
importance in the theory of stochastic processes. The very existence of different types of processes
had to be guaranteed by the existence of probability measures on specific sets of paths. Defining
probability measures on Hilbert spaces, Banach spaces and more general topological vector spaces
were tasks undertaken by many probabilists in earnest from the 1940’s till the 80s. The resulting
effort has enriched enormously both Probability and Functional Analysis.
Brownian motion can be described as the successful grafting of a Gaussian measure through finitedimensional distributions on the set of all continuous functions on R+ ... P-almost surely! Ideally, and
in general, one would like to have extended additive set functions from cylinder sets to measures on
the σ-algebras they generate in infinite-dimensional Hilbert spaces. However, the canonical Gaussian
set function is not σ additive when we go to infinite dimensions. Leonard Gross had shown in the
early 1960’s that the problem relates to the fact that the norm is not in general measurable, but if
we complete the space with a new measurable norm, then we can force through σ-additivity (Gross,
1962).
For Gaussian processes a lot of work related to the determination of the nature of their paths has
been done (Dudley, 1973). Central to these studies was the concept of reproducing kernel Hilbert space
(RKHS). Gaussian processes could be associated with particular kernel functions and vice versa. In
effect strong results were obtained about regularity properties of paths in terms of the autocovariance
function, itself a kernel, which give modellers a handle on the type of functions one wants to realize
one’s process on (Marcus and Shepp, 1972). The use of reproducing kernel Hilbert spaces has been
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heavy with notable success, especially so with Gaussian processes. So the natural setup is that of
a Hilbert space with its subspaces though there have also been successes in extending kernel functions
to generate Banach spaces (Xu and Ye, 2016). Problems do arise even within the Hilbert context, as
we shall see later, but these have been addressed.
Similar considerations could be made with Lévy processes. That Lévy processes have cádlàg
paths up to a modification is elementary. However, results about precise function spaces where such
processes can realize their paths are fairly recent. Results by Ciesielski et al. (1993), Fristedt (1993),
Herren (1997), Schilling (2000) point to a natural place where to look for suitable functions spaces.
Besov spaces with norms varying according to smoothness indices, which can be obtained from the
characteristic function of the corresponding process, offer a suitable environment.
Using these function spaces probabilized by various probability measures inherited from Lévy
processes would seem to be a good idea when working within the nonparametric setup. However it
turned out that using these setups directly are difficult both analytically and computationally.

4 Bayesian Kernels Models
The study of kernel functions originated within research related to integral equations as well as Green’s
function with reference to ODEs and PDEs. Mercer and Aronszajn established links with linear
operators on Hilbert spaces through two fundamental theorems. Subsequent authors developed these
ideas into the theory of Reproducing Kernel Hilbert Space. We briefly review results of interest to us.
Starting with a compact subset X of a Polish space as domain for our space of functions we
select kernel function K : X × X → R which is by definition a symmetric, positive semi-definite and
continuous function. This will eventually be used as a surrogate inner product giving us a Hilbert
space to perform our P
analysis on. Given any finite set {x1 , . . . , xn } ⊂ X a corresponding function is
described
f (x) = ni=1 K(x, xi ), ∀x ∈ X . Such functions generate a space of functions H = {f :
Pby
f (•) = ni=1 K(•, xi )for some {x1 , .., xn } ⊂ X } on which there already is an inner product. If g is
generated by y1 , . . . , ym then:
n X
m
X
< f, g >H =
K(xi , yj )
i=1 j=1

By the Moore-Aronszajn representation theorem we can take limits of these sums as n, m range over
all countable sets of X because we can plant H isometrically within a Hilbert space HK of functions
on X : the reproducing kernel Hilbert space (RKHS). In precise language HK is the completion of
H relative to the norm generated by the inner-product. Furthermore the Hilbert structure allows us
to assume the existence of orthonormal basis φi together with corresponding eigenvalues λi such that
P
P∞ a2i
HK = {f : X → R|f (x) = ∞
i=1 ai φi (x) with
i=1 λi < ∞}.
This explains away the ”kernel trick” which impresses Machine Learning enthusiasts so much.
You start with finitely many dimensions of what they call feature space, and embed it in an infinite
dimensional one. Special kernels are provided by covariance functions of Gaussian processes with
K(s, t) = min(s, t), for Brownian motion, and K(s, t) = (1 − max(s, t)) min(s, t), for Brownian bridge,
as prime examples. Gaussian processes were studied in great depth by probabilists since the 1950’s
and have been much used for theoretical purposes as well as in practical problems related to filtering
and prediction. Machine learners rediscovered many results and used them in developing efficient
Bayesian estimation algorithms. We need to enlarge our context to involve Bayesian analysis more
actively.
Let X be a locally compact subset of Rd . Measure µ is defined on X ’s Borel σ− algebra X.
M denotes the class of all signed measures on X . Given continuous, positive definite kernel function
K , to each
signed measure µ we can associate an element from function space HK over X by:
R
fµ (x) = X K(x, s)dµ(s). In particular if we choose K to be a suitable covariance function our kernelgenerated functions using finitely many data would sit within the path space of the corresponding
Gaussian process. Nevertheless Gaussian processes cannot be expected to solve faultlessly all modelling
problems. In fact quite a few complications can arise. It was shown quite some time ago that the
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paths of a Gaussian process are with probability 1 outside the Hilbert space HK unless the latter is
finite dimensional (Kallianpur, 1970). This problem was however solved by Lukiċ and Beder Lukić et
al. (2001) who improved a result of Driscoll (1973). Such complications indicate we should be more
careful with how we plan to transfer measures onto our function spaces
The map LK : M → HK , LK (µ) = fµ is a linear operator. So as to make sure we are transferring
to the right space, we would like to know exactly which subspace of M takes us to HK through LK .
There is a very sharp result in this direction which was proved in Pillai et al. (2007).
Let Md denote the space of all finite discrete measures and denote by L1K (X ) the set of all finite
measures possessing Lebesgue density functions. Furthermore let M = Md ∪ L1K (X ). Then LK (M)
is dense in HK .
From the result above follows: LK (M) ⊂ HK And this tells us that all Borel measures, which
are either discrete or have finite first moment, or are a mixture of both, lifted through kernel K via
LK end up inside K’s RKHS. In practice one would choose a kernel K (introducing quite a degree
of arbitrariness), from a long menu of available kernels with well-known properties. Armed with
the operator LK one can transfer π(dM ) from a space of measures to a space of functions through
integration wrt K(x, u)M (du). Clearly this would work for particular classes of models like regression
and classification models. On HK we plan our regression or classification exercise by choosing a prior
on M. Given Likelihood(Data|Z) as given by the data generating mechanism, we can then derive the
posterior by using Bayes’ rule:
π(M |Data) ∝ Likelihood(Data|M )π(dM ) = Likelihood(Data|Z)K(x, u)M (du)

5 Other Proposed Models
Modelling through the use of kernel methods in the context of Gaussian processes is very popular
because it is relatively simple to implement algorithmically. There exists a whole zoo of kernel functions
which have been studied and used extensively for nonlinear regression and classification with reasonable
success. Conjugacy properties of the normal distribution and results linking covariance functions to
the smoothness properties of sample paths of Gaussian processes are at the root of this. In fact
Gaussian processes manage to fulfil to a large extent the list of desiderata entertained in the Bayesians’
nonparametric programme. But whether they are theoretically and empirically suitable is another
matter.
However, it could be argued that the use of RKHS is not really suitable for eliciting priors beyond
Gaussians. The alternative idea of putting probabilities directly on P
collections of measures sounds
more natural. Furthermore reproducibility of function values,f (x) = ni=1 K(xi , x) =< f, K(•, x) >,
which is the kernel‘s striking property, suffers from technical awkwardness. It pins our function at
pointwise level forcing functional approximations to be considered in terms of pointwise convergence.
Seeing that sample readings are finite, the topology of pointwise convergence would not be ideal.
A more measure theoretic environment involving convergence, say in L2 , would be more appropriate.
Apart from kernel functions, linear operators between suitably chosen Hilbert spaces of functions
and spaces of measures can yield more measure-theoretic friendly contexts so as to enable us to lift
probability measures to spaces of measures and interchange with particular function spaces or vice
versa.
We propose another way of developing a suitable relationship between functions and measures for
use in Bayesian estimation. The idea here is to define a ”canonical” Markov kernel. We start by
selecting the Hilbert subspace of some L2 which we feel should be the natural place where to place
our priors: H ⊂ L2 (X , X, µ). We endow H with its own norm < •, • >H which
might include some
R
path regularity penalties. Then given B ∈ X we define the functional f → B f dµ on Hilbert space
H. Clearly it operates like an inner
R product for which the Reisz representation theorem guarantees
gB ∈ H exists with < f, gB >K = B f dµ for all f ∈ H. Note that g depends only on B.
This allows us to define the Markov kernel K : X × X → R by K(x, B) = gB (x). Then for each
fixed x ∈ X this kernel yields a signed measure B → K(x, B) . InRfact to each f ∈ H we have
a corresponding signed measure µf defined by : µf (B) =< f, gB >K = B f dµ
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There are at least two options of how we can proceed both of which are not dependent on any
particular, arbitrarily chosen kernel. We could vary the measure µ on X and obtain different measures
by noting that each measure µf is absolutely continuous with respect to µ. This
R is a result which is
not difficult to prove. Thus the choice of measures would correspond to B → B f φdµ and we would
be tied to our choice of f .
The other proposal
P is to select an orthonormal basis for the selected Hilbert
P∞ R space H , let us say
φi so that f (x) = ∞
<
f,
φ
>
φ
(x)
and
use
the
equation
g
(x)
=
i
H i
B
i=1
i=1 ( B φi dµ)φi (x)) which
does not depend on any particular f .
In this short communication we do not have the space to discuss the algorithmics implied by the
above. What should be clear is that when X is some compact subspace of the real line, then we can
approximate all functions on suitably selected grids. When the space is locally compact one should
limit oneself to functions with compact support. Generating simulated values from a measure which
approximates the posterior would of course be effected through MCMC.

6 Random Measures and The Lévy Connection
With reference to any statistical model within the Bayesian nonparametric context, we reiterate that
the most natural way to elicit priors would seem to be that of putting a probability measure on the
set of probability measures responsible for the randomness within the model. The strategies discussed
above using kernels have merits but also limitations and cannot be applied so easily outside the orbit
of Gaussian processes. A very successful strategy which has been developed in the last ten years takes
its inspiration, and tools, from stochastic processes.
Stochastic processes can be considered to be random paths, that is measurable functions from
a probability space to a space of paths. Classically paths are functions over the indexing set which is
time in its discrete and continuous versions. Random fields , as generalizations of stochastic processes,
allow the indexing set to be a subset of Rd , or even more generally a set endowed merely with a topology.
We could extend this line of thinking by creating random variables whose values are measures. But
to be able to do this we must ensure that our indexing set is the right domain for our paths. This
immediately suggests that for random measures we use the σ−algebra we are working as indexing set.
We go through the actual construction.
Let X be a Polish space with Borel σ−algebra X. M is the class of all probability measures on
X . Given any A ∈ X, P ∈ M let PA (B) = P (A ∩ B)/P (A) with P (A) > 0 . Otherwise PA (B) =
EP [1B∩A |A]. The family of measures P = {PA : P ∈ M} is projective. Kolmogorov‘s consistency
theorem allows us to conclude that there exists one probability measure P on the canonical process
for which the projected probability coincides with the original : p{A} (P) = PA .
Note that as measurable space here we can take X X for our underlying set Ω with its product Borel
σ-algebra XX . This space will accommodate all processes but it is such a huge set that we would be
happy to be able to limit ourselves to a much smaller subset with paths enjoying nice properties. The
corresponding random measure will be called X with the projection map to act as random variable
generator. Then X : Ω×X → R such that X(ω, •) is a measure for each ω and X(•, A) is a measurable
function for each A. We can also write such processes as (XA )A∈X .
Random measures were first studied by quite a few mathematicians in the 1960’s in several contexts.
The main results of interest to us are contained in Kingman (1967). These studies were inspired
by generalization of Poisson processes to Point processes. Kingman considered the special class of
completely random measures (CRM), which in the terminology above, satisfy the condition that
disjoint measurable sets A and B give us independent random variables for X(•, A) and X(•, B).
Intuitively this condition tells us that events referenced by disjoint subsets occur independently of one
another.
Such measures µ were proved by Kingman to be infinitely divisible. Infinite divisibility holds for
distributions of increments of Lévy processes. For such random variables the version of the Lévy-
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Khintchine Representation of interest to us is in the form given by:
Z
1 2 2
izXt
log(E[e
]) = izt − tz σ + (exp itz − 1 − itz1[−1,1] (z))dρ(z)
2
R
We have a deterministic part, a Gaussian component,
corresponding to Brownian motion, and the Lévy
R
measure ρ. The latter satisfies the condition R (1 ∧ z 2 )dρ(z) < ∞ and is responsible exclusively for
the jump part of the paths of a process with independent stationary increments. For quite a few years
now this Lévy connection with completely random measures has attracted the attention of machine
learners for use as prior distributions. To describe how, we shall develop a few concepts first.

7

Lévy Random Measures , their Discrete Nature

Taking X to be a Borel subset of Rd , we let Xb be the collection of bounded measurable subsets of
X . A Lévy random measure is a stochastic process L indexed by Xb for which each LB with B ∈ Xb
we have infinite divisibility and independence properties of CRMs. Rajput and Rosisnski (1989) had
generalized the Lévy-Khinchine representation theorem to infinitely divisible random measures. This
asserts the existence of signed measure ν0 , positive measure ν1 and Lévy measure ρ such that:
Z
1 2
izLA
log(E[e
]) = iν0 (A) − u ν1 (A) + (exp iuz − 1 − iuz1[−1,1] (z))dρ(z)
2
R
Thus LA is the sum of a deterministic component, a purely Gaussian random measure (which does not
satisfy the independence condition) and a completely random measure. The latter is purely discrete.
It turns out, in fact, that all CRMs are discrete and correspond to pure jump processes.
Kingman got a very evocative and useful decomposition of CRMs µ : µ = µd + µf + µr , where µd
is a deterministic component, µf a fixed measure and µr a random measure. P
µd is thus a nonrandom
∞
measure which is the same for all possibilities in the probability
space.
µ
=
f
i=1 Ui δxi is a measure
P∞
with random weights Ui but fixed points xi and µr = i=1 Vi Xi with random weights Ui and random
points Xi .
The random measure component of any CRM can be represented very nicely as a Poisson point
process (Kingman, 1993) generated by product measures. This will simplify simulating and working
with such constructs. For instance taking our X = R+ then our peoduct measure, call it ν ⊗ F , would
be
PJdefined on R × X and we would have a random measure with J (Poisson distributed) components
j=1 aj δ{xj } with aj distributed as ν and xj distributed over X according to some distribution F .
This brings us completely in line with the language of Lévy measures. It allows easy identification of
random measures with stochastic processes for use as prior distributions on spaces of measures and has
spawned a strategic workhorse for machine learning researchers within nonparametric settings. In fact
a sizeable number of pure jump Lévy processes, usually subordinators or differences of subordinators,
have been studied and used ad nauseam both theoretically and in practice : Dirichlet, beta, gamma,
Cauchy, stable processes and are the more common examples.
Theorems are reduced to proofs about prior measures, taken to be CRMs of the form µ = µd +
+µf +µr . The Lévy measure gets interpreted as a product measure on R× X with the first component
giving the weight and the second the position of the discrete measures.
The practical successes of this strategy are undeniable. Most of the theoretically intricate issues,
like how to deal with measures which need a compensator for effective summability have been addressed
and solved. Furthermore algorithmic issues like suitable truncation and effective MCMC simulation
have been studied and modifications incorporated (Wolpert et al., 2011). Lévy measures as priors have
performed impressively in applications within Machine Learning with reference to classification and
regression problems. Their flexibility can be appreciated in applications where “Feature spaces”needed
to have potentially infinite dimensions so that as readings come in have been accommodated with
elegance.
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8

Implementing CRMs - An Example

Using the theoretical background described above numerous researchers have established important
and useful results about CRMs for use in Bayesian inference. The target remains that of getting to the
posterior. So after a particular theory has offered a new direction and settled down into something
workable, we still need algorithms to be devised correctly and efficiently. In many cases MCMC
methods have to be used to make posterior calculations feasible. This is where things stand at the
moment. Researchers are inventing methods and algorithms to enable the computation of posteriors
within the nonparametric setting using the CRM setting. In particular we mention the work of Wolpert
and others (Wolpert et al., 2003).
Let us see one particular recent development. Some CRMs suitably constrained are in fact part
of the exponential family of distributions and hence, suitably handled, they may display conjugacy
properties of such convenience for use in Bayesian inference. We mention a recent paper by Brotherick
et al. (2018) which defines exponential families of CRMs (their distribution for weights dν comes
from the exponential family). The paper proceeds to show that is so also for the posterior. This
empowers a large number of algorithmic strategies to be employed for simulating posteriors using
MCMC. There is also an important stream of research which hunts for consistency results. Some of
these have become available recently and they somehow offer guarantees that estimation using CRMs
when practised properly does lead somewhere close to correct models (Ghosal, 2002), (Pillai, 2011).
We look briefly at an example of the use of CRMs within the modelling of feature spaces. Take
a typical feature or trait space of infinite dimensions X = {ψ1 , ψ2 , . . . }. Our sample of n readings each
with J components xi,j consist of frequency of occurrence of the j th trait ψj at the i th reading. Then
Xi =

J
X

xi,j δψj , for i = 1, ..., n

j=1

P
On the feature space X we put as priors the discrete measures Θ = ∞
j=1 θi,j δψj with Lévy measure
µ(dθ × dF ) = ν(dx)F (dψ). As intensity measure we have ν(dθ) with trait distribution F (dψ). The
problem is given X and prior Θ work out the posterior. Many clever answers have been obtained by
various researchers to this problem.
µf can be used for incorporating new data points, and maybe dimensions, µr will carry the brunt
of the analysis and the Bayesian agenda. µd like the Gaussian Lévy measure may be completely
disregarded. The limitation of this strategy is it never really escapes the border of discrete measures
unless you take limiting processes and involve mixtures of processes/distributions.

9 What is Missing and An Idea to Extend Context
Our main critiques of the methods discussed above is that the construction of CRMs, as executed
above, exclude Gaussian components a priori. If one insists on independence restrictions, one gets
CRMs as a prize, but loses the Gaussian component. In several applications such components are
needed. In some cases it models noise, in others it is an important constituent of the readings. We
would like to propose a way of including the Gaussian part while staying within the context above
and excluding the use of kernel functions.
Taking X to be a Borel subset of Rd , with X as σ-algebra and µ as measure we construct a measure
space which could be a probability space. The base, which we take as measurable space, is Ω = M,
the collection of all signed measures on X , with the cylinder σ-algebra generated by subsets of the
form {ν : ν(A) ∈ Borel(R) for A ∈ X} as σ-algebra F. Letting B denote the Borel σ-algebra of R and
defining the map πA : M → R for each A ∈ X by πA (ν) = ν(A) we define a projective system of
measures as follows putting d = 1 to simplify expressions.
−1
Let M be a cylinder set in M. Then there exists B ∈ B such that M = πA
(B), and we set
R
−x2
PA (M ) = √ 1
exp(
)dx
The
system
of
probability
measures
P
:
A
∈
X is consistent
A
B
2µ(A)
2µ(A)π

and hence a probability measure P over the whole space exists such that its projections over A ∈ X
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coincides with PA . This gives us a Gaussian measure over the space of all signed measures. It is
of the same nature and type of construction as Lévy measures on the same space. So one can do
nonparametric analysis using mixtures of both measures on the same space X or even on the product
of two spaces X1 × X2 . The author is currently working further on this.

10 Conclusion
This article consists of a critical presentation and discussion of a number of issues and directions of
theoretical development related to nonparametric Bayesian estimation. The emphasis was on defining
probability measures on spaces of functions and spaces of measures for use as prior probabilities.
The suitability of such undertakings is determined by tractability of the resulting constructs in terms
of obtaining useful results. It is also much influenced on the degree which it lends itself to being
translated into successful algorithms for implementing the Bayesian programme of action : push in
a suitable prior but make sure we can compute the posterior. In this respect a number of proposals
were advanced which address the problems raised and create a new strategic theoretical attack on the
problems at hand.
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Two-Sided Approximation of a Function Based on Mathematics
of Functional Intervals
Petro Senio
Abstract: In this paper, we present the methods for constructing two-sided
approximation of the functions for known and unknown analytic expressions
and their derivatives. The developed methods are based on the mathematics
of functional intervals.Here we prove a theorem, the conclusions of which determine the behavior of the intermediate points of remaining members of the
expansion of a function in Taylor series with such compression. Based on these
conclusions, we construct the interval methods, such as the Runge methods
for solving systems of nonlinear algebraic equations. We constructed two-sided
approximations of a function with its known analytic expression in the form of
functional interval, where limiting functions are linear splines. We prove here
a lemma and theorems, the conclusions of which define methods for constructing two-sided approximations of a function with minimal information about
some of its general properties and its values at the ends of the interval.
Keywords: interval, two-sided approximation, functional interval.

1 Introduction
Two-sided approximations of functions extend the mathematical model. If the limiting functions
(majorants and minorants) in the two-sided approximations of functions are relatively simple functions
(for example, piecewise linear functions), then this new mathematical model can often be solved
by known methods. The solution of such an extended model definitely contains the solution of the
previous model. Then it is necessary to distinguish the solution of the initial problem from this general
solution. Methods that implement such a scheme for solving problems (Alefeld and Herzberger, 1983;
Markov, 1992; Dobronets and Shaydurov, 1990; Kalmykov and Shokin and Yuldashev, 1986), are
often made up on the basis of interval mathematics. However, interval extensions of functions (their
two-sided approximations) have a large width (Alefeld and Herzberger, 1983; Kalmykov and Shokin
and Yuldashev, 1986), which causes considerable difficulties. So far the most successful elimination
of this disadvantage has been the usage of the mathematics of directed intervals (Markov, 1992). In
Sections 2 and 3 this problem is solved based on the conclusions on the intermediate points behavior
in the remainder of the decomposition of functions in the Taylor series (Senio, 1989, 2016), and the
mathematics of functional intervals (Senio, 2014a).
In addition, mathematical models often contain unknown functions. It causes functional uncertainties, which, however, are decisive for making up methods for solving certain problems. Therefore,
it is necessary to construct the two-way approximation of functions, analytical expressions of which
as well as of their derivatives are unknown. Obviously, in such a statement there is no solution for
the problem. However, if the values of the function and, possibly, the value of some of its derivatives
are given on one or both ends of the interval, and we know some general properties of this function (differentiability, boundedness of its some derivative), then the problem has a solution. So, such
a common initial problem shall be solved. The function y = f (x) is defined on the interval [a, b]
and its value ya is known at the point a. It is necessary to determine such an interval [c, d] which
definitely contains, where yb = f (b). Furthermore, it is necessary to define these two limiting functions y = g1 (x), y = g2 (x), (minorant and majorant, respectively), which meet the double inequality
g1 (x) ≤ f (x) ≤ g2 (x) at each point of the interval.
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Figure 1: The general initial problem

2 Eliminating of the uncertainty in the remainders of decomposition in
Taylor series
Let the mapping f : D ⊂ Rn → Rn have m-in the Frechet derivative at each point of the convex
set D0 ⊂ D and x1 , x2 ∈ D0 . Then
f (x2 ) = f (x1 ) + f 0 (x1 ) (x2 − x1 ) + · · · +

1 (m)
(0)
f (x1 + θm
(x2 − x1 )) (x2 − x1 )m .
m!

(1)

Theorem 1. If there is (m + 1) the Frechet derivative f (m+1) (x) at each point of the convex set
D0 ⊂ D and the coordinate of the hypermatrix f (m+1) (x) does not identically equal to zero, then at
this coordinate
1
(1)
lim θm
=
.
(2)
x1 →x2
m+1
Proof:
While the following conditions of the theorem are satisfied, the next equality is satisfied
except (1).
f (x2 ) = f (x1 ) + f 0 (x1 ) (x2 − x1 ) + · · · +

1
(m+1)
(0)
f
(x1 + θm+1 (x2 − x1 )) (x2 − x1 )m+1 .
(m + 1)!
(m)

(3)

(0)

Let‘s apply in (1) to the elements of the matrix f (x1 + θm (x2 − x1 )) (x2 − x1 )m the general
mean value theorem (Ortega and Rheinboldt, 1970). Then,
f

(m)

(0)
(x1 + θm
(x2 − x1 )) = f (m) (x1 ) + f
(m+1)

(m+1)
(1)

(m)

(x1 + θ1

(0)
(0)
θm
(x2 − x1 )) θm
(x2 − x1 ),

(4)

(0)

where elements of the hypermatrix f
(x1 +θm ; θm ; (x2 −x1 )) are obtained by sequential applying
(m)
(0)
the mean value theorem separately to each element of the hypermatrix f (x1 + θm (x2 − x1 )) (x2 −
m
x1 ) . After substituting (4) into (1) and comparing the decomposition (1) with the decomposition
(3), we obtain
1
(m+1)
(0)
(m) (0)
(0) (m+1)
f
(x1 + θm+1 (x2 − x1 )) = θm
f
(x1 + θ1 θm
(x2 − x1 )).
m+1
The continuity of all functions that are elements of the hypermatrix f
(m+1)

(m)

(m+1)

(0)

(5)

(0)

(x1 + θm+1 (x2 − x1 )).

f
(x1 + θ1 θm (x2 − x1 )) follows from the existence (m + 1) of the Gateuax derivative at each
point of the convex set D0 ⊂ D.
Since, according to the hypothesis of the theorem, the coordinate of the hypermatrix f (m+1) (x)
is not identically equal to zero, then, having moved into (5) at the limit x1 → x2 we obtain the
relation (2).
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Remark 1. While meeting the conditions of Theorem 1, the sequential usage of the analog of the
mean value theorem shows
f (x2 ) = f (x1 )+f 0 (x1 ) (x2 −x1 )+· · ·+

m
Y

(i−1) m+1−i

(θ̄i

)

f

(m+1)

i=1

(x1 +

m+1
Y

(i−1)

θ̄i

i=1

(x2 −x1 )) (x2 −x1 )m+1 ,

(6)
(0)
(1)
where θ̄1 , θ̄2 , · · · ∈ (0; 1). However, if some coordinate of all hypermatrices f (i) (x2 ), (i = 1, 2, · · · ,
m + 1) does not identically equal to zero, then in this coordinate there is
(i−1)

lim θi

x1 →x2

=

1
, (i = 1, 2, · · · , m).
2

(7)

(0)

The following table shows the values θm (m = 1, 2, 3) of the passing points of the function
decomposition y = ln(x) in a Taylor series to the m derivative when the interval [1; 5] is compressed
to a point.
x1
1
3
4
4.5
4.9
4.99
4.999
4.9999

x2
5
5
5
5
5
5
5
5

(0)

θ1
0.371335
0.457615
0.481420
0.491222
0.498316
0.499833
0.499983
0.499998

(0)

(0)

θ2
0.207336
0.291200
0.314800
0.324565
0.331650
0.333166
0.333321
0.333331

θ3
0.140229
0.212424
0.233384
0.242123
0.248486
0.249858
0.250686
0.251412

(0)

Table 1: The dynamics of the values θm (m = 1, 2, 3) convergence
(0)

(1)

Using the boundary relations between the quantities θm+1 and θm in the function decomposition
in the Taylor series, the approximation of the Taylor series segment of the function f (x) by a linear
combination of linear operators (Bartish and Senio, 1972) can be constructed and can be researched
globally convergent interval iterative processes of any given order of convergence.
Let the system of equations be solved
f (x) = 0,
(8)
where f : D ⊂ Rk → G ⊂ Rk (k = 1, 2, · · ·).
Now we consider the function
gm (x, y) = f (xn ) + (α1 f 0 (xn ) + α2 f 0 (xn + β2 (x − xn )) + · · ·
+αm f 0 (xn + βm (x − xn ))(y − xn ),

(9)

where αi (i = 1, 2, · · ·, m); βj (j = 2, · · ·, m) are the real coefficients, m ≥ 2.
Let the functions f (x) and gm (x, y) satisfy the conditions of their decomposition in a Taylor series
in the corresponding neighbourhoods of the point xn . The coefficients αi , βj will be chosen so that
the decomposition
f (x) = f (xn ) + f 0 (xn )(x − xn ) +
+
and

1 0
f (xn )(x − xn )2 + · · · +
2!

1
1 (p)
f (p−1) (xn )(x − xn )p−1 + f (xn + θ(0) (x − xn ))(x − xn )p
(p − 1)!
p!

(10)

gm (x, x) = f (xn )+(α1 +α2 +···+αm )f 0 (xn )(x−xn )+(α2 β2 +α3 β3 +···+αm βm )f 00 (xn )(x−xn )2 +· · ·
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+
+

1
p−2 (p−1)
(α2 β2p−2 + · · · + αm βm
)f
(xn )(x − xn )p−1 +
(p − 2)!

1
(p)
(1)
(α2 β2p−1 f (xn + θ2 β2 (x − xn ))(x − xn )p + · · ·+
(p − 1)!
p−1
+αm βm
f

(p)

(1)

(1)
(xn + θm
βm (x − xn )))(x − xn )p ,

(11)

where θ(0) , θj ∈ (0; 1), (j = 2, · · ·, m), coincided with the maximum possible accuracy. This is
achieved by the consistent comparison of the coefficients of the decomposition (10) and (11) with the
corresponding derivatives of the function f (x). Taking into account the conclusions of Theorem 1, we
obtain the maximum coincidence f (x) with gm (x, x) having the values of these coefficients, which are
the solutions of the system of equations





m
P

i=1

αi = 1;

(s = 1, 2, · · ·, 2(m − 1)).
m
P

1

;
αj βjs = s+1

j=2

In particular, for solving systems of nonlinear equations for m = 2 we obtain the method (Senio
and Vengerskyj, 1992).
Yn = xn −



1 0
4 f (xn )

−1

+ 34 f 0 (xn + 32 (Xn − xn ))

Xn+1 = Yn

\

Xn ,

f (xn ),

n = 0, 1, · · ·.

3 Two-sided approximations of the given functions
Definition 1. The functional interval on the interval X is a parameterized set of intervals [f1 (x),f2 (x)],
where f1 (x)≤f2 (x), and let’s denote it respectively F (X), Ff (X), or {X, f1 (x), f2 (x)}. Functions
f1 (x), f2 (x) are called limiting functions on this interval.
Consequently, the functional interval is a set of all functions defined on the interval X that have
a common minorant f1 (x) and majorant f2 (x), respectively. Therefore, the interval extension of
a function [c1 , c2 ] is a partial case of a functional interval {X, f1 (x), f2 (x)}, if f1 (x) ≡ c1 ≤ min f (x),
x∈X

f2 (x) ≡ c2 ≥ max f (x), where c1 , c2 are constants. On the set of such elements, arithmetic and
x∈X

multiplicative operations are introduced.

Definition 2. Let ∗ = {+, −, ×, /} is a binary operation on the set of real numbers. Then
F (X) ∗ G(X) = {h(x) = f (x) ∗ g(x)| f (x) ∈ F (X), g(x) ∈ G(X), x ∈ X}
defines the corresponding arithmetic operation for the functional intervals F (X) and G(X).
Definition 3. A functional interval {X, f1 (x), f2 (x)} is called a linear functional interval, if its limiting functions are linear splines.
S T

Definition 4. The result of the theoretical multiplication operation ∗ ≡ { , } over linear functional
intervals L1 (X) ≡ {X1 , l1 (x), ¯l1 (x)} and L2 (X) ≡ {X2 , l2 (x), ¯l2 (x)} is a linear functional interval
L(X) ≡ {X1 ∗ X2 , l(x), ¯l(x)}, where the limiting functions l(x), ¯l(x) are formed correspondingly
from the limiting functions l1 (x), ¯l1 (x) and l2 (x), ¯l2 (x) as a result of the same operation on the sets
of all points of the functional intervals L1 (X) and L2 (X).
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Taking into account the definition of the functional interval, the concept of its intersection, implementations, the properties of inequalities and the definition of arithmetic operations at intervals
(Alefeld and Herzberger, 1983), (Kalmykov and Shokin and Yuldashev, 1986), arithmetic operations
over functional intervals F (X) and G(X) can be expressed through appropriate operations over their
limiting functions (see (Senio, 2016), (Senio, 2017)).
The distance, norm and width of functional intervals have been introduced in (Senio, 2016), (Senio,
2017). If the metric is introduced, the space of linear functional intervals LI(X) becomes a topological
space. This space is a complete metric space. In this case, the concept of convergence and continuity
can be used in the usual way.
From the point of view of the implementation of a function f (x) using a computer, each function is a finite number of arithmetic operations over some elementary, typical, special functions
ϕ(i) (x), (i = 1, · · · , n), numbers, and operations of superpositions of such functions. The properties of all such functions are well known. In particular, it is known all the characteristic points of
each such function ϕ(k) (x) on the interval X (points of extremums, inflections, non-differentiation,
discontinuities). If it is known the functional intervals of such functions, then we obtain the two-sided
approximation of the function that is formed from them in the form of limiting functions f1 (x), f2 (x) of
the functional interval - the result of performing the corresponding operations over functional intervals
of functions ϕ(i) (x), (i = 1, · · · , n), constants, and functional intervals of superposition operations of
such functions.
Let the function ϕ(x) at all points in the interval X, except perhaps a finite number of points, at
least once is continuously differentiated and all its characteristic points are known. The chart for the
function ϕ(x) on each interval of a numerical axis, the end of which is a pair of adjacent characteristic
points of this function, has the same character of the convexity (either convex up or curved downward).
At each interval with a constant character of the convex function, its graph is one side of each tangent,
carried out at any point of the interval; and a branch, carried through any two of its points. Therefore,
on each such interval, the limiting functions of the linear functional interval are constructed in the
form of two tangent functions of this function and the secant to the function at the ends of such
interval. As a result of this construction a linear functional interval of the function ϕ(x) is obtained.
Next, for constructing a functional interval of a given function f (x), we use, according to its analytic
expression, the mathematics of functional intervals.

4 Two-sided approximations of functions, analytical expressions of which
are unknown
The methods of bilateral approximations of functions on a given interval by nonlinear splines are
based on the conclusions of the following lemma and two theorems.
Lemma 1. Let the function y(x) be once distinctly differentiable at each point x of the interval [a, b]
and the functions g(x), ḡ(x) such that double intervals are performed on this interval
g(x) ≤ y 0 (x) ≤ ḡ(x).

(12)

Then the following inequalities are performed:
ya +

Z x

yb −
where,

a

Z b
x

g(t)dt ≤ y(x) ≤ ya +

Z x

ḡ(t)dt ≤ y(x) ≤ yb −

Z b

ḡ(t)dt,

(13)

a

ya = y(a), yb = y(b).

g(t)dt,

(14)

x

(15)

Proof: From the mean value theorem for an integral it follows that inequality can be integrated.
Consequently, for any c ≥ a, with (12) it is obtained:
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Z c
a

g(t) dt ≤

Z c
a

0

y (t) dt ≤

Z c

ḡ(t) dt,

(16)

a

in accordance. Therefore, considering the indicated integral as a function of the upper (lower) limit,
from (16), for c = x, a = x, taking into account (15), we obtain (13), (17) respectively.
Let certain functions
g(x) = k x + m, ḡ(x) = k̄ x + m̄,
(17)
pa (x) = 0.5 k x2 + m x − 0.5 k a2 − m a + ya , p̄a (x) = 0.5 k̄ x2 + m̄ x − 0.5 k̄ a2 − m̄ a + ya ,

(18)

pb (x) = 0.5 k̄ x2 + m̄ x − 0.5 k̄ b2 − m̄ b + yb , p̄b (x) = 0.5 k x2 + m x − 0.5 k b2 − m b + yb ,

(19)

ωa (x) = p̄a (x) − pa (x), ωb (x) = p̄b (x) − pb (x),

(20)

where k , m, k̄, m̄ - some constants.
Then the following theorem is fulfilled.
Theorem 2. Suppose that in the interval X = [a, b] the function y(x) is continuously differentiable
and its derivative y 0 (x) satisfies the double inequality
g(x) ≤ y 0 (x) ≤ ḡ(x).

(21)

pa (x) ≤ y(x) ≤ p̄a (x), pb (x) ≤ y(x) ≤ p̄b (x);

(22)

Then:
The function ωa (x) is a steadly increasing one, but the function ωb (x) is a steadly decreasing one,
and their increments agree within the sign; for any x ∈ X = [a, b]
ωa (x) + ωb (x) = C > 0,

(23)

C = 0.5 (k̄ − k) (b2 − a2 ) + (m̄ − m) (b − a);

(24)

where the constant
if k 6= k̄, then on the interval [a, b] the next equations
p̄a (x) = p̄b (x), pa (x) = pb (x)

(25)

have the solutions x̄∗ , x∗ , consiquently, and they are unique.
The maximum distance diamy on the interval [a, b] along the distance OY between the points of
the set of points, bounded with the parabolas p̄a (x), p̄b (x), pa (x), pb (x) (”parabolic parallelogram”),
satisfies the correlation
diamy = min(Y 1, Y 2) ≤ 0.5 C,
(26)
where the constants
Y2 = 0.5 k̄(b2 − a2 ) + m̄(b − a) + ya − yb , Y1 = yb − ya − 0.5k(b2 − a2 ) − m(b − a).

(27)

Proof: As the conditions from lemma 1 are fulfilled, then from (13) and taking into account (18),(19),(21)
we obtain the inequality (22).
Let’s the points x1 , x2 are so that a ≤ x1 < x2 ≤ b. Then, taking into (18) - (20), we get:
ωa (x1 ) = 0.5(k̄ − k)(x21 − a2 ) + (m̄ − m)(x1 − a), ωa (x2 ) = 0.5(k̄ − k)(x22 − a2 ) + (m̄ − m)(x2 − a),
ωb (x1 ) = 0.5(k − k̄)(x21 − b2 ) + (m − m̄)(x1 − b), ωb (x2 ) = 0.5(k − k̄)(x22 − b2 ) + (m − m̄)(x2 − b).
So, ωa (x2 ) − ωa (x1 )= 0.5 (k̄ − k) (x22 − x21 ) + (m̄ − m) (x2 − x1 )=

= 0.5 (x2 − x1 ) (((k̄ − k) x2 + (m̄ − m)) + ((k̄ − k) x1 + (m̄ − m));
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ωb (x2 ) − ωb (x1 ) = 0.5 (k − k̄) (x22 − x21 ) + (m − m̄) (x2 − x1 ) =
0.5 (x2 − x1 ) (((k − k̄) x2 + (m − m̄)) + ((k − k̄) x1 + (m − m̄)).
Therefore, taking into account (21) and that g(x), ḡ(x) are the linear functions, the next inequalities ωa (x2 ) − ωa (x1 ) > 0, ωb (x2 ) − ωb (x1 ) < 0 are obtained.
Thus, the function ωa (x) is a steadly increasing one, but the function ωb (x) is a steadly decreasing
one, and their increments agree within the sign, namely: ωa (x2 ) − ωa (x1 ) = − (ωb (x2 ) − ωb (x1 )).
Thus, the function ωa (x) is monotonously growing, and the function ωb (x) is monotonically falling
and their increments coincide with the precision of the sign ωa (x2 ) − ωa (x1 ) = − (ωb (x2 ) − ωb (x1 )).
As
ωa (x) = 0.5 (k̄ − k) (x2 − a2 ) + (m̄ − m) (x − a), ωb (x) = 0.5 (k − k̄) (x2 − b2 ) + (m − m̄) (x − b),
then taking into account the previous conclusion and after selection the constant C as (24), (23) will
be obtained.
Square parabola is a convex function. Therefore, from the relations (18),(19),(23) follows, that the
parabolas p̄a (x), p̄b (x) and pa (x), pb (x) are intersected, accordingly, every equation (25) has a solution
on the interval [a, b] and it’s unique (see Fig. 1).
Hense the correlation (26) is obtained, where the constants Y1 , Y2 are selected as (27) accordingly.

Figure 2: Geometric interpretation of ”parabolic parallelogram”.

As a consequence of the proved theorem is the next theorem that defines the functional interval of
derivative of the function y(x).
Theorem 3. Let on the interval [a, b] the function y(x) is twice continuously differentiable and its
second derivative y 00 (x) is bounded k ≤ y 00 (x) ≤ k̄, where k, k̄ - some constants; ya0 = y 0 (a), yb0 = y 0 (b).
Then:
ya0 + k · (b − a) ≤ yb0 ≤ ya0 + k̄ · (b − a),
l(x) ≤ y 0 (x) ≤ ¯l(x),

where
l(x) =

(

¯l(x) =

(

k · x + (ya0 − k · a),
k̄ · x + (yb0 − ~k · b),

a ≤ x < x2
,
x2 < x ≤ b

k̄ · x + (ya0 − k̄ · a),
k · x + (yb0 − k · b),

a ≤ x < x1
,
x1 < x ≤ b

x1 = ((yb0 − ya0 ) − k · b + k̄ · a)/(k̄ − k),

x2 = −((yb0 − ya0 ) − k̄ · b + k · a)/(k̄ − k),

(28)
(29)

x1 + x2 = a + b.
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If k ≤ y 00 (x) ≤ k̄ and the values ya = y(a), ya0 = y 0 (a) yb0 = y 0 (b) are known and it’s needed to find
yb = y(b), then we use the next theorem.
Let’s the next polynomials are defined
p1a (x) = 0.5 k x2 + (ya0 − k a) x + 0.5 k a2 − (ya0 − k a) a + ya ,

p1a (x) = 0.5 k x2 + (ya0 − k a) x + 0.5 k a2 − (ya0 − k a) a + ya ,
p2a (x) = 0.5 k x2 + (yb0 − k b) x − 0.5 k a2 − (yb0 − k b) a + ya ,
p2a (x) = 0.5 k x2 + (yb0 − k b) x − 0.5 k a2 − (yb0 − k b) a + ya ;

p1b (x) = 0.5 k x2 + (ya0 − k a) x − 0.5 k b2 − (ya0 − k a) b + yb ,
p1b (x) = 0.5 k x2 + (ya0 − k a) x − 0.5 k b2 − (ya0 − k a) b + yb ,
p2b (x) = 0.5 k x2 + (yb0 − k b) x + 0.5 k b2 − (yb0 − k b) b + yb ,

p2b (x) = 0.5 k x2 + (yb0 − k b) x + 0.5 k b2 − (yb0 − k b) b + yb ,
s̄a (x) =
sa (x) =

(

(

p1a (x), a ≤ x ≤ x1 ,
p2a (x) − p2a (x1 ) + p1a (x1 ), x1 ≤ x ≤ b,
p1a (x), a ≤ x ≤ x2 ,
p2a (x) − p2a (x2 ) + p1a (x2 ), x2 ≤ x ≤ b,

where the points x1 , x2 defined by formulas (28), (29) accordingly.
Then ya , yb , ya0 , yb0 , coincide with each other according to the conclusions of the following theorem.
Theorem 4. Let the function y(x) is twice continuously be differentiable on the interval [a, b] and
on this interval k ≤ y 00 (x) ≤ k, where k, k are some constants; known ya = y(a) and ya0 = y 0 (a),
yb0 = y 0 (b) on the ends on interval [a, b].
Then:
\
yb ∈ [c1 , d1 ] [c2 , d2 ],
where

s̄a (b) = ya +

(2(k̄yb0

[c1 , d1 ] ≡ [sa (b), s̄a (b)],

− kya0 )(b − a) − k̄k(b − a)2 − (yb0 − ya0 )2 )/(2(k̄ − k)),

sa (b) = ya + (−2(kyb0 − k̄ya0 )(b − a) + k̄k(b − a)2 + (yb0 − ya0 )2 )/(2(k̄ − k));
[c2 , d2 ] ≡ [p1a (b), p2a (b)],

if p2a (b) < p1a (b); or
if p2a (b) ≥ p1a (b);

[c2 , d2 ] ≡ [p2a (b), p1a (b)],

p1a (b) − p2a (b) = p1a (b) − p2a (b) = p1b (a) − p2b (a) = p1b (a) − p2b (a) = ∆,
where
∆ = 0.5 (k + k) (b − a)2 + (ya0 − yb0 ) (b − a);
where

df

p1a (b) − p1a (b) = p2a (b) − p2a (b) = p1b (a) − p1b (a) = p2b (a) − p2b (a)=ω,

df

ω = 0.5 (k̄ − k)(b − a)2

ωab =sa (b) − sa (b) = ((k̄ + k)(yb0 − y 0 a )(b − a) − k̄k(b − a)2 − (yb0 − ya0 )2 )/(k̄ − k).

The proof of Theorem 4 is analogous to the proof of Theorem 2. In this case, the conclusions
of Theorem 3 are substantially used. In the works (Senio and Stoyko, 2017), (Senio, 2017), (Senio,
2018), the conclusions of Theorems 2-4 are used to construct methods for finding analytic solutions of
the Cauchy problem and boundary value problems in the form of two-sided approximations by their
splines.
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Gauss-Newton-Potra Method for Nonlinear Least Squares Problems
with Decomposition of Operator
Stepan Shakhno, Yurii Shunkin, Halyna Yarmola
Abstract: In this article, we propose a new method for solving the nonlinear
least squares problems with the decomposition of the operator. We investigate
the convergence of this method under the classical Lipschitz condition for the
first-order derivatives of the differentiable part and for the first- and secondorder divided differences of the non-differentiable part of the nonlinear operator.
The convergence order and the convergence radius of the method are studied.
We carry out numerical experiments on a set of test problems.
Keywords: least squares problem, decomposition of operator, Gauss-Newton
method, Lipschitz conditions, divided differences.

1 Introduction
Nonlinear least squares problem usually arise in cases of modeling or evaluating physical processes
by values obtained as a result of measurements. In most cases it can be solved by well known
Gauss-Newton method (Argyros, 2008; Chen and Li, 2005; Dennis and Schnabel, 1996; Ortega and
Rheinboldt, 1970) or some its modifications (Argyros, 2008; Argyros and Ren, 2011; Dennis and
Schnabel, 1996; Shakhno and Gnatyshyn, 2005). Gauss-Newton type’s methods use derivatives of
function F . Since the function can be the result of a measurement experiment or obtained as a result
of calculation on computer, in this case no analytical data on the derivative is given. Thus, in practice,
we can face a problem of derivative calculation. In this case, we can apply the iterative-difference
methods. These methods do not require calculation of matrix of derivatives, but also show similar
to the Gauss-Newton convergence order and computation efficiency. They include the Secant type’s
method, Kurchatov type’s method and Potra type’s method (Argyros, 2008; Argyros and Ren, 2011;
Dennis and Schnabel, 1996; Shakhno and Gnatyshyn, 2005).
Sometimes the nonlinear function consists of a differentiable and a nondiffirentiable parts. Despite
the applicability of iterative-difference methods to such class of problems, it is better to take into
account the specifics of this function, which allows us to achieve a greater order of convergence. One
of the possible options is to use a single derivative of the differentiable part and ignore the nondifferentiable part, since the full Jacobian does not exist. However, as practice shows, such methods
converges much slower. The methods that use derivatives of differentiable part of operator and divided
differences of nondiffirentiable part of operator demonstrate much better results. This approach well
recommends itself in solving nonlinear equations what you can see in (Argyros, 2008; Catinas, 1994;
Shakhno, Babjak and Yarmola, 2015; Shakhno and Yarmola, 2011, 2012; Shakhno, 2014).
Let us consider the nonlinear least squares problem (Shakhno and Shunkin, 2017)
min

x∈IRp

1
(F (x) + G(x))T (F (x) + G(x)),
2

(1)

where the residual function F + G is defined on IRp with its values on IRm and it is nonlinear by x;
F is a continuously differentiable function; G is a continuous function, differentiability of which, in
general, is not required. If m = p, we get system of nonlinear equations (Catinas, 1994; Shakhno,
Babjak and Yarmola, 2015).
For finding the solution of problem (1), we propose method based on Gauss-Newton method and
Potra type’s method (Shakhno and Gnatyshyn, 2005)
xk+1 = xk − (ATk Ak )−1 ATk (F (xk ) + G(xk )), k = 0, 1, 2, . . . ,
Ak = F 0 (xk ) + G(xk , xk−1 ) + G(xk−2 , xk ) − G(xk−2 , xk−1 ).
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Here F 0 (xk ) is Fréchet derivative F (x) in point xk , G(xk , xk−1 ), G(xk−2 , xk ), G(xk−2 , xk−1 ) are divided differences of first order of function G(x) at appropriate points (Ulm, 1967); x0 , x−1 , x−2 are
given initial approximations. In case when m = n, this method reduces to the Newton-Potra methods (Shakhno, Babjak and Yarmola, 2015).
In this work, we study the local convergence of the proposed method and show efficiency of this
method in comparing with other methods for solving such class of problems.

2 Convergence Analysis
Let us denote Ω(x∗ , r) = {x ∈ D ⊆ IRp : kx − x∗ k < r} as an open ball with the radius r (r > 0) at
x∗ , D is an open convex subset of IRp .
Sufficient conditions of the local convergence of the iterative process (2) are given in the following
theorem.
Theorem 1. Let F + G : IRp → IRm , m ≥ p, be continuous operator, where F is a Fréchet differentiable operator and G is a continuous operator on a subset D ⊆ IRp . Assume that the problem (1)
has a solution x∗ ∈ D and an inverse operator (AT∗ A∗ )−1 exists, where A∗ = F 0 (x∗ ) + G(x∗ , x∗ ), and
k(AT∗ A∗ )−1 k ≤ B. Suppose, that Fréchet derivative F 0 (x) satisfies the Lipschitz conditions on D
kF 0 (x) − F 0 (y)k ≤ Lkx − yk

(3)

Suppose, that function G has the first and the second order divided differences G(·, ·) and G(·, ·, ·) and
kG(x, y) − G(u, v)k ≤ M (kx − uk + ky − vk),

(4)

kG(u, x, y) − G(v, x, y)k ≤ N ku − vk

(5)

for all x, y, u, v ∈ D; L, N and M are non-negative numbers.
Furthermore,
kF (x∗ ) + G(x∗ )k ≤ η, kF 0 (x∗ ) + G(x∗ , x∗ )k ≤ α,
B(L + 2M )η ≤ 1

(6)

and Ω = Ω(x∗ , r∗ ) ⊆ D, where the radius r∗ > 0 is a unique root of the equation
h

i

q(r) = B (α + (L + 2M )r + 2N r2 )(( 21 L + 2M )r + 4N r2 ) + (L + 2M + 2N r)η +


+B 2α + (L + 2M )r + 2N r2 ((L + 2M )r + 2N r2 ) − 1 = 0

(7)

Then, for all x0 , x−1 , x−2 ∈ Ω the sequence {xk }, which is generated by the method (2), is well
defined, remains in Ω for all k ≥ 0, and converges to x∗ . Moreover, the following estimate holds for
all k ≥ 0
kxk+1 − x∗ k ≤ g(r∗ )[α + (L + 2M )kxk − x∗ k + 2N kxk−2 − x∗ kkxk−1 − x∗ k]×
×[( 12 L + M )kxk − x∗ k + 4N kxk−1 − x∗ kkxk−2 − x∗ k|]kxk − x∗ |+
+η[(L + 2M )kxk − x∗ k + 2N kxk−2 − x∗ kkxk−1 − x∗ k] =
= C1 kxk − x∗ k + C2 kxk − x∗ kkxk−1 − x∗ k + C3 kxk−1 − x∗ kkxk−2 − x∗ k+
+C4 kxk − x∗ k2 + C5 kxk − x∗ kkxk−1 − x∗ kkxk−2 − x∗ k + C6 kxk − x∗ k3 +
+C7 kxk − x∗ k2 kxk−1 − x∗ kkxk−2 − x∗ k + C8 kxk − x∗ k3 kxk−1 − x∗ k+
+C9 kxk − x∗ k2 kxk−1 − x∗ k2 kxk−2 − x∗ k + C10 kxk − x∗ k2 kxk−1 − x∗ kkxk−2 − x∗ k+
+C11 kxk − x∗ kkxk−1 − x∗ k2 kxk−2 − x∗ k2
where

h

i−1

g(r) = B 1 − B[2α + (L + 2M )r + 2N r2 ] × [(L + 2M )r + 2N r2 ] ;
C1 = g(r∗ )η(L + 2M ); C2 = C3 = g(r∗ )ηN ; C4 = g(r∗ )( αL
2 + αM );
C5 = 4g(r∗ )αN ; C6 = 12 g(r∗ )(L + 2M )2 ; C7 = 4g(r∗ )N (L + 2M );
C8 = C10 = g(r∗ )( N2L + N M ); C9 = C11 = 4g(r∗ )N 2 .
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Proof: According to intermediate value theorem, under conditions (6) the polynomial q has a positive
root r∗ on [0; r] for a sufficiently large r. Since q 0 (r) ≥ 0 for r ≥ 0, this root is unique on [0, r].
Let choose arbitrary x0 , x−1 , x−2 ∈ Ω and denote Ak = F 0 (xk ) + G(xk , xk−1 ) + G(xk−2 , xk )−
−G(xk−2 , xk−1 ). Let k = 0. Then we obtain the following estimation
kI − (AT∗ A∗ )−1 AT0 A0 k = k(AT∗ A∗ )−1 (AT∗ A∗ − AT0 A0 )k =
= k(AT∗ A∗ )−1 (AT∗ (A∗ − A0 ) + (AT∗ − AT0 )(A0 − A∗ ) + (AT∗ − AT0 )A∗ )k ≤
≤ k(AT∗ A∗ )−1 k(kAT∗ kkA∗ − A0 k + kAT∗ − AT0 kkA0 − A∗ k + kAT∗ − AT0 kkA∗ k) ≤
≤ B(αkA∗ − A0 k + kAT∗ − AT0 kkA0 − A∗ k + αkAT∗ − AT0 k).

(10)

Using conditions (3), (4) and (5), we get
kA0 − A∗ k = kF 0 (x0 ) + G(x0 , x−1 ) + G(x−2 , x0 ) − G(x−2 , x−1 )−
− [F 0 (x∗ ) + G(x0 , x∗ ) + G(x−2 , x∗ ) − G(x−2 , x∗ )] k ≤
≤ Lkx0 − x∗ k + 2M kx0 − x∗ k + N (kx−2 − x∗ k + kx0 − x∗ k)kx−1 − x∗ k.
get

(11)

Since for the Euclidean norm kA∗ − A0 k = kAT∗ − AT0 k, then from (10), (11) and definion of r∗ we
kI − (AT∗ A∗ )−1 AT0 A0 k ≤ B[2α + (L + 2M )kx0 − x∗ k+
+N (kx−2 − x∗ k + kx0 − x∗ k)kx−1 − x∗ k]×
×[(L + 2M
)kx0 − x∗ k + N (kx−2 −x∗ k + kx0 − x∗ k)kx−1 − x∗ k] ≤

≤ B 2α + (L + 2M )r∗ + 2N r∗2 ((L + 2M )r∗ + 2N r∗2 ) < 1.

(12)

According to Banach lemma of inverse operator (Ortega and Rheinboldt, 1970) and (12), it follows
that (AT0 A0 )−1 exists and


k(AT0 A0 )−1 k ≤ g0 = B 1 − B[2α + (L + 2M )kx0 − x∗ k+
+N (kx−2 − x∗ k + kx0 − x∗ k)kx−1 − x∗ k]×

−1

×[(L + 2M )kx0 − x∗ k + N (kx−2 − x∗ k + kx0 − x∗ k)kx−1 − x∗ k]


≤ g(r∗ ) = B 1 − B[2α + (L + 2M )r∗ + 2N r∗2 ] × [(L + 2M )r∗ + 2N r∗2 ]
Hence, x1 is well defined. Next, we can write

≤

−1

.

kx1 − x∗ k = kx0 − x∗ − (AT0 A0 )−1 (AT0 (F (x0 ) + G(x0 )) − AT∗ (F (x∗ ) + G(x∗ )))k ≤
R1

≤ k − (AT0 A0 )−1 kk − AT0 (A0 − F 0 (x∗ + t(x0 − x∗ ))dt−
0

−G(x0 , x∗ ))(x0 − x∗ ) + (AT0 − AT∗ )(F (x∗ ) + G(x∗ ))k.

Thus, by conditions (3), (4), (5) and inequalities
R1

kA0 − F 0 (x∗ + t(x0 − x∗ ))dt − G(x0 , x∗ )k =
0

R1

= kF 0 (x0 ) − F 0 (x∗ + t(x0 − x∗ ))dt+
0

+G(x0 , x−1 ) + G(x−2 , x0 ) − G(x−2 , x−1 ) − G(x0 , x∗ )k =
1
≤ Lkx0 − x∗ k + M kx0 − x∗ k + 4N kx−1 − x∗ kkx−2 − x∗ k,
2
kA0 k ≤ kA∗ + A0 − A∗ k ≤ kA∗ k + kA0 − A∗ k ≤ α + (L + 2M )kx0 − x∗ k+
+N (kx−2 − x∗ k + kx0 − x∗ k)kx−1 − x∗ k
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we obtain
kx1 − x∗ k ≤ B[α + (L + 2M )kx0 − x∗ k + N (kx−2 − x∗ k + kx0 − x∗ k)kx−1 − x∗ k]×
×[( 12 L + M )kx0 − x∗ k + 4N kx−1 − x∗ kkx−2 − x∗ k]kx0 − x∗ k+
+η[(L + 2M )kx0 − x∗ k + N (kx−2 − x∗ k + kx0 − x∗ k)kx−1 − x∗ k]/
h
/ 1 − B[2α + (L + 2M )kx0 − x∗ k + N (kx−2 − x∗ k + kx0 − x∗ k)kx−1 − x∗ k]×
i

×[(L + 2M )kx0 − x∗ k + N (kx−2 − x∗ k + kx0 − x∗ k)kx−1 − x∗ k] ≤
h

≤ g0 [α + (L + 2M )kx0 − x∗ k + N (kx−2 − x∗ k + kx0 − x∗ k)kx−1 − x∗ k]×
×[( 12 L + M )kx0 − x∗ k + 4N kx−1 − x∗ kkx−2 − x∗ k]kx0 − x∗ k+i
+η[(L + 2M )kx0 − x∗ k + N (kx−2 − x∗ k + kx0 − x∗ k)kx−1 − x∗ k] ≤
h

i

≤ g(r∗ ) [α + (L + 2M )r∗ + 2N r∗2 ][( 21 L + M )r∗ + 4N r∗2 ]r∗ + (L + 2M + 2N r∗ )r∗ η .
Let us suppose, that xk ∈ Ω for k ≥ 0 and estimate (8) holds. Let us prove, that xk+1 ∈ Ω and
estimate (8) holds.
Using conditions (3), (4) and (5), we get
kI − (AT∗ AT∗ )−1 ATk Ak k = k(AT∗ A∗ )−1 (AT∗ A∗ − ATk Ak )k =
= k(AT∗ A∗ )−1 (AT∗ (A∗ − Ak ) + (AT∗ − ATk )(Ak − A∗ ) + (AT∗ − ATk )A∗ )k ≤
≤ k(AT∗ A∗ )−1 k(kAT∗ kkA∗ − Ak k + kAT∗ − ATk kkAk − A∗ k + kAT∗ − ATk kkA∗ k) ≤
≤ B(αkA∗ − Ak k + kAT∗ − ATk kkAk − A∗ k + αkAT∗ − ATk k) ≤
≤ B(2α + (L + 2M )kxk − x∗ k + N (kxk−2 − x∗ k + kxk − x∗ k)kxk−1 − x∗ k)×
×((L + 2M )kx
− x∗ k + N (kxk−2 − x∗k + kxk − x∗ k)kxk−1 − x∗ k)) ≤
 k
≤ B 2α + (L + 2M )r∗ + 2N r∗2 [(L + 2M )r∗ + 2N r∗2 ].

Thus, (ATk Ak )−1 exists and

h

k(ATk Ak )−1 k ≤ gk = B 1 − B[2α + (L + 2M )kxk − x∗ k+
+N (kxk−2 − x∗ k + kxk − x∗ k)kxk−1 − x∗ k] × [(L + 2M )kxk − x∗ k+
+N (kxk−2 − x∗ k + kxk − x∗ k)kxk−1 − x∗ k]

Hence,

i−1

≤ g(r∗ ).

kxk+1 − x∗ k ≤ B[α + (L + 2M )(kxk − x∗ k) + N (kxk−2 − x∗ k + kxk − x∗ k)kxk−1 − x∗ k]×
×[( 21 L + M )kxk − x∗ k + 4M kxk−1 − x∗ kkxk−2 − x∗ k|]kxk − x∗ |+
+η[(L + 2M )kxk − x∗ k + N (kxk−2 − x∗ k + kxk − x∗ k)kxk−1 − x∗ k]/
h
/ 1 − B[2α + (L + 2M )kxk − x∗ k + N (kxk−2 − x∗ k + kxk − x∗ k)kxk−1 − x∗ k]×
i

×[(L + 2M )kxk − x∗ k + N (kxk−2 − x∗ k + kxk − x∗ k)kxk−1 − x∗ k] ≤
≤ gk [α + (L + 2M )kxk − x∗ k + N (kxk−2 − x∗ k + kxk − x∗ k)kxk−1 − x∗ k]×
×[( 21 L + M )kxk − x∗ k + 4N kxk−1 − x∗ kkxk−2 − x∗ k|]kxk − x∗ |+
+η[(L + 2M )kxk − x∗ k + N (kxk−2 − x∗ k + kxk − x∗ k)kxk−1 − x∗ k] ≤
≤ gk [α + (L + 2M )kxk − x∗ k + 2N kxk−2 − x∗ kkxk−1 − x∗ k]×
×[( 12 L + M )kxk − x∗ k + 4N kxk−1 − x∗ kkxk−2 − x∗ k|]kxk − x∗ |+
+η[(L + 2M )kxk − x∗ k + 2N kxk−2 − x∗ kkxk−1 − x∗ k] ≤
h
i
≤ g(r∗ ) [α + (L + 2M )r∗ + 2N r∗2 ][( 21 L + M )r∗ + 4N r∗2 ]r∗ + (L + 2M + 2N r∗ )r∗ η

and xk+1 ∈ Ω(x∗ , r∗ ).
Thus, iterative process (2) is well defined, xk+1 ∈ Ω(x∗ , r∗ ) for k ≥ 0 and estimate (8) holds for all
k ≥ 0.
Let’s prove, that xk → x∗ for k → ∞. Let’s define functions a, b on [0, r∗ ] as
a(r) = C1 + C4 r + C6 r2 + (C9 + C11 )r4 ;
b(r) = (C2 + C3 )r + C5 r2 + (C7 + C8 + C10 )r3 .
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According to the choice of r∗ , we get
a(r∗ ) ≥ 0, b(r∗ ) ≥ 0, a(r∗ ) + b(r∗ ) = 1.

(14)

Using the estimate (8), the definition of functions a, b and constants Ci (i = 1, . . . , 11), we get
kxk+1 − x∗ k ≤ C1 kxk − x∗ k + C2 kxk−1 − x∗ kr∗ + C3 kxk−1 − x∗ kr∗ +
+C4 kxk − x∗ kr∗ + C5 kxk−1 − x∗ kr∗2 + C6 kxk − x∗ kr∗2 + C7 kxk−1 − x∗ kr∗3 +
+C8 kxk−1 − x∗ kr∗3 + C9 kxk − x∗ kr∗4 + C10 kxk−1 − x∗ kr∗3 + C11 kxk − x∗ kr∗4 =
= a(r∗ )kxk − x∗ k + b(r∗ )kxk−1 − x∗ k.

(15)

According to the proof in (Argyros, 2008), under the conditions (13)–(15), the sequence {xk } converges
to x∗ for k → ∞. This completes the proof of Theorem 1.
Corollary 1. The convergence order of the iterative method (2) in case of zero residual is equal to
1.839....
Proof: If η = 0, we have the nonlinear least squares problem with zero residual in solution. In this
case the constants C1 = 0, C2 = 0, C3 = 0, and the estimate (8) takes the form
||xk+1 − x∗ || ≤ (C5 + C7 r∗ + C10 r∗ + C11 r∗2 )|xk − x∗ ||||xk−1 − x∗ ||||xk−2 − x∗ ||+
+(C4 + C6 r∗ + C8 r∗2 + C9 r∗3 )||xk − x∗ ||2 .
From the last estimate it follows the assertion of the corollary.
Let G(x) ≡ 0 in (1). Then M = 0, N = 0 and constants Ci = 0, i = 1, 2, 3, 5, 7, 8, 9, 10, 11. The
estimate (8) takes the form
||xk+1 − x∗ || ≤ (C4 + C6 r∗ )||xk − x∗ ||2 .
Thus, convergence order of the method (2) is quadratic.
Let F (x) ≡ 0 in (1). Then L = 0 and constants Ci = 0, i = 1, 2, 3. The estimate (8) takes the
form
||xk+1 − x∗ || ≤ (C5 + C7 r∗ + C10 r∗ + C11 r∗2 )|xk − x∗ ||||xk−1 − x∗ ||||xk−2 − x∗ ||+
+(C4 + C6 r∗ + C8 r∗2 + C9 r∗3 )||xk − x∗ ||2 .
Thus, convergence order of the method (2) is 1.839....

3 Numerical experiments
We compare the convergence order of the method (2) with Potra type’s method (Shakhno and Gnatyshyn,
2005):
xk+1 = xk − (ATk Ak )−1 ATk (F (xk ) + G(xk )), k = 0, 1, 2, ...,
Ak = F (xk , xk−1 ) + F (xk−2 , xk ) − F (xk−2 , xk−1 )+
(16)
+G(xk , xk−1 ) + G(xk−2 , xk ) − G(xk−2 , xk−1 )
and Secant type’s method (Shakhno and Gnatyshyn, 2005):
xk+1 = xk − (ATk Ak )−1 ATk (F (xk ) + G(xk )), k = 0, 1, 2, ...,
Ak = F (xk , xk−1 ) + G(xk , xk−1 ).

(17)

1
Let’s denote f (x) = (F (x) + G(x))T (F (x) + G(x)). We test method on nonlinear problems with
2
zero and non-zero residual in the solution.
Example 1.

F1 (x, y) = 3x2 y + y 2 − 1 + |x − 1|,
F2 (x, y) = x4 + xy 3 + |y|,
(x∗ , y ∗ ) ≈ (0.89465537, 0.32782652), f (x∗ ) = 0.
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Example 2.

F1 (x, y) = 3x2 y + y 2 − 1 + |x − 1|,
F2 (x, y) = x4 + xy 3 + |y|,
F3 (x, y) = |x2 − y|,
(x∗ , y ∗ ) ≈ (0.74862800, 0.43039151), f (x∗ ) ≈ 4.0469349 · 10−2 .

Numerical solution of the problems we get with the accuracy ε = 10−8 :
||xk+1 − xk || ≤ ε.
The additional initial points we calculated by formulas:
(x−1 , y−1 ) = (x0 − 10−4 , y0 − 10−4 ),
(x−2 , y−2 ) = (x0 − 2 · 10−4 , y0 − 2 · 10−4 ).
Example

1

2

Method

(x0 , y0 )
(1, 0.5)
(5, 2.5)
(10, 5)
(0.6, 0.4)
(3, 2)
(6, 4)

(2)
5
11
14
14
19
21

(16)
5
14
19
14
21
25

(17)
6
15
19
18
26
30

Table 1: Number of iterations for solving test problems.

4 Conclusion
We studied the local convergence of the Gauss-Newton-Potra for solving nonlinear least squares problems with decomposition of operator under the classical Lipschitz condition. We determined the
convergence order and the radius of the proposed method. Obtained numerical results show that the
combined Gauss-Newton-Potra method (2) is more efficient than iterative-difference methods.
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Proper Orthogonal Decomposition for Ordinary Differential Equations
and Partial Differential Equations
Mykhaylo Shcherbatyy, Iryna Shcherbata
Abstract: High-fidelity approximation techniques for parametrized ordinary
differential equations (ODEs) and time-dependent parametrized partial differential equations (PDEs) frequently lead to very high-dimensional numerical
models with corresponding high demands concerning hardware and computation times. These high computational costs pose a serious problem in the
context of repetitive solution of the ODEs/PDEs for different values of input parameters. To keep the requirements of computational resources within
certain limits, surrogate models (or reduced-order models, ROMs) can be employed. In this paper, surrogate models are built by utilizing two numerical
techniques named as proper orthogonal decomposition (POD) and radial basis
functions (RBFs). Numerical investigations are presented for the prey-predator
Lotka-Volterra interaction model and for one dimensional advection-diffusionreaction equations with cubic nonlinearity. We demonstrate influence of different sampling strategy, number of samples, types of RBF on tolerance of system
responses.
Keywords: reduced-order modeling, proper orthogonal decomposition, radial
basis functions, parametrized ordinary differential equations, time-dependent
parametrized partial differential equations.

1 Introduction
Many applications (in mechanics, biology, medicine, economics, etc.) lead to parametrized ODEs and
parametrized PDEs. Evaluation of output parameters and characteristics (direct problem) by means
of high-fidelity technique (such as finite element method (FEM), finite difference method (FDM))
is computationally expensive (storage, CPU time). Solution of multi-query problems (optimization
problems, inverse problems) for complex systems causes necessity of multiple solutions of direct problem for different values of system’s parameters. Complexity of mathematical models, which describe
state and behavior of considered system occasionally puts in question the solving of the problem itself.
In order to solve multi-query problems within limited computational cost, there is a need to construct
approximation models (also known as surrogates models, meta-models or ROMs). Surrogate model
replaces the high-fidelity problem and tends to much lower numerical complexity. Also, it allows
to evaluate the solution for any new input parameters at a cost that is independent of the dimension of the original problem. Such kind of model express the parametric dependence of high fidelity
model solution by combining a handful of high-fidelity solutions (snapshots) for a possibly small set
of parameter values. See for example (Haasdonk, 2014; Benner et.al, 2015; Quarteroni and Rozza,
2014) for summaries of state-of-the-art in projection-based parametric model reduction methods and
applications.
Among the model reduction methods, the POD approach is the most widely used. POD, also
known as Karhunen-Loeve decomposition, principal component analysis or singular value decomposition (SVD), provides a technique for reducing the dimensionality of given dataset of the considered
system (Antoulas, 2005; Quarteroni et al., 2016; Volkwein, 2013). The original variables are transformed into a new set of uncorrelated variables. The first few modes retain most of the energy
presented in all of the original variables. It can be shown that all of them are equivalent (Antoulas,
2005; Buljak, 2012).
The approximation achieved with POD, refers only to a discrete number of system responses
that are already computed in the set of snapshots using discretized high-fidelity model. In order to
make a continuous approximation of the system over certain domain of input parameters the POD
160
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is combined with different approximation techniques (such as least square regression, RBFs, etc.)
(Antoulas, 2005; Buljak, 2012).
The computational procedure is decomposed in an offline and online phases. During the offline
phase (”training” of the model) that is performed once a reduced basis is generated and further
auxiliary quantities are precomputed. The online phase allows a fast, inexpensive and reliable multiple
input-output evaluation.
This paper is organized as follows. Section 2 presents discrete version of POD as SVD of matrix. In
section 3 we describe POD-RBF algorithm. In Sections 4 and 5 we describe POD-RBF approximation
for parametrized ODEs and for parametrized PDEs respectively. In Section 4 we presents the results
of application of POD-RBF approximation for the prey-predator Lotka-Volterra equations. Sections 5
illustrates results of POD-RBF approximation of one dimensional advection- diffusion-reaction equations with cubic nonlinearity. Finally, in section 6, the conclusion is presented.

2 Construction of POD basis using SVD Approach
POD is a powerful method for low-order approximation of some high dimensional processes. A very
important property of the POD method is its optimality. Among all of possible approximations, it
provides the most efficient way of capturing the dominant components of high-dimensional processes
with small number of modes. For most models of complex systems simulation are carried out by means
of discretized models. Therefore, discrete version of POD using SVD approach is presented.
Consider a system that maps vector of input parameters p̃ ∈ D̃ ⊂ RNp onto vector of output
parameters y ∈ Rm (response of the system). The parameter domain D̃ represents a closed and
bounded subset of the Euclidean space RNp . Vector of input parameters p̃ of the system consists
of two groups: the parameters pc values of which are the same for each simulation; the parameters
p ∈ D ⊂ Rnp values of which are different for each simulation. In the process of multiple simulations,
we calculate the values of the output parameters for different values of the input parameters p that
can change.
The response of the system can be obtained either from solution of model of the system (for
example ODEs, PDEs) or from experiments on a real system. A single response from the object,
when excited by input vector pj = [pj1 , ..., pjnp ]T ∈ D corresponds to a single value of vector of output
parameter yj = [yj1 , ..., yjm ]T ∈ Rm . In the POD literature yj is called a snapshot. Let us consider
a set {p1 , ..., pn } of ns parameter samples and the corresponding set of snapshots {y1 , ..., yns }. These
snapshots may be the computational solutions generated by a numerical model or they may be sensed
data (or their combinations). We define the snapshot matrix Y = [y1 , ..., yns ] ∈ Rm×ns , which contains
the snapshots yj as its columns, j = 1, ..., ns .
SVD of snapshot matrix Y ∈ Rm×ns can be written as (Antoulas, 2005; Quarteroni et al., 2016)
Y = U ΣV T

(1)

where U = [u1 , ...um ] ∈ Rm×m is left singular vector matrix, V = [v1 , ...vn ] ∈ Rns ×ns is right singular
vector matrix, matrices U and V are orthogonal. Columns of the matrices U and V are the left and
right singular vectors of snapshot matrix Y respectively. Matrix Σ = diag(σ1 , ..., σd ) ∈ Rm×ns is a
diagonal matrix of singular values σi of Y arranged in a descending order, so that σ1 ≥ σ2 ≥ ..., σd ≥ 0,
Y vi = σi ui , Y T ui = σi vi , i = 1, ..., d.

(2)

Using (1) and (2) we can write eigenvalue problems
Y Y T ui = σi2 ui , Y T Y vi = σi2 vi , i = 1, ..., d.

(3)

Therefore, σi2 , i = 1, ..., d are the nonzero eigenvalues of covariance matrix Y Y T (and also of correlation
matrix Y T Y ).
The POD basis Uk of dimension k ≤ d is defined as the k left singular vectors of matrix Y that
correspond to the k largest singular values, Uk = [u1 , ..., uk ] ∈ Rm×k . These yields an orthonormal
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basis that provides an efficient low-dimensional representation of the snapshot data. The POD basis
minimizes the least squares error of snapshot reconstruction among all of orthonormal bases of size k
v
u d
u X
||Y − Yk ||F =
min
||Y − X||F = t
σi2 ,
X∈Rm×ns ,rank(X)=k

i=k+1

Yk = Uk Ak , Ak = UkT Yk

(4)

where Ak is matrix of amplitudes the reduced space.
Thus, the singular values provide quantitative guidance for choosing the size of the POD basis
k needed to accurately represent the given snapshot data. It is possible to choose k as a minimum
integer so that (Benner et.al, 2015; Quarteroni et al., 2016)

E(k) =

k
P

i=1
d
P
i=1

σi2
σi2

≤ 1 − 2P OD .

(5)

where P OD is desired tolerance. E(k) is often treated as the relative ”cumulative energy” captured
by the first k POD modes or as relative information content of the POD basis.

3 Combining POD-RBF for Approximation
The ability of POD is to create a reduced order model by truncating orthogonal basis. The approximation (4)-(5) achieved in this way, refers solely to a discrete number of system responses that are
already computed and stored in snapshot matrix. In order to make a continuous approximation of
the system over certain parameter domain the POD method should be combined with some interpolation (or approximation) method. In this paper the POD is combined with the RBF interpolation
(Buhmann, 2003; Buljak, 2012). RBFs possess good approximation and smoothing properties. They
are often used in multidimensional approximation. The guiding principle behind this general method
is to use translations of a single basis function that depends only on the Euclidean distance from its
center.
In context of surrogate modeling our goal is to find a function f (p) = y that approximates the
vector of output parameters y over some domain in space of input parameters p. Following the POD,
a reduced dimension model Yk of snapshot matrix Y can be calculated according to (4): Y ≈ Yk .
This practically means that RBF can be applied in reduced dimension space where responses are
expressed as the amplitudes. So, the aforementioned surrogate equation can be written for vector of
amplitude a
fa (p) = a.
(6)
The relation between the reduced model and full model is given by the following equation
f (p) = Uk fa (p) = y.

(7)

If RBF is applied then equation (6) can be written in following form
fa (p) = Bg(p)

(8)

where g(p) = [g1 (p), ..., gns (p)]T is vector of RBF for input parameter p, B ∈ Rk×ns is matrix of
coefficients of RBF interpolation.
Once the basis function is known, interpolation coefficients collected in matrix B is computing in
the reduced space using the following equation
BG = Ak
162
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s
where G = [gj (pi )]ni,j=1
is matrix of values of RBFs calculated in ns sample points.
Then the final equation that will provide the approximation of the system response for any arbitrary
vector of input parameters p is given by

y(p) ≈ Uk Bg(p).

(10)

Consequently, computation of system responses y corresponding to any arbitrary values of input
parameters p within POD-RBF procedure leads to simple matrix multiplication.
In our work, we use the following three types of RBF(Buhmann, 2003; Buljak, 2012):
linear spline, gj (p) = ||p − pj ||;
cubic spline, gj (p) = ||p − pj ||3 ;
||p−p ||
Gaussian, gj (p) = exp( c2 j ).
j

As a result offline phase of POD-RBF procedure can be summarized as follows:
• choose sampling strategy and define sampling matrix of input parameters [p1 , ...pns ] over some
domain in space of input parameter;
• compute a snapshot matrix Y by solving the high-fidelity approximation of ODEs/PDEs in
sample points; each column of the snapshot matrix consists of total number of output parameters
in discrete points in space-time domain for one sample point;
• perform POD by using the SVD of the snapshot matrix (see (1), (3)); select the minimal POD dimension such that the projection error is smaller than a desired tolerance according (5); compute
reduced matrix of amplitude in POD basis (see (4));
• compute unknown matrix of interpolation coefficients of RBF for matrix of amplitude in reduced
space using equation (9).
Online phase within POD-RBF procedure leads to calculation a vector of RBFs g(p) for proper
value of input parameter vector and matrix multiplication. Computing the output parameters according to formula (10) significantly reduces the required computer resources in comparison with
calculations based on the high-fidelity approximation techniques.
In this paper sampling points are generated by uniform tensorial or latin hypercube sampling.
In case of uniform tensorial sampling (full factorial sampling plan) points of experiments are equally
spaced in each direction in parameter domain D. In this case number of sampling points is equal to
ns = ñ1 · ñ2 · ... · ñnp , where ñ1 , ñ2 , ..., ñnp are the numbers of points in each direction. Note, that using
such strategy leads to increasing the number of points of numerical experiments rapidly when the
dimension of parameter’s space increase. As a rule, such a strategy is applied with space dimension
of no more than three.
To evaluate the accuracy of POD-RBF model we define the set of ng test points and compute
matrix of solution Yg = [y1 , ..., yng ] ∈ Rm×ng using high-fidelity model. Each column of matrix Yg
contains the solution of discredited high-fidelity model at some point of test sample. The test points
are determined with a latin hypercube exploration of the parameter space D . After that, we calculate
a matrix of solution Ŷg = [ŷ1 , ..., ŷng ] ∈ Rm×ng according POD-RBF surrogate model (10). To quantify
the tolerance of POD-RBF approximation we can use the following types of errors
• maximum absolute and maximum relative errors
E1 = max ||yj − ŷj ||, E2 = max
1≤j≤ng

1≤j≤ng

||yj − ŷj ||
|yji − ŷji |
, E3 = max max
;
1≤j≤ng 1≤i≤m
||yj ||
|yji |

• average absolute and average relative errors
ng
ng
ng
|yji − ŷji |
1 X
1 X ||yj − ŷj ||
1 X
E4 =
kyj − ŷj ||, E5 =
, E6 =
( max
).
1≤i≤m
ng
ng
||yj ||
ng
|yji |
j=1

j=1

j=1

XXXII International Conference PDMU, Czech Republic, Prague, August 27–31, 2018

163

We can choose Euclidean norm or maximum norm of vector. In first case we get a mean-square
estimator of error, in the second case - pointwise estimator of error.
In Section 4 and Section 5 we apply POD-RBF approximation for parametrized ODEs and for
parametrized PDEs respectively. ODEs are solved by ode15s Matlab solver. We use lhsdesign Matlab
function to generate samlpe points when latin hypercube sampling is applied. The value of shape
parameters cj for Gaussian RBF is kept constant at 0.5.

4 Application of POD-RBF for ODEs
Let us consider initial value problem for parametrized ODEs
0

y t (t, p) = f (t, y, p), t ∈ Ωt = (t0 , te ],

(11)

y(t0 ) = y0 ,

p ∈ D ⊂ Rnp , y(t, p) ∈ Rny .
To compute a snapshot matrix first we choose sampling strategy and define sampling matrix
of input parameters P = [p1 , ..., pns ] ∈ Rnp ×ns , pj = [pj1 , ..., pjnp ]T ∈ D, j = 1, ..., ns , where ns is
number of samples. For each sample point pj , j = 1, ..., ns we solve ODEs (11) in set of points
t0 < t1 < t2 < ... < tnt = te . As result we obtain ns snapshots yj = [y(t1 , pj ), ..., y(tnt , pj )]T ∈ Rm , j =
1, ..., ns , m = ny × nt . Snapshot matrix Y = [y1 , ..., yns ] ∈ Rm×ns consists with vector of solution of
ODEs at nt different time instances.
We illustrate the computational performance of POD-RBF method on the following prey-predator
Lotka-Volterra interaction model
( 0
yt1 (t, p̃) = p̃1 y1 + p̃2 y1 y2 ,
t ∈ Ωt = (t0 , te ],
(12)
0
yt2 (t, p̃) = p̃3 y1 + p̃4 y1 y2 ,
y1 (t0 ) = y10 , y2 (t0 ) = y20 .
For the forthcoming simulations we choose the following values of input parameters
• [t0 , te ] = [0, 100], [y10 , y20 ] = [1.0, 1.5], nt = 100, ny = 2, p̃2 = −0.05, p̃4 = 0.15;

• p = [p̃1 , p̃3 ]T = [p1 , p2 ]T - the parameters p ∈ D ⊂ R2 values of which are different for each
simulation, D = [0.06, 0.14] × [−0.28, −0.12] - domain of sample points; np = 2; P OD = 0.001;
• sampling strategy - uniform tensorial: [ñ1 , ñ2 ] = [6, 6], ns = 36;
[ñ1 , ñ2 ] = [8, 8], ns = 64;

[ñ1 , ñ2 ] = [7, 7], ns = 49;

• RBF interpolation - linear spline, cubic spline, Gaussian.
• the number ng of test points is equal 50.

First of all, we determine the appropriate number of POD modes to use them in our reduced
model. With a tolerance P OD = 0.001, the relative information criterion (5) yields POD basis of
dimension k = 13 for different number ns of sample points.

Figure 1: Ratio σσ1i , i = 1, ..., 15
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Figure 2: E(i), i = 1, ..., 15
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In Figure 1 we display the ratio for each of the first 15 singular values to the maximum singular
value of sampling matrix, σσ1i , i = 1, ..., 15 in case of ns = 64 sapmle points ([ñ1 , ñ2 ] = [8, 8]). Figure 2
shows relative cumulative energy E(i) for different number of singular values, i = 1, ..., 15.
In order to check the overall error of the approximation we solve ODEs (12) for the ng = 50 test
points which was generated by latin hypercube sampling. These points were not considered in the
training phase.
In Table 1 we present maximum relative error E3 and average relative error E6 for different number
of sample points. For all surrogate models trained with different number of training points, the lowest
error was obtained for the cubic spline, while the linear spline showed the highest error. The linear
spline was also found to be very close to Gaussin for the whole set of selected test points.
[ñ1 , ñ2 ]
[6,6]

[7,7]

[8,8]

RBF
linear spline
cubic spline
Gaussian
linear spline
cubic spline
Gaussian
linear spline
cubic spline
Gaussian

E3
0.0434
0.0284
0.0359
0.0306
0.0160
0.0277
0.0230
0.0111
0.0188

E6
0.0139
0.0078
0.0131
0.0094
0.0059
0.0091
0.0071
0.0048
0.0069

Table 1: Relative errors of POD-RBF for prey-predator model

Figure 3 shows the solution of the problem (12) for the following test point p = [0.11, 021]. For
this point all POD-RBF procedures trained on 64 sample points gave maximum relative error less
than 1%.

Figure 3: Solution of prey-predator model

5 Application of POD-RBF for PDEs of parabolic type
Let us consider a body occupies the spatial domain Ω ⊂ Rl with boundary Γ (l - dimension of
Euclidean space). We denote Q = Ω × (t0 , te ] and Σ = Γ × (t0 , te ]. Mathematical model of the process
considered can be described by initial-boundary value problem (IBVP) for partial differential equation
of parabolic type:
0
yt (x, t, p) + L(x, t, p)y(t, y, p) = f (t, y, p), in Q,
(13)
G(t, y, p)y(t, y, p) = G0 (t, y, p), on Σ,

(14)

y(x, t0 , p) = y0 (x, p), in Ω

(15)
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where L is differential operator of elliptical type; G is operator in boundary condition;f, G0 are right
sides of equation and boundary condition respectively. Solution y(x, t, p) of the problem (13)-(15)
varies in space and time, and depends on the input parameters of the system p ∈ D ⊂ Rnp .
After discretization of (13)-(15) in spatial domain by high-fidelity approximation method we obtain
IVP for ODEs
0
M qt (t, p) + K(p)q(t, p) = F (t, p), t ∈ (t0 , te ],
Bq(t0 , p) = qe0 ,

(16)

p ∈ Rnp , q(t, p) ∈ Rnq
where nq is the (typically large) dimension of the finite-dimensional discretization of the spatial domain.
Snapshot matrix for ODEs (16) is created in the same way as for ODEs (11). For each sample point
pj , j = 1, ..., ns we solve ODEs (16) in different time instances t0 < t1 < t2 < ... < tnt = te . As a result
we obtain ns snapshots qj = [q(t1 , pj ), ..., q(tnt , pj )]T ∈ Rm , m = nq × nt of solutions of ODEs (16) in
sample points pj , j = 1, ..., ns .
We illustrate the computational performance of POD-RBF method for PDEs of parabolic type for
the following one dimensional advection-diffusion-reaction equations with cubic nonlinearity
∂y
00
0
− y + r(x, t)y + g1 (x, t)y + g3 (x, t)y 3 = f0 (x, t) + fu (x, t),
∂t
x ∈ Ω = (x0 , xe ), t ∈ Ωt = (t0 , te ].

(17)

This model is supplemented boundary conditions
0

α0 y (x0 , t) + β0 y(x0 , t) = d0 y (0) (t),
0

αe y (xe , t) + βe y(xe , t) = de y

(e)

(18)

(t),

and initial conditions
y(x, t0 ) = y0 (x).

(19)

We apply finite difference method to discretize state equation and boundary condition over spatial
domain. For numerical experiments we select the following values of the input parameters
• [x0 , xe ] = [0, 1], [t0 , te ] = [0, 0.2], nt = 40, nq = 40, f0 = 1, r = 15;
(
1, 0 ≤ x ≤ 0.5,
• initial condition: y0 =
0, 0.5 < x ≤ 1;

• Dirichlet boundary condition on both edges: α0 = d0 = 0, β0 = 1, αe = de = 0, βe = 1;

• p = [g1 , g3 , fu ]T , p ∈ [p− , p+ ], p− = [−4, 6, 15]T , p+ = [−1, 10, 20]T , np = 3;
• latin hypercube sampling, ns = 30, 40, 50;
• P OD = 0.001;

• RBF interpolation - linear spline, cubic spline, Gaussian.
Based on criteria (5) we use the first k = 3 POD basis vectors to represent solution q. In Figure 4 we
display the ratio for each of the first five singular values to the maximum singular value ( σσ1i , i = 1, ..., 5)
in case of ns = 50 sampling points. The magnitudes of the eigenvalues associated with POD directions
turned out to decrease rapidly. The values of the first five of them were: 31175, 12, 1.3, 0.03, 0.002.
The fast drop of the magnitudes confirmed that there was a very strong correlation of snapshots.
Figure 5 shows relative cumulative energy E(i) for different number of singular values, i = 1, ..., 5. An
estimate based on (5) indicates that the first POD mode contains 99.96% cumulative energy.
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Figure 4: Ratio σσ1i , i = 1, ..., 5

Figure 5: E(i), i = 1, ..., 5

In order to check the overall error of the approximation solution of IBVP (17)-(19) is computed for
such values of input parameters: p = [−2, 9, 17]T . This point was not included in the set of sampling
points. In figure 6 we plot solution of the problem in space-time domain. The solution of the problem
at end point of time t = te is shown in Figure 7.

Figure 6: Solution of 1D PDE

Figure 7: Solution of 1D PDE at t = te

In Table 2 we present absolute errors abserr, abserrte of solution in time-space domain Q and in
space domain Ω at t = te for different number of sample points ns . As in case of Lotka-Volterra model
the lowest error was obtained for the cubic spline.
ns
30

40

50

RBF
linear spline
cubic spline
Gaussian
linear spline
cubic spline
Gaussian
linear spline
cubic spline
Gaussian

abserr
0.018566
0.00946
0.01494
0.01168
0.00446
0.01302
0.00643
0.00355
0.00492

abserrte
0.01665
0.00709
0.01070
0.00768
0.00348
0.01079
0.00643
0.00146
0.00233

Table 2: Absolute errors of POD-RBF for PDE equation

6 Conclusions
In this paper, a POD-RBF based surrogate (reduced) models for ODEs and PDEs was considered.
POD-RBF method is able to produce a consistent low error surrogate model that can be used for fast
evaluations of output parameters of the system for any arbitrary values of input parameters. It is
represented by a simple matrix multiplication.
We applied the proposed method for numerical simulation of two nonlinear models: prey-predator
Lotka-Volterra model (ODEs model) and of one-dimensional advection-diffusion-reaction equations
XXXII International Conference PDMU, Czech Republic, Prague, August 27–31, 2018
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with cubic nonlinearity (PDE model). Different surrogate models were built and compared using
different snapshot numbers and different RBF for the interpolation of solution in reduced dimension
space.
POD is a valuable computational tool to analyze possibilities of model reduction. A strong snapshots correlation can significantly reduce the dimensionality of snapshot matrix without practically
any loss of accuracy. For considered PDE equitation the snapshots is strongly correlated and 3 POD
basis vectors were enough to represent snapshot matrix with required tolerance. For Lotka-Volterra
model snapshot is less strongly correlated. Therefore, 13 POD basis vectors created the reduced basis.
The quality of the POD-RBF surrogate model essentially depends on the number of training data
and choice of functions for interpolation of the solution. As expected, the result with many snapshots
is more precise. For presented examples comparatively small number of snapshots was sufficiently to
approximate the solution with required tolerance. Among three types of RBF (linear spline, cubic
spline and Gaussin) the lowest error was obtained for the cubic spline for all surrogate models trained
with different number of sample points.
The optimal position and number of the snapshot set together with a rational choice of the type of
response function can be a subject of future investigations of surrogate models in different applications.
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Bézier-type Cubic Parametric Spline Curve Constraction
Oleg Stelia, Leonid Potapenko, Ihor Sirenko
Abstract: In this paper, we present a method for constructing a third degree
parametric spline curve of C 1 continuity. Like the Bézier curve, the proposed
curve is constructed and operated by control points. The peculiarity of the proposed method is the assignment of some unknown values of the spline in the
control points of abscissa, based on the conditions of the first derivative continuity of the curve at these points. The position of the touch points, as well as
the control points, can be set interactively. Changing of these points positions
leads to a change of the curve shape. This allows the user to adjust the shape
of the curve flexibly. We constructed systems of algebraic equations with tridiagonal matrix for calculating the coefficients of a spline curve. We presented
conditions for the existence and uniqueness of such a curve. In addition, we
gave examples of using the proposed curve, in particular, for approximating
a circle and constructing the letter S.
Keywords: Bézier-type curve, parametric spline curve, third-degree curve

1 Introduction
Bézier method is a powerful tool for constructing curves and surfaces with desired properties in the
computer geometric design systems. The combination of Bézie curves with the technique of the spline
constructing provides significant opportunity for the development of spline curves. This technique is
used in computer-aided design systems and computer graphics packages actively (Farin et al., 2002;
Hearn et al., 2014; Sederberg, 2012). The general feature of curves and surfaces called Bézier curves is
that they are defined, modified, and operated by points (Bézier, 1968). Due to the interactive choice
of the spatial positions of control points, the designer can customize and modify the curve shape to
meet the requirements of a particular task.
The combination of Bézier curves with the spline construction procedure provided significant opportunities for developing spline curves. A comparison between the Bézier curve and methods for
interpolation using the Hermitian splines is given in Hashemi-Dehkordi and Valentini (2013). Several
Hermite-type interpolation methods for rational cubic are presented in Farin (2008). The historical
development and current state of Bernstein polynomial can be found in Farouki (2012).
A control points manipulating makes it possible to customize the interpolation spline to the shape
of the curve selected by a designer. The criteria for choosing the ”best” spline to achieve a G2
continuity of the entire curve are studied in Levien and Sequin (2009). Authors consider the structure
of spline with additional parameters for retaining the universality and good approximating properties
of splines in terms of engineering applications.
Techniques for obtaining piecewise-quadratic polynomial curves with four control points for each
segment of the curve and local parameters of the shape are presented in Han (2006). Introducing
additional parameters to the basis is a convenient way to adjust shape of the curves. Numerical and
geometrical effects caused by a change in the shape parameters are investigated in Ya (2007).
The Bézier curves are controlled by three additional parameters in Yan (2016). Compared with
ordinary Bézier curves, the adjustable Bézier curves have two main advantages: flexible form and
simple continuity condition. Moreover, the curves can reach Gk continuity.
The way to change the shape of the curve locally depends on the values of the shape parameters,
which are included in the basis, can be found in Hang et al. (2017). An example of constructing and
controlling a curve for computer-aided ship hull design is given in Birk and McCulloch (2018).
In order to represent conic curves, as well as certain transcendental curves, it is more appropriate to
use trigonometric functions as the basis functions of the B-spline curve. In this case, the introduction
of parameters to basis functions also provides additional possibilities to adjust the shape of the curve.
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A trigonometric basis, that contains parameters of the shape to represent an ellipse, are used in Han
et al. (2009). The constructing a new type of splines, which are called quadratic irregular algebraic,
trigonometric B-splines with several shape parameters and and which allows to adjust the shape of the
curves globally or locally, are reported in Dube and Sharma (2011). The dependence of geometrical
properties of the proposed cubic trigonometric curves and the Bézier surfaces on the shape parameters
are studied in Troll (2014). Cubic trigonometric basis functions of a spline with a local parameter of
the shape are considered in Yan (2016a). Thus, the introduction of parameters makes it possible to
build a class of functions among which you can choose the one that is the most suitable for a given
data set. The rational quadratic trigonometric Bézier curve with two shape parameters is presented
in Bashir et al. (2013). In this paper authors constructed a quadratic Bézier curve, which has G2 and
C 2 continuity.
However, it should be noted, that the method of Bézier curves may not be able to satisfy all the
requirements that may arise during the design process. In particular, the positions of control points
can be influenced on the smoothness of neighboring polynomials docking, of which the curve is formed.
Therefore, the construction of curves smoothness which does not depend on the position of control
points, is relevant. To obtain additional smoothness of the curves, an algorithm for constructing
control points, the position of which ensures the smoothness of C 2 for compound cubic Bézier curves
is proposed in Borisenko (2016).
The local configuration of the curve shape can be accomplished by introducing additional parameters into the basis. Although this allows us to control the shape of the curve, it is practically impossible
to do this interactively.
Now we use the approach which was proposed in Stelia et al. (2018) for parametric curves in this
paper. We propose and justify a method for constructing a cubic spline curve in our work. Moreover,
we construct the systems of algebraic equations with tridiagonal matrix for calculating the spline curve
coefficients. We presente here the conditions of the existence and uniqueness of such a curve. The
proposed curve has a third degree and retains the continuity of C 1 for any number of control points
with an arbitrary position. A feature of the proposed method is the assignment of some unknown
values of the spline at the control points of the abscissas, based on the first derivative continuity
conditions at these points. Research parabolic splines with additional nodes are in Kivva and Stelya
(2002).
The parametric spline curve proposed in this paper has a third degree and properties that are
convenient for practical use:
• the curve has a continuity of C 1 for any set of control points and their arbitrary position;
• a strategy for selecting and manipulating control points is intuitively understood;

• manipulations with parameters that allow you to locally adjust the curve shape can be done
interactively;
• the curve does not pass through control points. Each pair of adjacent control points defines
section of the tangent to the curve and the function value at the points of touch;
• the algorithm for curve constructing is well suited for implementation on a computer, since it
requires O(N ) arithmetic operations.

2 Main problem
Let the sequence of points (x1 , y1 ), (x2 , y2 ), ..., (xN , yN ), which is called controlling, is given on the
plane as is customary in the Bézier curve theory. We will connect these points in sequence with
a segments of a straight line in length hi . The lengths of the segments are determined from the ratio
hi =

170

q

(xi − xi−1 )2 + (yi − yi−1 )2 , i = 2, N
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This forms a partitioning
∆τ : τ1 = 0, τi =

i
X

hj , i = 2, N .

j=2

In addition, we enter the partitioning
∆η : τ1 = η1 < η2 < ... < ηN < τN , τi−1 < ηi < τi , i = 2, N .
Let’s denote µi = τi − ηi , i = 2, N . Because hi = τi − τi−1 , then ηi − τi−1 = hi − µi .
We shall bild a spline curve, which is parametrically set by two splines of the third degree Sx (t)and
Sy (t), t ∈ [τ1 , τN ]. For these curve points τi will be the knots of the splines, while points ηi will be
multiple knots of the interpolation. We shall construct cubic splines of the defect 2 in the interval
[τ1 , τN ] that meets the following conditions:
Sx (ηi ) = fx,i , Sy (ηi ) = fy,i , i = 2, N ,
dSx
dt

=
t=ηi

where
fx,i =

xi − xi−1 dSy
,
hi
dt

=
t=ηi

yi − yi−1
, i = 2, N ,
hi

(1)
(2)

xi−1 (hi − µi ) + xi µi
yi−1 (hi − µi ) + yi µi
, fy,i =
.
hi
hi

According to (Stelia et al., 2018) we denote through ϕi and ψi , i = 1, N the unknown values of the
functions Sx (t) and Sy (t) in the knots of the spline τi .

3 Constructing the curve
To construct the spline, we record the Hermitian interpolation polynomial (Burden, 2011) of the third
degree in each of the intervals [τi−1 , τi ], i = 2, N .
Sx (t) = ϕi−1
+fx,i

(t − τi )(t − τi−1 )
+ Qx,1 (t − τi )(t − τi−1 )(t − ηi ),
(ηi − τi )(ηi − τi−1 )

Sy (t) = ψi−1
+fy,i

(t − ηi )(t − τi )
(t − ηi )(t − τi−1 )
+ ϕi
+
(τi−1 − ηi )(τi−1 − τi )
(τi − ηi )(τi − τi−1 )

(t − ηi )(t − τi )
(t − ηi )(t − τi−1 )
+ ψi
+
(τi−1 − ηi )(τi−1 − τi )
(τi − ηi )(τi − τi−1 )

(t − τi )(t − τi−1 )
+ Qy,1 (t − τi )(t − τi−1 )(t − ηi )
(ηi − τi )(ηi − τi−1 )

for t ∈ [τi−1 , τi ], i = 2, N − 1,
Sx (t) = ϕi
+fx, i+1

(t − τi )(t − τi+1 )
+ Qx,2 (t − τi )(t − τi+1 )(t − ηi+1 ),
(ηi+1 − τi )(ηi+1 − τi+1 )

Sy (t) = ψi
+fy, i+1

(t − ηi+1 )(t − τi+1 )
(t − ηi+1 )(t − τi )
+ ϕi+1
+
(τi − ηi+1 )(τi − τi+1 )
(τi+1 − ηi+1 )(τi+1 − τi )

(t − ηi+1 )(t − τi+1 )
(t − ηi+1 )(t − τi )
+ ψi+1
+
(τi − ηi+1 )(τi − τi+1 )
(τi+1 − ηi+1 )(τi+1 − τi )

(t − τi )(t − τi+1 )
+ Qy,2 (t − τi )(t − τi+1 )(t − ηi+1 )
(ηi+1 − τi )(ηi+1 − τi+1 )
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for t ∈ [τi , τi+1 ], i = 2, N − 1.
These expressions contain unknown values Qx,1 , Qx,2 , Qy,1 , Qy,2 , which are found from conditions (2). We have
Qx,1 = −ϕi−1

1
1
hi − 2µi
xi − xi−1
+ ϕi
− fx,i
−
,
2
2
2
2
(hi − µi ) hi
hi µi (hi − µi )
hi µi
(hi − µi ) µi

Qy,1 = −ψi−1

1
hi − 2µi
1
yi − yi−1
+ ψi
− fy,i
−
,
(hi − µi )2 hi
hi µi (hi − µi )
hi µ2i
(hi − µi )2 µ2i

Qx,2 = −ϕi

hi+1 − 2µi+1
1
1
− fx, i+1
+ ϕi+1
2
2
(hi+1 − µi+1 ) hi+1
hi+1 µi+1
(hi+1 − µi+1 )2 µ2i+1
−

Qy,2 = −ψi

xi+1 − xi
,
hi+1 µi+1 (hi+1 − µi+1 )

hi+1 − 2µi+1
1
1
− fy, i+1
+ ψi+1
2
2
(hi+1 − µi+1 ) hi+1
hi+1 µi+1
(hi+1 − µi+1 )2 µ2i+1
−

yi+1 − yi
.
hi+1 µi+1 (hi+1 − µi+1 )

To identify the unknowns ϕi , ψi , i = 1, N , two systems of algebraic equations are constructed. These
systems are determined from the first derivatives continuity conditions of functions Sx (t) and Sy (t) at
points t = τi , i = 2, N − 1:
(1)

Ai ϕi−1 − (Ci
where

(1)

Ai ψi−1 − (Ci
Ai =
(1)

Ci

=

Φx,i = fx, i
+fx, i+1

(3)

+ Ci )ψi + Bi ψi+1 = Φy,i , i = 2, N − 1,

(4)

(2)

(hi+1 − µi+1 )2
µ2i
,
B
=
,
i
(hi − µi )2 hi
hi+1 µ2i+1

3hi+1 − µi+1
2hi + µi
(2)
, Ci =
,
µi hi
(hi+1 − µi+1 )hi+1

hi
(hi − 2µi )hi xi − xi−1
+ fx,i
+
+
(hi − µi )µi
(hi − µi )2 µi
(hi − µi )

hi+1
(hi+1 − 2µi+1 )hi+1 xi+1 − xi
− fx, i+1
,
−
(hi+1 − µi+1 )µi+1
µi+1
(hi+1 − µi+1 )µ2i+1

Φy,i = fy, i
+fy, i+1

(2)

+ Ci )ϕi + Bi ϕi+1 = Φx,i , , i = 2, N − 1,

hi
(hi − 2µi )hi yi − yi−1
+ fy, i
+
+
(hi − µi )µi
(hi − µi )2 µi
(hi − µi )

hi+1
(hi+1 − 2µi+1 )hi+1 yi+1 − yi
− fy, i+1
−
.
(hi+1 − µi+1 )µi+1
µi+1
(hi+1 − µi+1 )µ2i+1

To close the system of equations we add conditions:

ϕ1 = x1 , ϕN = xN , ψ1 = y1 , ψN = yN .

(5)

These systems of equations have a tridiagonal matrix. The systems of equations (3) - (5) matrix have
a diagonal dominance under conditions 1/3 ≤ αi ≤ 2/3, where αi = µi /hi . It was shown in (Samarsky
and Nikolaev, 1978) diagonal dominance of the systems matrix guarantee the existence and uniqueness
of the these systems solution, and hence the curve itself.
It should be noted that for constructing curve parameters µi play the role the parameters of the
shape .
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4 Numerical examples
We illustrate the approximation properties of spline curves in the examples. In all calculations, all
αi = 1/2 was put. The local behavior of the spline curve, depending on the µi parameter values, is
considered in (Stelia et al., 2018).
We solved the systems of equations (3) - (5) by an effective tridiagonal method, for which 8N
operations are required (Samarsky and Nikolaev, 1978).

4.1
Let the sequence of control points τi , i = 1, 12 which is marked with numbers from 1 to 12 in Figure
1. Let the sequence of control points τi , i = 1, 12 be marked with numbers from 1 to 12 in Figure 1.
Lines connecting adjacent points are dotted lines. The solid line is the results of constructing a spline
curve according to the proposed algorithm, the curve on the graph is plotted starting from the point
lying in the middle of the segment (τ1 , τ2 ) and ends at a point lying in the middle of the segment
(τN −1 , τN ) These points are plotted on the graph by crosses. Note that the constructed curve does
not pass through the control points.

Figure 1: The results of the spline curve calculation

4.2
There are many studies on the approach of conical sections, see for example (Floater, 1995). Here we
demonstrate the possibility for the approximation of the circle using the proposed curve
x = cos α, y = sin α, α = 0, 2π
The points on a circle are selected with a uniform step ∆α = π/6. At these points, tangent ones
are constructed. The points of tangents intersection are chosen as control points. To close the curve,
control points 1 and 2 are repeated in sequence and have numbers 13, 14. The construction results
are shown in Figure 2. The designations in Figure 2 are the same as in Figure 1. The closing point
is indicated by a cross in Figure 2. At this point the spline curve has the C 1 continuity also. The
example demonstrates a good opportunity of approaching a circle with the proposed curve.
We estimate numerically the accuracy and convergence of approximation. To do this, we will
construct spline curves for Kj = 12, 24, 48 control points. Along each curve with a step of 0.01 by
the parameter for the corresponding points, we calculate the distance from the origin (radius) and the
deviation of this distance from R = 1. For this set of points we find the mean square σj deviation
from the exact radius.
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Figure 2: The results of constructing a closed curve using an example of a circle

The results of calculations are given in the Table 1. With an increase in the number of control points,
the mean square deviation of the radius from the exact value decreases, as can be seen from the table.
Thus, for this example, one can expect convergence of approximation to increase the number of control
points.
j
1
2
3

Kj
12
24
48

σj
0.15180E-02
0.18736E-03
0.29851E-04

Table 1: Error estimation for variants of approximation with different number of control points

4.3
We use the algorithm for constructing a plane figure of complex shape. In (Levien and Sequin, 2009)
splines were used to construct the letter ”S”. n our example, we use the letter S, which is given by
thirty control points (Figure 3). The results of the curve construction is shown in the figure with
a solid line.

5 Conclusions
In the framework of the study, we proposed and substantiated a new method of constructing the third
degree parametric spline curve of C 1 continuity for any number of control points and their arbitrary
position. The originality of the proposed approach lies in the fact that the segments of the straight
lines connecting the control points touch the curve (are tangent to the curve).The position of the
points of contact, as well as the control points, can be set interactively. Changing the position of these
points leads to a change in the curve shape. This allows the user to adjust the curve shape flexibly.
Conditions are found in the form of inequalities, which must satisfy the parameters µi , under
which the curve exists and is unique. These conditions follow from the requirement of the diagonal
superiority of the system matrix to determine the coefficients of the curve. Finding the polynomials
coefficients forming the curve is reduced to solving systems of linear equations with tridiagonal matrix.
As shown by our experiments, the proposed Bézier-type curve of class C 1 is easily constructed and
preserves its properties for an arbitrary set of data,it makes possible to approximate the conic sections
closely and can be used to construct complex plane figures.
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Figure 3: A combination of two spline curves AC and BD and a straight line segments AB and CD for displaying
the letter ”S”

The disadvantages include only the C 1 continuity, but for most practical applications such continuity
is sufficient. Also, the limitations of the proposed method can include the presence of conditions on
the shape parameters that must be observed when constructing the curve.
Like Bézier curves, the proposed curve can be used in systems of computer graphics and computeraided design systems. Therefore, algorithmic innovations in this field are very important for the
development of the functional capabilities of these systems, for graphically interpreting the results of
experiments, creating fonts, templates, creating drawings of technical products, in particular, details
and elements of vehicle shells etc.
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Bézier, P. E., 1968. How Renault Uses Numerical Control for Car Body Design and Tooling. SAE
Technical Paper Series. doi:10.4271/680010.
Birk, L. and T. L. McCulloch, 2018. Robust generation of constrained B-spline curves based on
automatic differentiation and fairness optimization. Computer Aided Geometric Design, 59, 49–67.
Borisenko, V. V., 2016. Construction of optimal Bezier splines. Fundamentalnaya i prikladnaya matematika, 21(3), 57–72.
Burden, R. L. and J. D. Faires, 2011. Numerical analysis, 9th Edition. Boston, MA: Brooks/Cole,
Cengage Learningin.
Dube, M. and R. Sharma, 2011. Quadratic nuat Bspline curves with multiple shape parameters.
International Journal of Machine Intelligence, 3-1(1), 18–24. doi:10.9735/0975-2927.3.1.18-24.
Farin, G., Hoschek, J. and M.-S. Kim (Eds.), 2002. Handbook of Computer Aided Geometric Design,
Elsevier.
Farin, G., 2008. Geometric Hermite interpolation with circular precision. Computer Aided Des., 40(4),
476–479. doi:10.1016/j.cad.2008.01.003.
Farouki, R. T., 2012. The Bernstein polynomial basis: A centennial retrospective. Computer Aided
Geometric Design, 29(6), 379–419. doi:10.1016/j.cagd.2012.03.001.

XXXII International Conference PDMU, Czech Republic, Prague, August 27–31, 2018

175

Hashemi-Dehkordi, S.-M. and P. P. Valentini, 2013. Comparison between Bezier and Hermite cubic interpolants in elastic spline formulations. Acta Mechanica, 225-226(6), 1809–1821.
doi:10.1007/s00707-013-1020-1.
Floater, M., 1995. High-order approximation of conic sections by quadratic splines. Computer Aided
Geometric Design 12(6), 617–637.
Han, X., 2006. Piecewise quartic polynomial curves with a local shape parameter. Journal of Computational and Applied Mathematics, 195(1–2), 34–45. doi:10.1016/j.cam.2005.07.016.
Han, X.-A., Ma, Y. C. and X. L. Huang, 2009. The cubic trigonometric Bezier curve with two shape
parameters. Applied Mathematics Letters, 22(2), 226–231. doi:10.1016/j.aml.2008.03.015.
Hang, H., Yao X., Li, Q. and M. Artiles, 2017. Cubic B-Spline Curves with Shape Parameter and
Their Applications. Mathematical Problems in Engineering, 2017, 1–7. doi:10.1155/2017/3962617.
Hearn, D. D., Baker, M. P. and W. Carithers, 2014. Computer Graphics with OpenGL, 4th Edition.
Pearson Education Limited.
Kivva, S. L. and O. B. Stelya, 2002. A parabolic spline on a nonuniform grid. Journal of Mathematical
Sciences, 109(4), 1715-1725. doi:10.1023/A:1014385915935.
Levien, R. and C. H. Sequin, 2009. Interpolating Splines: Which is the fairest of them all? ComputerAided Design and Applications, 6(1), 91–102. doi:10.3722/cadaps.2009.91-102.
Troll, E., 2014. Constrained modification of the cubic trigonometric Bezier curve with two shape
parameters. Annales Mathematicae et Informaticae, 43, 145–156.
Samarsky, A. A. and E. S. Nikolaev, 1978. Methods of Solution of Grid Equations. Moskow: Nauka.
Sederberg, T. W. 2012. Computer Aided Geometric Design. Course Notes. URL
http://hdl.lib.byu.edu/1877/2822.
Stelia, O., Potapenko, L. and I. Sirenko, 2018. Application of piecewise-cubic functions for constructing
a Bezier type curve of C 1 smoothness. Eastern European Journal of Enterprise Technologies, 2(4–
92), 46–52. doi:10.15587/1729-4061.2018.128284.
Ya, L., 2007. On the shape parameter and constrained modification of GB-spline curves. Annales
Mathematicae et Informaticae, 34, 51–59.
Yan, L., 2016. Adjustable Bezier Curves with Simple Geometric Continuity Conditions. Math. Comput.
Appl., 21(4), 44. doi:10.3390/mca21040044.
Yan, L. 2016a. Cubic Trigonometric Nonuniform Spline Curves and Surfaces. Mathematical Problems
in Engineering 2016, 1–9. doi:10.1155/2016/7067408.
Oleg Stelia, Ph.D., Assoc. prof., Sen. Res., Head of lab
Taras Shevchenko National University of Kyiv
60, Volodymyrska str., Kyiv, 01033, Ukraine
E-mail: oleg.stelia@univ.kiev.ua
Telephone: +380 (50) 500 57 06
Leonid Potapenko, Ph.D.
Taras Shevchenko National University of Kyiv
60, Volodymyrska str., Kyiv, 01033, Ukraine
E-mail: lpotapenko@univ.kiev.ua
Telephone: +380 (67) 435 12 10
Ihor Sirenko, Sen. Ing.
Taras Shevchenko National University of Kyiv
60, Volodymyrska str., Kyiv, 01033, Ukraine
E-mail: i sirenko@univ.kiev.ua
Telephone: +380 (50) 547 62 72

176

XXXII International Conference PDMU, Czech Republic, Prague, August 27–31, 2018

A Special Type of Distribution Problems
Michal Šmerek
Abstract: Transportation problems are a classic part of the Operation Research. The specific task we are presenting was lectured as a part of the
subject Logistics Chains Designing taught at the Faculty of Military Leadership, University of Defence in Brno. The task was solved and we created
a general algorithm for solving such problems. Within the task the certain
amount of several types of goods is to be transported from several specific
supply points (warehouses) to one destination. The air transport over long
distances is used. The task includes given distances from the warehouses to
the destination, weights of each type of goods, their required quantities, price
of the transport, and the capacity of the respective warehouses. We solved the
given task and found the optimal solution for the minimum transport costs.
We also created an algorithm for solving this transportation problem that is
general for this type of tasks. The author has never encountered this type of
task in the literature. The problem is solved both by the proposed algorithm
and using Solver in MS Excel.
Keywords: distribution problems, minimal transportation costs, logistics, distribution of goods, mathematical model of transportation.

1 Introduction
At the University of Defence in Brno, there is a field of study called Logistics. As a teacher of subject
Operations Research, which is a part of the Logistic field, I have been asked to cooperate in teaching
the subject of Logistics Chains Designing.
Withing this subject, we were to solve a task of distributing material from United Nations Humanitarian Response Depot (UNHRD), UNHRD (2010), warehouses to Ngaoundéré in Cameroon. We
had to design how to distribute the material with minimal shipping costs.

2 Formulation of the transportation problem
The task is to deliver the required quantities of several types of goods to one destination. The weights
of goods and the cost of air transport per unit of weight and per unit distance are known.
The goods can be taken from several supply points. At each supply point, there are given available
quantities of goods, i.e., their capacities. Also distances between supply points and the destination
point are known.
Solving the problem means determining from which supply point what quantity of goods of each
type should be taken.
First, we describe the used notation we are going to use. Then, we build a mathematical model
of the task. Next, we create an algorithm. And finally, we apply the algorithm to obtain the optimal
solution.

3 Mathematical model of the transportation problem
Before we present the mathematical model itself, we need to know what symbols to use. The notation
used is summarized in Table 1.
Now, we formulate the respective elements of the mathematical model of the task.
Matrix of transport rates is C = (cij )m×n , i = 1, ..., m, j = 1, ..., n.
Solution is a matrix X = (xij )m×n , i = 1, ..., m, j = 1, ..., n.
It is clear that the quantities of transported goods must be non-negative. So, the non-negative
conditions must be valid, i.e., xij ≥ 0, i = 1, ..., m, j = 1, ..., n.
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The quantity xij of goods Gj taken from the supply point Si must not exceed its capacity kij . We
obtain the first set of underlying conditions: xij ≤ kij , i = 1, ..., m, j = 1, ..., n.
Symbol
Si , i = 1, ..., m
di , i = 1, ..., m
Gj , j = 1, ..., n
aj , j = 1, ..., n
cj , j = 1, ..., n
mj , j = 1, ..., n
Cj = mj · cj , j = 1, ..., n
cij = di · Cj , i = 1, ..., m, j = 1, ..., n
xij , i = 1, ..., m, j = 1, ..., n
kij , i = 1, ..., m, j = 1, ..., n

Meaning
supply point
distance between supply point Si and final destination
kind of goods
required quantity of goods Gj
transportation cost per 1 kg and per 1 km
weight of goods Gj
transportation cost 1 piece of goods Gj per 1 km
transport rate, i.e. the cost of transporting a piece of
goods from a point of delivery to a destination.
quantity of goods Gj transported from the supply point
Si
capacity of goods Gj in supply point Si

Table 1: Meaning of used symbols

The total quantity of goods Gj taken from all the supply points Si must be equal to the required
quantity aj . Therefore, we obtain the second set of underlying conditions:
Total transportation costs must be minimal and are z =

m P
n
P

i=1 j=1

Mathematical model

m
P

i=1

xij = aj , j = 1, ..., n.

cij xij −→ min.

Overall, we summarize the mathematical model in the following form
z =

n
m X
X

i=1 j=1

m
X

cij xij −→ min ,

xij

= aj ,

j = 1, ..., n ,

(1)

xij

≤ kij ,

i = 1, ..., m, j = 1, ..., n ,

i=1

xij

≥ 0,

i = 1, ..., m, j = 1, ..., n .

4 Finding the optimal solution
We created an algorithm to find the optimal solution for this task. The procedure is as follows:
1. The transport rates cij , i.e., the costs of transporting goods from the point of delivery to the destination, are determined. Then
cij = di · mj · cj , i = 1, ..., m, j = 1, ..., n.

2. We consider the initial values
xij = 0, i = 1, ..., m, j = 1, ..., n.

3. For each type of goods Gj , we find the smallest transport rate, i.e., for j = 1, ..., n : min cij .
i=1,...,m

This minimum corresponds to the point of delivery Si from which we will transport the goods
Gj in quantity
xij = min(kij , a0j ), where a0j is remaining requirement, a0j = aj −

m
P

i=1

xij .

4. We repeat point 3. for other supply points and remaining requirements until the second set of
conditions is valid, i.e.,
m
P

i=1
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xij = aj , j = 1, ..., n.
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This procedure was applied to the following example.
Example 1. The task is to ensure a one-time shipment of four types of goods. The particular types
of goods, their symbols, required quantities and weights are summarized in Table 2.
Goods
bags of water
motorcycles
20-inch containers
electric power stations

Symbol
G1
G2
G3
G4

Required quantity
35
3
18
12

Weight [kg]
139
120
2 200
1 035

Table 2: Goods, their symbols, required quantity and weight

Goods can be taken from six supply points (UNHRD warehouses). Table 3 shows the supply
points, their notation, the capacities of the goods and their distance from the destination.

Supply point
Panama City (Panama)
Accra (Ghana)
Las Palmas (Spain)
Brindisi (Italy)
Dubai (UAE)
Kuala Lumpur (Malaysia)
Required quantity of goods [pcs]

Symbol
S1
S2
S3
S4
S5
S6
aj

Capacity
G1 G2
15
3
5
0
0
0
13
0
16
0
29
0
35
3

of goods
G3 G4
0
11
0
0
0
0
14
0
35
3
10
0
18 12

Distance between supply point Si
and final destination [km]
2 670
7 250
6 640
9 970
13 370
18 370

Table 3: Supply points Si and their capacities of goods Gj [pcs]

We considered the air transport, because in the case of humanitarian events time plays an important
role. In the air transport, one has to pay for each kilogram of weight. We considered cost of the air
transport at 2 EUR for every kilometer of flight and 100 kg of cargo, i.e., cj = 2 EUR/km/100 kg,
j = 1, ..., 4.
Subsequently, transport rates cij , i.e., the cost of transporting one piece of goods Gj from the point
of delivery Si to the destination, were calculated according to the formula
cij = di · mj · cj , i = 1, ..., 6, j = 1, ..., 4,
for details, see Table 4.
The transport rates
cij = di · mj · cj , i = 1, ..., 6, j = 1, ..., 4.
cij
G1
G2
G3
G4
S1
7 422,6
6 408 117 480 55 269
S2
20 155
17 400 319 000 150 075
S3 18 459,2 15 936 292 160 137 448
S4 27 716,6 23 928 438 680 206 379
S5 37 168,6 32 088 588 280 276 759
S6 51 068,6 44 088 808 280 380 259
aj
35
3
18
12
Table 4: The costs cij of transporting goods Gj from the point of delivery Si to the destination [EUR/pcs]

According to the algorithm, the optimal solution was determined. This solution is shown in Table 5.
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Quantity of goods Gj transported
xij
S1
S2
S3
S4
S5
S6
Quantity of transported goods
aj
The total transport costs [EUR]

from
G1
15
5
0
13
2
0
35
35

the supply point Si
G2 G3
G4
3
0
11
0
0
0
0
0
0
0
14
0
0
4
1
0
0
0
3
18
12
3
18
12
z = 10 045 349

Table 5: Optimal solution, i.e., quantities xij of goods Gj transported from the supply point Si

Thus, quantities of the respective types of goods, that should be transported from the respective
supply points, were determined in order to minimize the total cost of the shipment. This minimal
total shipping cost was also calculated and it yielded the value z = 10 045 349 EUR.

5 Conclusion
The article presents a problem that deals with the transport of several types of goods from several
supply points to a single destination. Especially, we consider the transport of more kinds of goods
to be fundamental and new. The author has never encountered this type of task in the literature.
Usually we can find a solution to problems with transport of the goods of one kind in the literature,
for example Smerek (2008); Jablonsky (2002).
This task was defined, its mathematical model was created. The algorithm to find the optimal
solution for such a problem has also been designed. The whole process was also demonstrated on the
example.
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Markov Model for Description of the Intensity of the Terrorist Threat
Martin Tejkal, Jaroslav Michálek
Abstract: Terrorist attacks and threat of terrorism are connected with destabilization of the threatened societies. The statistical model enabling to predict the risk of the terrorist threat based on given determinants/indicators
will be presented. The indicators of the threat of terrorism can be classified
into the following categories: economical, social, demographical, political and
security. The model is based on the theory of discrete, time nonhomogeneous
Markov chains with a finite state space. The theory of generalized linear models is used for estimation of probabilities of the categorized level of terrorist
threat. Then the transition probabilities of Markov chain are chosen with regards to the value of the indicators for given time period and considered region.
The computed transition probabilities are used for estimation of the intensity
(risk category) of terrorism threat. The verification of the model is carried out
via simulation. Other data used for model verification come from the Global
Terrorism Database of University of Maryland. The computational implementation of the suggested model is carried out in the R programming language.
Keywords: terrorism, risk, threat, markov chain, nonhomogeneous, GLM.

1 Introduction
Markov models are widely used for modelling time development of a certain random phenomena. They
appear often in banking industry, applied by credit institutions for modelling of the risk of default,
that is, the risk that the borrower will fail to meet their contractual obligations, e.g. Vaněk and
Hampel (2017).
The problem of modelling the intensity of terrorist threat bears some resemblance to the phenomena described above. The markovian framework is used in this contribution as well. In the paper
the intensity of the terrorist threat is determined by the number of terrorist attacks in a given time
period. A categorisation is carried out, grouping the numbers of terrorist attacks that are ”close”
to each other into categories. These categories represent the categorised level of terrorist threat.
The Markov chain governs the change of the threat level category from one to another in time.
A Markov chain is usually described by it’s transition matrix. There are few common approaches
how to obtain the transition matrix. The initial transition matrix can be determined heuristically
by a trained expert. It can also be estimated by one of the approaches described in Jafry and
Schuermann (2004) or Lando and Skødeberg (2002).
Given the chain is homogeneous, the transition matrix does not change in time. However, in many
real world problems, this might not be the case. The inhomogenity may occur due to changes in variables that have an influence on the distribution of the transition probability of the Markov chain
in time. For example, the changes in economical development affect the ability of the borrower to fulfil their obligation towards the credit institution.
In the paper, we however consider a different approach. As some other authors (Yeleyko and
Kosarevych, 2018), we would like to incorporate the influence of additional explanatory variables
into our model. Based on results of a sociological research, it is reasonable to assume, that the
acts of violence and terror are induced as a reaction to a destabilisation of a society of the region,
that they are happening in Svoboda and Hrbata (2014). The research presented in this paper aims
to build a statistical model for prediction of the terrorist threat, utilising this link in the estimation
of the transition matrix of the Markov chain. The Markov chain used in the model will therefore be
nonhomogeneous.
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2 Materials and Methods
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As a first step, it is necessary to select the quantitative indicators of the stability of a given society. It is
possible to measure the stability of a society by various indicators. They can be divided into following
categories: economical (e.g. GDP per capita), demographical (e.g. population), social (e.g. child
mortality, life expectancy), political (e.g. government effectiveness, freedom rating) and security (e.g.
number of security events).
For the purpose of the practical example used to test this model, a dataset of terrorist attacks
in France between the years 1981 and 2016 was used. The dataset was obtained from the Global Terrorism Database of the University of Maryland. Gross domestic product (GDP) per capita in the constant
prices of USD, and an unemployment rate in percent of labour force were used as the indicators of stability. Both the GDP, and the unemployment dataset was obtained from the database of OECD –
Organisation for Economic Cooperation and Development. Quarterly observations of the numbers
of terrorist attacks are displayed in Figure 1. Both the GDP, and unemployment rate quarterly
observations are displayed in Figure 2.
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Figure 1: Time series of quarterly observations of numbers of terrorist attacks in France
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Figure 2: Time series of quarterly observations of GDP per capita (left vertical axis) and unemployment rate (right
vertical axis) of France

2.1

Markov Models

The Markov model used in this paper is based on the theory of Markov chains. Henceforth, the notation
N0 = N ∪ {0} will be used. Markov chain M = {Mn : n ∈ N0 } is a discrete index set stochastic process
with finite or countable state space S and n will be interpreted as time. For the purpose of this paper,
a finite set of states S = {1, ..., L} will be considered. The states of the Markov chain will represent
a finite number of categories of severity of the terrorist threat.
The connection between the states of the Markov chain M and the categories of the terrorist
threat is the following. Let Yn for n ∈ N0 be a family of discrete random variables that attain values
yn = 0, 1, ... . The random variable Yn for n ∈ N0 represents the number of terrorist attacks over
a fixed period of time denoted by n. Let us divide the range of Yn for each n ∈ N0 in a following way.
Denote 0 = a0 < a1 < ... < ak < ... < aL−2 < aL−1 < aL . Consider sets of a form
Ik = {q ∈ N0 : ak−1 ≤ q < ak }

(1)

IL = {q ∈ N0 : aL−1 ≤ q}

(2)

P[Mn+1 = l|Mn = k, Mn−1 = kn−1 , ..., M1 = k1 , M0 = k0 ] = P[Mn+1 = l|Mn = k].

(3)

for k ∈ {1, ..., L − 1}, and

for k = L. We say, that the process M is in a state k ∈ S = {1, ..., L} in time n and write Mn = k if
and only if Yn ∈ Ik for k ∈ {1, ..., L}. This gives us namely, that P[Mn = k] = P[Yn ∈ Ik ].
A Markov chain starts in a given time n in a given state k ∈ S. In the discrete time step the process
jumps into a different state l, or possibly stays in k. Markov chains are characterised by the Markov
property, that roughly states that the probability of the process being in a state l at a time n + 1
depends only on the state k the process is in time n. More formally, let l, k, kn−1 , ..., k0 ∈ S, then
The probability πkl (n, n + 1) = P[Mn+1 = l|Mn = k] = P[Yn+1 ∈ Il |Yn ∈ Ik ] is called the transition
probability. The value of πkl (n, n + 1) gives the probability, that the severity of the terrorist threat
changes from category k to category l in the time step from n to n + 1.
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In case, when the transition probability πkl (n, n + 1) = πkl does not depend on the time n,
the respective process is called homogeneous Markov chain. Denote Xn = (X1,n , ..., Xm,n ), where
the entries Xj,n for j ∈ {1, ..., m} and n ∈ N are random variables. The X1,n , ..., Xm,n serve as
indicators of the socio-economical state of the society in question. The model in this paper aims
to utilise a link between the number of terrorist attacks and the indicator variables X1,n , ..., Xm,n ,
m, n ∈ N for estimation of the transition probabilities in a given time step. As it will be seen
later, this makes the transition probabilities dependent on time n. Hence, we will be dealing with
nonhomogeneous Markov chain.
Let L denote the number of states of the Markov chain. The matrix Pn,n+1 (Xn ) of a type L × L
given by


π11 (n, n + 1; Xn ) π12 (n, n + 1; Xn ) .... π1L (n, n + 1; Xn )


....
....
....
....

(4)
Pn,n+1 (Xn ) = 


....
....
....
....
πL1 (n, n + 1; Xn ) πL2 (n, n + 1; Xn ) .... πLL (n, n + 1; Xn )
is the transition matrix of the Markov chain. We add the dependence on Xn to further stress out
the fact, that in the model the transition matrix is dependent on the indicator variables. The transition
matrix can be characterised by the following properties (Resnick, 1992)
i) The entries πkl (n, n + 1; Xn ) in Pn,n+1 (Xn ) satisfy 0 ≤ πkl (n, n + 1; Xn ) ≤ 1.
P
ii) The sum L
l=1 πkl (n, n + 1; Xn ) = 1 for k fixed, i. e. the sum of entries on each row is equal
to one.
It is assumed, that the process can jump from any state of S to any other state. Even if a given country
falls into the category of highest terrorist threat, its situation may improve in time and vice versa.
Thus, no state is considered to be absorbing in the design of the model. The condition ii) represents
the fact, that given that the process is in a state k at time n it can only either stay in the same state,
or move to one of the other states l ∈ S. In the practical computation, this may be violated due
to rounding errors, and thus needs to be checked.
Given the state vector p0 = (p1,0 , ..., pL,0 ) in time 0, where pk,0 = P[M0 = k] for k ∈ S, it is
possible to obtain a state vector pn = (p1,n , ..., pL,n ), where pk,0 = P[Mn = k] for some n ∈ N0 in the
following way
pn = p0 P0,1 (X1 )P1,2 (X2 )...Pn−2,n−1 (Xn−1 )Pn−1,n (Xn ).
(5)
It should be noted, that the transition matrices P0,1 (X1 ), ..., Pn−1,n (Xn ) need to be estimated
in the practical computation.

2.2

Generalised Linear Models

Generalised linear model (GLM) enables to connect the number of terrorist attcks and the indicators.
Via the GLM, the estimate of the transition matrix is obtained row by row. More information on GLMs
can be found for example in Agresti (2013).
The number of terrorist attacks serve as what is in the GLM terminology called a random component of the generalised linear model. More rigorously a random component of a GLM consists
of a response Y = (Y1 , ..., YN )T , N ∈ N0 variables with a distribution that is of the natural exponential family, i. e. of the distribution with the density function of a form
f (y; θ) = a(θ)b(y)eyQ(θ) .

(6)

where a(θ), Q(θ) and b(y) are given functions and θ is a parameter (see Agresti (2013)).
Poisson distribution will be used through the paper to model the numbers of terrorist attacks
within the GLM framework. Let Y ∼ P o(λ) so that E[Y ] = λ. Then by setting θ = λ, a(λ) = e−λ ,
1
b(y) = y!
and Q(λ) = ln(λ) and plugging in (6) we obtain the probability mass function of Poisson
distribution.
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In the theory of generalised linear models a systematic component (linear predictor) η = (η1 , ..., ηn )
is used, where each entry ηi is given by the following equation
ηi =

m
X
j=1

βj xij f or i ∈ {1, ..., n}.

(7)

Hence, the systematic component η = (η1 , ..., ηn ) is related with the explanatory variables xij for i ∈
{1, ..., n} and j ∈ {1, ..., m} through a linear model. The indicators of a stability of a society will serve
as the explanatory variables in the GLM.
The systematic component (7) is connected with the response variable through a link function
g, a monotonic differentiable function such that ηi = g(λi ), where λi = EYi . In the paper, the link
function g(λ) = Q(λ) = ln(λ) will be used. For Poisson distribution, this link function is the canonic
link, for details see Agresti (2013).

3 Practical Computation
3.1

Notation, Categorisation and State Space

Denote y = (y1 , ..., yn )T the column vector of independent observations of the response variables
Y1 , . . . , Yn . As it was mentioned earlier, each entry yi for i ∈ {1, ..., n} represents a number of terrorist
attacks in a given time period. Corresponding to the vector of responses, let X = (x•1 , ..., x•m ) be
a matrix, where x•j = (x1j , ..., xnj )T for j ∈ {1, ..., m} are column vectors of n observations of m
explanatory variables X1,n , ..., Xm,n . Each column of the matrix X provides us with the historical
evolution of one of the selected indicators of the stability of a given society.
The values of a1 , ..., aL−1 are chosen such, that 0 = a0 < a1 < ... < ak < ... < aL−2 < aL−1 <
aL = maxi (yi ). The sets I1 , ..., IL−1 and IL are created according to equations (1) and (2).
The responses yi together with the corresponding explanatory variables xij are split into L categories based on the values of the responses in a following way. Denote yk a column vector of a size nk ,
whose entries are the entries of y that satisfy yi ∈ Ik for some k ∈ {1, ..., L}. The matrix Xk is a matrix of a type nk × m, whose rows are the rows xi• = (xi1 , ..., xim ) of X for which the corresponding
entries yi of y satisfy yi ∈ Ik for some k ∈ {1, ..., L}. Henceforth, yk,i will denote the i-th entry of yk
and xk,ij the entry in the i-th row and j-th column of the matrix Xk for k ∈ {1, ..., L}.
Note, that by abuse of notation the same row index i is used for entries of y and yk . However, in
general, yi need not to be equal to yki . It is possible to use this notation, because in what follows, the
description of the computation will not differ among categories, and therefore it is sufficient to provide
the description for only one category k ∈ {1, ..., L}.

3.2

Transition Matrix Estimation

Let Yk = (Yk1 , ..., Yknk )T and Yki ∼ P o(λki ) for i = 1, 2, . . . , nk are independent response variables
observed in category k. For each k ∈ {1, ..., L} we consider a generalised linear model with logarithmic
link function, i. e.
m
X
log(λk,i ) = αk +
βk,j xk,ij .
(8)
j=1

By applying this model, we obtain for each category k ∈ {1, ..., l} estimates α̂k and β̂k,j of parameters αk and βk,j . The estimate λ̂k of the expectation λk of the respective Poisson distribution is
for any set of values of Xk,j = xk,j , j ∈ {1, ..., m} given by
λ̂k = eα̂k +

Pm

j=1

β̂k,j xk,j

,

(9)

for each k ∈ {1, ..., L}.
The estimate (9) is used in the following way. Assume, that the observations of the indicators, i.e.
the explanatory variables (xi1 , ..., xiL ) are available even for values of i > n, i.e. i = n + s, s ∈ N.
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This practically means that a reliable prediction of the future state of the indicators can be obtained.
By plugging (xn+s,1 , ..., xn+s,m ) into (9), we obtain an estimate λ̂k;n,n+s for each category k ∈ {1, ..., L}.
Let Zk;,n,n+s ∼ P o(λ̂k;n,n+s ). The random variable Zk;,n,n+s describes the probability distribution
in the k-th category. Define π̂kl (n, n + s) = P[Zk;n,n+s ∈ Il ] for some k, l ∈ {1, ..., L}. The estimate
of the transition matrix of the Markov chain governing the time evolution of the level of categorised
terrorist threat is then the following:


π̂11 (n, n + s) π̂12 (n, n + s) .... π̂1l (n, n + s)


....
....
....
....
.
P̂n,n+s = 
(10)


....
....
....
....
π̂l1 (n, n + s) π̂l2 (n, n + s) .... π̂ll (n, n + s)

For prediction of more distant future when the values of explanatory variables are not known , it
is possible to use a homogeneous Markov chain, after obtaining the initial estimate of the transition
matrix through the procedure described above.

3.3

Simulation Study

The response variables for the simulations were generated in a following way. Based on the number
of categories L, expectation parameters λ1 , ..., λL were selected. The initial state vector was set
to p0 = (1/L, ..., 1/L). Therefore, each initial state has the same probability, and samples of a size
nk = n/L from distributions P o(λk ) for k ∈ {1, ..., L} were generated. These samples were stacked
one above another into one vector Yg . To each entry of the vector Yg an observation of a uniformly
distributed random variable was assigned. By ordering the observations of the uniformly distributed
random variable in ascending order and changing the positions of the corresponding entries of Yg
accordingly, the vector of simulated response data Ys was obtained.
The explanatory variables were simulated in a following way. A slope γj of a line segment was
picked for j ∈ {1, ..., m} based on what scenario was modelled (γj > 0 for j-th explanatory variable
increasing over time, γj = 0 for j-th explanatory variable stagnating over time, γj < 0 for j-th
explanatory variable decreasing over time). Furthermore, an intercept δj of the line segment with the y
axis was picked for each of the m simulated explanatory variables . The simulated observations of m
explanatory variables were computed according to the following equation
xij = γj · i + δj + gij

(11)

for i ∈ {1, ..., n}. The gij is an i-th observation of a j-th entry of a random vector G with multivariate
normal distribution with expectation µ = 0 and a given covariance matrix Σ. By adding entries
of multivariate normally distributed random vector with given values of covariance we assure, that
the simulated values of indicators will be correlated. This is done to better model the real situation.
For example the time development of gross domestic product may be connected with the development
of the unemployment rate in time (see Figure 2).
The size of the sample of generated observations of the response and the explanatory variables was
set to be 144, which corresponds to quarterly observations of numbers of terrorist attacks between years
1981 − 2016. The first n = 143 observations of the response and explanatory variables were assumed
to be the ”past data”. These were used for computing the parameters of GLM. The 144th observations
of the explanatory variables were assumed to be the n+1st observations - the ”future” data. These were
plugged into (9) in the process of estimating the transition matrix P̂n,n+1 . The number of categories
was set to be L = 3.
The expectation parameters’ values were set to λ1 = 5, λ2 = 8, and λ3 = 10. The bounds
for the categories were set to a0 = 0, a1 = 6, and a2 = 9. The number of the explanatory variables
was chosen to be m = 2. The first explanatory variable represents the gross domestic product per
capita, the second the unemployment rate. The values of γj and δj are collected in Table 1.
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Explanatory variable
Simulated GDP
Simulated Unemployment Rate

γj
94.187
-0.030

δj
23664.57
9.7

Table 1: Simulation parameters

From the Table 1 it can be observed that the GDP increases and the unemployment rate slightly
decreases. This is an optimistic development scenario. The estimated transition matrix is the following


0.898 0.083 0.019
P̂n,n+1;sim =  0.490 0.273 0.237  .
(12)
0.100 0.176 0.724

The probability estimate π̂11 in (12) is very close to 1. This suggest, that in case of the process being
in the 1-st state it will most probably stay there. The highest value of the transition probability
estimate in the second category is max1≤l≤3 (π̂2l ) = π̂21 = 0.490. However the value is still lesser
than 0.5. The second highest value is attained by the transition probability estimate π̂22 = 0.273,
the probability of staying in the second state. The probability estimate π̂22 differs however only
by 0.036 from π̂23 of moving to the third state. From the third row of the transition matrix estimate
it can be observed, that if the process is in the third state, with highest probability π̂33 = 0.724 it will
stay there.
The high value of π̂33 is a bit unexpected for an optimistic development scenario. It might be
caused by the Poisson GLM used in computation of the transition matrix estimate.

3.4

Real Data Example

Recall Figure 2, where the time series of explanatory variables are presented. One can notice, that
the gross domestic product per capita kept increasing over time with some fluctuations. Most noticeably in the year 2008 the economical crisis led to a significant drop of GDP. Furthermore, based
on the Figure 2, one may assume that the GDP and the unemployment rate are correlated.
Since the random variables are observed quarterly each year, and the time period is set between the
years 1981−2016, there are in total 144 observations of each explanatory variable and response. Again
the first n = 143 observations of responses and explanatory variables are considered to be the ”past
data”. To the ”past data” the GLM is applied. The last observations of explanatory variables are
plugged into (9) as the n + 1st observations of the ”future” states in the process of estimating P̂n,n+1 .
The number of the explanatory variables is m = 2 (GDP and unemployment rate), we again consider
3 categories. The bounds are set to a1 = 5 and a2 = 8. The computation is done via the algorithm
described in the subsections 3.1 and 3.2.
The resulting estimate of transition matrix is the following


0.983 0.016 0.000
P̂n,n+1 =  0.442 0.403 0.155  .
(13)
0.000 0.006 0.994

The values of estimates π̂11 and π̂33 are close to 1. This means that if the process happens to be
in the first or the third state in time n, there is little probability that will move from those states in
n + 1. From the second row of P̂n,n+1 it can be seen, that if the process is in the state 2 there is almost
identical probability it will move to state 1 or stay in state 2. The probability it will move to state 3
from the state 2 is considerably lower.
We consider the extremely high value of π̂33 to be caused by the character of the response data
combined with the properties of the Poisson GLM used in the estimation. The response data contain
some very large observations differing greatly from the rest (see Figure 1). These values influence
the estimate λ̂3 of the expectation parameter. Furthermore, no matter the choice of parameters
a1 , ..., a2 , there always happens to be a disproportion between the sample sizes of the respective
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categories. The resulting estimates λ̂3 are large, which in turn implies that π̂31 and π̂32 turn out to
be close to 0 (see Subsection 3.2).

4 Conclusion
In this paper we presented a model for time development and prediction of categorised level of terrorist
threat. The time development is governed by a Markov chain. The model utilises a connection between
the number of terrorist attacks in a given area (country), and a socio-economical development of the
area (country). Therefore, the resulting Markov chain is nonhomogeneous. The socio-economical
development is described by a set of indicator variables. The connection between the categorised
numbers of terrorist attacks and the indicator explanatory variables is enabled through a generalised
linear model (GLM). Poisson GLM was used in the model.
In the paper, an algorithm for estimation of the transition matrix of the Markov chain was described. The key ideas are the following. The historical data of numbers of terrorist attacks (responses)
and the corresponding indicators (explanatory variables) are split into categories based on the numbers
of terrorist attacks. For each category separately, the relation between the categorised responses and
explanatory variables is modelled via Poisson GLM with logarithmic link. Furthermore, it is assumed
that the ”future” observations of indicators are available for some (discrete) times after the historical
data. By plugging these ”future” observations into the GLM for each category, a logarithm of an estimate of expectation parameter of a Poisson distributed random variable is obtained. This random
variable for each category describes the transition probability distribution in a corresponding row
of the transition matrix. Hence, the transition matrix estimate is obtained. It should be noted, that
the estimated logarithm of the expectational parameter is asymptotically unbiased. This, however,
is not necessarily true for the antilogarithm – the parameter itself. A remedy for this issue is left
for further research.
Finally, a simulation example and an example on a real dataset were presented. For both examples
the indicator variables were selected to be gross domestic product and unemployment rate. The numbers of terrorist attacks were split into three categories, category of a small, medium, and high threat.
A transition matrix for a transition from the time of the last historical observation to a time one time
unit after the last historical observation was estimated.
In the simulation example an optimistic scenario – growing GDP and decreasing unemployment
rate - was modelled. The example showed promising results. The transition probability estimate from
the category of a small threat back to the category of a small threat attained high value. Additionally
the value of the estimate of probability of transition from the second category of a medium threat
to the category of a small threat was relatively high. However, the estimate of the probability of transition from the category of a high threat back to the same category attained a high value as well.
That is an unexpected result in a positive development scenario. Thus the use of other distribution
instead of the Poisson in GLM modelling should be considered.
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